Research and Communications in Mathematics and Mathematical Sciences
Vol. 18, Issue 1, Pages 1-12

ISSN 2319-6939

Published Online on May 22, 2026

© 2026 Jyoti Academic Press

http://jyotiacademicpress.org

ON THE HERMITE-HADAMARD INTEGRAL
INEQUALITY IN THE CONTEXT OF INVERSE
FUNCTIONS

CHRISTOPHE CHESNEAU

Department of Mathematics
LMNO

University of Caen-Normandie
14032 Caen

France

e-mail: christophe.chesneau@gmail.com

Abstract

The Hermite-Hadamard integral inequality is one of the most well-known integral
inequalities in the theory of convex functions. This article contributes to the
subject by examining the Hermite-Hadamard integral inequality in the context of
inverse functions. In addition, alternative proofs are presented to highlight the

subtlety and complexity of the problem.
1. Introduction

Convex and concave functions are among the most fundamental and

extensively studied classes of functions in mathematics. Their formal
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definitions are described below. Let @ € RU{-x} and b € RU{o} such
that b >a. Then f:[a,b] > R is a convex function if, for any

x, y € [a, b] and A € [0, 1], we have
f(x + (1 =21)y) < M)+ (1= 2)f(y).

Similarly, f : [a, b] = R is a concave function if, for any x, y € [a, b] and

A € [0, 1], we have
M(x)+ (1 =1)f(y) < f(rx + (1 -21)y).

These classes of functions give rise to an important family of results
known as convex integral inequalities, which have numerous theoretical

and practical applications.

The most prominent examples include the Jensen integral inequality
and the Hermite-Hadamard integral inequality. The latter, in particular,
provides elegant lower and upper bounds for the integral mean of a

convex function, as described below. Let a, b € R such that b > a. Then,

assuming that f : [a, b] = R is a convex function, we have

f(a+b) < Lajj £(x)dax gw'

2 b-

Similarly, assuming that f : [a, b] = R is a concave function, we have

fla)+f(b) _ 1 - Ij f(x)dx < f(a;b)'

2 b -

Convex integral inequalities have inspired a wide range of
generalizations, refinements, and extensions in modern analysis. They
continue to play a central role in diverse areas of mathematics, including
numerical analysis, probability theory, and information theory. For
further developments and detailed discussions, see [11, 12, 13, 14, 1, 8, 2,
15, 16, 19, 17, 9, 10, 5, 6, 7, 4, 3, 18].
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This article continues in this direction. It is devoted to the study of
the Hermite-Hadamard integral inequality in the context of inverse
functions, f -1 Alongside the main result, it provides several alternative
proofs. These demonstrate the complexity of the problem, the variety of
techniques that can be employed and the nuanced relationship between
convexity and inversion. A connection is made with the Young integral
inequality. The case of the product of two inverse functions is also

considered.

The rest of the article is organized as follows: The next section is
dedicated to the main theorem. Section 3 is devoted to some
complementary results. Section 4 provides a brief conclusion, along with

perspectives for future research.
2. Main Theorem

Our main theorem is given below, followed by multiple proofs.

Theorem 2.1. Let a, b € R with b > a, and f : R — [a, b] be a strictly

increasing convex function. Then we have

U0 3 e s (220),

Proof. The main contribution of this article is the provision of
multiple proofs for the lower and upper bounds established in this

theorem.

Proof 1 (Lower and upper bounds). If f is a convex function,

then, for any x, y € R and A € [0, 1], we have
fOax +(1=2)y) < af(x) + (1 =2)f(y).

For any s, ¢ € [a, b], if we take x = f*(s) and y = f~!(¢), then we have
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FOF M (s)+ (=201 (0)) < M(FTH(s)) + (1= 2)F(F (@),
so that
FOL7H () + (L=1)F (1) < hs + (122

-1

Since f 1is strictly increasing, f = is also strictly increasing. Therefore,

we have
FAFOT )+ (=01 e) < (s + (1 -0)),
so that
M)+ (=) e) < s + (1= e).

This inequality implies that f_1 1s concave. Applying the Hermite-
Hadamard integral inequality to the concave function f 1 we directly

obtain

-1 -1
f(a)v] (b)gbia..‘; f’l(x)def’l(a;b).

The desired bounds are obtained.

Proof 2 (upper bound). An alternative proof to the upper bound is

now given. Since [ is convex, the Jensen integral inequality applied to f

gives

f(ﬁj.: f_l(x)de < 5 i " Jj (1 (x))dx = ﬁj.: xdx

b
1 ﬁ 1 b2 —a? a+b
" b-al 2| b '

Since f 1is strictly increasing, f 1 is also strictly increasing. Therefore,

we have
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Peal, e res?)

so that
s e < (220,

The desired bound is obtained.

Proof 3 (lower bound). An alternative proof to the lower bound is

now given assuming that [ is differentiable. Using the change of

variables x = f(u) and making an integration by parts, we get

(x)dx = 1 Jf (a)uf(u)du

b-a

_ 1 fo l(b) f_l(b)
= g (WL - [ e

- 5= | o () = af M (a) - j f(u)du]

Since f 1is convex, applying the right-hand side of the Hermite-
Hadamard integral inequality to f at f'(a) and f~(b), we get
1) 1 1
1 Jl fuydy < LU (@) f(F (b)) _a+b
[H0) = fHa) @ 2 2

so that, since f71(b) > f(a),

1p

(®)
j < SR (70) - £ )

Therefore, combining the above inequalities, we obtain
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ﬁj: F ) > (bf‘l(b)— of @)= 5P o) f_l(a))j

_ bia (b;a (f—l(b)+f—1(a))] _ f_l(b)‘;f_l(a)'

The desired bound is obtained.

This concludes the proof of the theorem. O

One can prove that Theorem 2.1 also holds if f is a strictly

decreasing concave function rather than a strictly increasing convex
function.

In Theorem 2.1, we assumed f :R — [a, b]. However, the result
extends without difficulty to functions f :[c, d] = [a, b], where
¢, d e RU{-, o} with d > c.

The natural concave counterpart of Theorem 2.1 is the theorem

below.

Theorem 2.2. Let a, b € R with b > a, and f : R — [a, b] be a strictly

increasing concave function. Then we have

) <2 [ o Ll

The proof is omitted, as it follows along the same lines as that of
Theorem 2.1, with appropriate modifications to account for concavity

instead of convexity.

One can prove that Theorem 2.2 also holds if f is a strictly

decreasing convex function rather than a strictly increasing concave

function.
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3. Complements

3.1. An alternative to the Young integral inequality

The theorem below presents a lower bound involving the main

integral term of the Young integral inequality.

Theorem 3.1. Let a, b, c >0 with a<c, and f:[0,c] > R be a
strictly increasing convex function satisfying f(0)=0 and b < f(c).

Then we have
max (af(%) + gf_l(b), abj < J.: f(x)dx + Jj £ (x )dx.

Proof. It follows from Theorem 2.1 applied to ¢ = 0 that

-1 -1

Since f71(0) =0 and b > 0, we have

birwy< [ e

The left-hand side of the Hermite-Hadamard integral inequality applied

to the convex function f with “b = a” and “a = 0” gives

f(“ : 0) <25 ), fods,

a —

so that, since a > 0,

af(%j < ja f(x)dx.

0

Therefore, combining the above inequalities, we obtain
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a b
af(ngréf_l(b)s I f(x)dx+J. F7(x)dx.
2 2 0 0
On the other hand, the Young integral inequality gives
a b 1
ab < J. f(x)dx+J. 7 (x)dx.
0 0
We immediately derive

max (af(%) +gf_1(b), ab) < I: f(x)dx + Jj £ (x )dx.

This concludes the proof. O

Note that, in the setting of Theorem 3.1, with the same arguments,

we also have the following upper bound:
a b 4 (b a
j f(x )dac +_[ Y« )dx < bf (—)+—f(a).
0 0 2 2

3.2. An alternative upper bound

The theorem below provides an alternative upper bound to that in

Theorem 2.1.

Theorem 3.2. Let a,b e R with b>a, and f:R — [a, b] be a

strictly increasing differentiable convex function. Then we have

b
5 i " jo f(x)dx

< ﬁ(bfl(b) ~ofa)- f[f el _l(b)] o) fl«»))j.

Proof. Assuming that f is strictly increasing, using the change of

variables x = f(u) and making an integration by parts, we get
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1 b 1 o) ,
b—aj.a f(x)dx = b—a.[fl(a) uf'(u)du

_ 1 f_l(b) 3 fﬁl(b)
= g (W0 - [

1 ) - o) 1) .
- bf 1 (b) - af () jfl(a)f( )d ]

Since [ is convex, applying the left-hand side of the Hermite-Hadamard

integral inequality to f at f!(a) and f71(b), we have

fl(a)+f1(b)J . 1 AU
’{ 2 ) f‘l(b)—f‘l(a)Jfl(a) flujdu.

so that, since f71(b) > f(a),

fHa)+ 7B)) - Sy
f{ 2 j(f L) - f(a)) < -[fl(a) f(u)du.

Therefore, combining the above inequalities, we obtain

1
b-a

J:j 7 (x )dx

<

o [bf-%b) ~af a)- f[fl(“); fl(b)](rl(b) - f-1<a>)j.

This completes the proof. O

Due to their inherently different nature, the obtained upper bound is
not directly comparable with that in Theorem 2.1. The two results should

be viewed as complementary.
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3.3. The case of the product of two inverse functions

The theorem below can be presented as a one-sided Hermite-
Hadamard integral inequality for the product of two inverse functions. In

a sense, it generalizes the lower bound in Theorem 2.1.

Theorem 3.3. Let a, b € R with b > a, and f, g : [0, ©) = [a, b] be

strictly increasing convex functions. Then we have

-1 1 . .
[ g e 2 U 0N )0

Proof. Since f and g are strictly increasing, fi1 and gfl are also

strictly increasing, so of the same monotonicity. The Chebyshev integral

inequality implies that

A O P WA P iy

a

Applying the left-hand side of the inequality in Theorem 2.1 to f and g,

noting that the lower bounds are non-negative, yields

[ﬁ J‘jf‘l(x)dxj(ﬁ jjg_l(x)dsz @) r0), a7 (@) a7 (0)

_(Ha)+ /7 0)) (g7 a)+g7 (b)),
4

Therefore, combining the above inequalities, we derive

biaj.:fl(X)gl(x)dxz(f (a)+f (b))4(g (a)+g7'(b)

This completes the proof. O

The natural concave counterpart of Theorem 3.3 is the theorem

below.

Theorem 3.4. Let a, b € R with b > a, and f, g : [0, ©) = [a, b] be

strictly increasing concave functions. Then we have
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ﬁj‘: fH(x)g ™ (x)dx 2 f‘l(a ; bjg—l(a ; b)'

The proof is omitted, as it follows along the same lines as that of
Theorem 3.3, with appropriate modifications to account for concavity

instead of convexity.

Finally, note that it is possible to consider more than two inverse

functions in the product, provided Theorems 3.3 and 3.4 are adapted.

4. Conclusion

This work extends the Hermite-Hadamard integral inequality to
inverse functions, revealing new bounds that complement classical
results. The alternative proofs presented here demonstrate the
complexity of the problem and the range of approaches that can be taken.
Future research could explore extensions to broader classes of functions,
such as non-monotonic or multivariate cases, and potential applications

in related areas of analysis and optimization.
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