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Abstract 

In a previous paper, [3], we determined the  NJ -radical,  ,2,1,0  and 

semisimplicity of the kernel of a covered group with operators from a Clifford 

semigroup. In this paper we generalize these results to operators from an 
arbitrary inverse semigroup. 

1. Introduction 

Let  ,G  be a group with identity 0, written additively, but not 

necessarily commutative. A set  IiCi   of subgroups is called a 

cover of ,G  if .iIi
CG  

  The pair  ,G  is called a covered group 

with cells .iC  A semigroup S of endomorphisms of G is called a 

semigroup of operators for  ,, CG  if for all ,,  iCS  there exists a 
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cell jC  such that   .ji CC   To each triple  ,,, SG   we can 

associate the near-ring        iiS CCffGGfGM  ,00::,   for 

all Ii   and ff    for all .S  In fact, under the operations of 

function addition and composition,  ,GMS  is a zero-symmetric, right 

near-ring with identity, called the kernel of  .,, SG   In [1], [6] and [7], a 

connection between covered groups and generalized translation spaces is 

established, the kernel has been introduced in [7]. For general 

information on near-rings consult [2], [9], and [12]. Also recall that for a 

nearring N and  ,2,1,0  the radical  NJ  is defined as 

   ,:0: NJ  

where   is an N-group of type   and     ,0::0  nNn  see 

[12], Section 5. N is called  -semisimple, if   .0NJ  

In [3] we determined for a Clifford semigroup S the J -radicals, 

 2,1,0  of the kernel and characterized when it is 2-semisimple. The 

aim of the present paper is to generalize these results to arbitrary inverse 

semigroups S of operators of a finite covered group  ., G  Recall that a 

semigroup S is inverse, if S is regular and its idempotents commute. 

Alternatively, S is inverse, if every Ss   has a unique inverse ,1s  that 

is there is a unique element 1s  such that ssss 1  and .111   ssss  

Without loss of generality we may assume that   .,0 Sid   

If  ,G  then  ,GMS  is equal to the centralizer near-ring 

     fffGGfGMS   ,00:  for all ,S  see, for 

example, [5], [8] and [12], Chapter 9h for an overview. Thus the results in 

this paper also apply to centralizer near-rings. In [5], Kabza laid some of 

the groundwork for centralizer near-rings over inverse semigroups, to 

which we often refer. 
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We now give a brief summary of the paper. In [4], we studied the 

kernel  ,GM A  of a covered group  ,,, AG   where A is a group of 

operators. In Theorem II.2 of that paper 2-semisimplicity has been 

characterized. This work has been continued in [3], where we determined 

the J -radicals of  ,GM A  for  .2,1,0  In the present paper, we 

show that for an arbitrary inverse semigroup S and a covered group 

 SG ,,   such that   Sid ,0  and   CCe   for every idempotent 

Se   and ,C  some quotient of the kernel  ,GMS  is a direct 

product of kernels of the form  ,, iiA GM
i

  where the iA  are groups of 

operators. This will finally enable us to determine   ,GMJ S  for 

 .2,1,0  We also characterize the 2-semisimplicity of  ,GMS  

using Theorem II.2 in [4] for the components. 

2. Radical of  G,MS  

For all of the following, we let  ,G  be a finite covered group with 

operators from an inverse semigroup S such that   Sid ,0  and 

  CCe   for every idempotent Se   and .C  In [3], page 1557, a 

decomposition of the group G has been derived. The same procedure is 

possible for arbitrary inverse semigroups. For GA   let  .0:  AA  

We denote by E the set of all idempotents of S. If ,Ee   then for 

    ,, ggegegGg   hence    .ker eGeG   Since different 

primitive idempotents are orthogonal, we obtain as in [8] for the set 

 
0001 ,, nee   of all primitive idempotents 

     .ker 0
1

001

0

0 t

n

t
n eGeGeG 



  

We now decompose  t
n

t
e01

ker0 
 further to arrive at a complete 

decomposition of G. 
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Let GK :01  and 

 t

j

t
j eK 0

1

1
0 ker: 





  for .2 0nj   

Now suppose 1i  and we have already defined idempotents ,jek  for all 

1 ik  and .1 knj   If 

  ,0ker: 1
1

1

1

0
1

1

 








ti

n

t
s

i

s
i eKK

i

   

we let   Eee
iini ,,1   be the set of all idempotents, which are 

minimal (in the natural partial ordering for idempotents of S) with 

respect to the property that   01 iij Ke  for  .,,1 inj   Note that 

such idempotents exist, since we have assumed that Sid   and G  is 

finite. For ,2 inj   we define 

 .ker:
1

1
1 it

j

t
iij eKK 





  

Since Sid   we have   ,0ker 


e
Ee  hence there exists an integer l 

such that .011 lK  

Kabza has shown in [5] that if the centralizer  ,GMS  for a finite 

inverse semigroup S, is simple, then .011 K  In Theorem 15 we shall 

generalize this result to the case where  ,GMS  is 2-semisimple. 

The next two results can be proved like in [3]. 

Theorem 1 ([3], Theorem 1). 

(1) Every Gg   has a unique representation ,
10 ij

n
j

l
i

gg i 
  for 

some  .ijijij Keg   



KERNELS OF COVERED GROUPS WITH … 163 

(2) For all        1,,,1,,,0 iijijiji KeKenjli    and 

  .0ijij Ke  

Theorem 2 ([3], Theorem 3). Let ,
10

Ggg ij
n
j

l
i

i   
 where 

 ijijij Keg   for all ., ji  Then for every cell :C  

.:, CgjiCg ij   

We also need the following result from previous papers. For simplicity 

of notation, we make the abbreviation ,: 1ii KK   for  .1,,0  li   

Theorem 3. Let  nee ,,1   be the set of primitive idempotents of .S  

Then  

(1) ([8], page 48)     ,11 KGeGeG n    where  .ker
11 i

n
i

eK  
  

(2) ([8], page 53) If  ,GMf S  and ,1 Gxxx n  k  where 

  ,, 1KGex ii  k  then       k  nxfxfxf 1  for some .1Kk  

(3) ([5], Lemma 5)   .: 11 KKS   

Theorem 4. For all  ,,,0 li   let ii KST :  (restriction of S to 

.iK  

(1) iT  is an inverse semigroup of endomorphisms of the group iK  and 

},,{ 1 iinii KeKe
i

  is the set of primitive idempotents of .iT  

(2)     .11  iiiniii KKeKeK
i

  

(3)   .: 11   ii KKS  

Proof. We proceed by induction on  .,,0 li   Since ,0 GK   the 

result follows from Theorem 3 for .0i  Now let 1i  and suppose the 

result has been shown for all .1 ij  By (3),   ii KK   for all ,S  
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hence ii KST   is a semigroup of endomorphisms of the group .iK  

Since the restriction map iKSS   is a semigroup epimorphism and S 

is inverse, it follows from [11], Lemma II.1.10 that iT  is also an inverse 

semigroup. Let iTf 0  be an idempotent. By [11], Lemma I.7.10, 

iKef   for some idempotent .Se   Since   0iKe  and },,{ 1 iini ee   

is the set of all idempotents of S, which are minimal with respect to the 

property that   0iij Ke  for  inj ,,1    (in the sequel we shall refer 

to this saying “by the minimality of the ,”ije  it follows that eeij   for 

some  .,,1 inj   But then, fKeKe iiij   and (1) follows. 

(2) By Theorem 3, we have for  iiijj njKef ,,1,:                  

that     ,1 KKfKfK inii i
   where  .ker

1 j
n
j

fK i 
  But 

  ,ker 11 
 iij

n
ji KeKK i  from which we obtain (2). Finally, (3) 

follows from (2) and Theorem 3.   

The semigroup iT  will be used in Theorems 14 and 15. To obtain a 

decomposition of the kernel  ,, GMS  we need another semigroup 

constructed from .iT  

Since iK  is a normal subgroup of G for  ,1,,0  li   the inverse 

semigroup ii KST   acts on the quotient 1/:  iii KKG  by  1/ iKs k  

  1/:  iKs k  for iTs   and a coset ./ 1 ii GK k  Note that by Theorem 4, 

  ii KKs   for all .Ss   

Theorem 5. (1)  ii TssS :  is an inverse semigroup of 

endomorphisms of the group .iG  

(2) For     ijiiijj njfnjKef ,,1,,,,1,:    is the set of 

all primitive idempotents of .iS  
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(3) .0ker
1


 j

n
j

fi  

(4)    .1 inii GfGfG
i

   

(5) If  ij Gfx   and  iGfy k  such that ,jk  then .xyyx   

(6)      CKKC iii 1/:   is a cover of iG  and iS  is a 

semigroup of operators for  ., iiG   

(7) If  iiS GMf
i

,  and  ,,1 ijjin GfxGxxx
i

   then 

     .1 inxfxfxf    

Proof. (1) Let iTs   and ,// 11   ii KK kk  then 1 iKkk  

and by Theorem 4,     ,1 iKss kk  hence     ,// 11   ii KsKs kk  

which shows that s  is well defined. Clearly iS  is a semigroup of 

endomorphisms of the group .iG  Since iT  is inverse and the map 

ssSTh ii ,:   is a semigroup epimorphism, iS  is an inverse 

semigroup by [11], Lemma II.1.10.  

(2) Let f0  be an idempotent of .iS  Since ssSTh ii ,:   is an 

epimorphism, we have by [11], Lemma I.7.10, that ef   for some 

idempotent .0 iTe   By Theorem 4,  iinii KeKe
i

,,1   is the set of 

all primitive idempotents of ,iT  hence there exists  ,,,1 inj   such 

that ,eKe iij   which implies .ff j   

(3) Let .iGx   From Theorem 4 (2),     1111 //   ininii KeKex
ii

kk   

for some elements  .,,1, iij njK k  If ,ker
1 j

n
j

fx i 
  then 

          11111 ///0 ijijijininijiiijj KeeKeeKeexf
ii

kkk   

  ,/ 1ijij Ke k  for all  ,,,1 inj   since 0kiijee  for ,jk  from which 

we conclude .0x  
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(4) This follows from (2), (3) and (1) of Theorem 3. 

(5) Let .yxyxu   Since primitive idempotents are pairwise 

orthogonal, ,0ker
1


 j

n
j

fu i  hence .0u  

(6) Since   ,iiCiC
KKCKC 


    we have  C

 

  ,// 11   iiii KKKKC   hence i  is a cover. Now let   1/ ii KKC   

,i  for some ,C  and let .iS  Then ,  for some ,1 iK  

.1 S  Since   CC 1  for some C  and   ii KK 1  by Theorem 4, 

       ./// 111 iiiiiii KKCKKCKKC     

(7) This follows from (2), (3) and Theorem 3, (2).   

In our next result we collect a few tools for subsequent use. 

Theorem 6. Let    .,,,,0 GMfli S   Then 

(1)   .ii KKf   

(2) If ,1 iini Kxxx
i

 k  where    iijijijij KeKex   and 

,1 iKk  then       k 
iini xfxfxf 1  for some .1 iKk  

(3) For all ,/ 1 ii GKx   there exist unique elements  iijij Kex   such 

that   .// 111   iinii KxxKx
i

  

(4) Let ,/// 1111 iiiniii GKxKxKx
i

    where  .iijij Kex   

Then   11 //   iii KKCKx   for some ,C  if and only if 1/ iij Kx  

  1/ ii KKC   for all  .,,1 inj   

Proof. (1) This holds for ,0i  since .0 GK   Let  iKxi ,1  

,ker 11
1
0

1
ti

n
ts

i
s

eK i





   and let  .1
1
0 sst

i
s

ntee 

  Then 

      ,00  fexfxef  thus   .iKxf   
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(2) In the proof of Theorem 4 (2) we have shown for ,iijj Kef   

 inj ,,1   that .ker 11 
 ij

n
j

Kfi  The assertion now follows from 

(1), Theorem 4 (1) and Theorem 3 (2). 

(3) Suppose ,, 11 kk 
ii iniini xxxxxx   where ,ijx  

  ,,, 1 iiijij KKex kk  are such that .// 11   ii KxKx  Then for 

some ., 111 kkkk   ii iniiini xxxxxxK   

Therefore,       ,0 ijijijijij xxxexexxe   hence ijij xx   

for all  ,,,1 inj   

(4) If iini Kxxx
i

 k1  is such that   11 //   iii KKCKx   

for some ,C  then there exists an element iKCx   and 1 iKk  

such that .k  xx  Therefore,    xexex ijijij   for  .,,1 inj   

Since ,iKCx   also   ,iijij KCxex   hence CKx iij (/ 1   

./) 1ii KK    

For  ,,,0 li   let  iiSi GMN
i

,:  and  .,: GMN S  We are 

now ready to decompose a quotient of N into the components .iN  

Theorem 7. Let    ,,,:,: 00 li
l
i fffNN    where ,: iii GGf   

    ./:/ 11   iii KxfKxf  Then   is a near-ring epimorphism, hence 

.ker/ 0~ i
l
i NN    

Proof. Let  ., GMNf S  We show first that each if  is well 

defined. If ,,/ 1 iii KxGKx   then there exist by Theorem 6 unique 

elements    ,,,1, iiijij njKex   such that   111 // iii KxKx  

1/  iin Kx
i

  and there exists an element 1 iKk  with  1ixx  

.k
iinx  If iKx   is such that ,// 11   ii KxKx  then, by the 
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uniqueness of the elements k 
iiniij xxxx 1,  for some 

.1 iKk  By Theorem 6 (2)       zxfxfxf
iini  1  and 

      zxfxfxf
iini  1  for some ,, 1 iKzz  thus   1/ iKxf  

  ,/ 1 iKxf  which shows if  is well defined. By Theorem 6 (1), 

  ,ii KKf   hence if  is a map from iG  to .iG  We proceed to show that 

 .,,0, liNf ii   If ,iS  then   for some ., 11 SKi   For 

            11111111 ////,/   iiiiiiii KxfKxfKxfKxfGKx  

    .// 11   iii KxfKxf  Moreover, if   ,/ 1 iii KKC     

then        ,/// 111   iiiiiii KKCKKCfKKCf   since 

 ,GMf S  and   .ii KKf   It now follows that ii Nf   for all 

 .,,0 li   

Clearly   is a near-ring homomorphism. It remains to show that   is 

surjective. For this let   .,, 00 i
l
il Nff    For each  ls ,,0   

define a function GGfs :  by 

  ,:
110

sj

n

j
ij

n

j

l

i
s hgf

si




  

where    sssjsj njKeh ,,1,   is such that     11
/ ssj

n
js Kgf s  

./ 11  ssj
n
j

Khs  By Theorem 6 (3), the elements sjh  are uniquely 

determined. Note that sf  is well defined on G by Theorem 1. By Theorem 

5 (7),  .// 1111    ssjs
n
jssj

n
j

KgfKh ss  We show that Nfs   for all 

 .,,0 ls   
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If C  and ,
10

Cgij
n
j

l
i

i  
 then by Theorem 2, Cgsj   for all 

 .,,1 snj   Since   1111
//,    ssj

n
jssj

n
jsss KhKgfNf ss  

    ,// 111 
  ssssjs

n
j

KKCKgfs   thus there exists an element 

,, 11  sssns KCKxxx
s

kk   such that    sn
jsKx

11/  

./ 1ssj Kh  By Theorem 6 (3), we have sjsj hx   for all  .,,1 snj   

But since   ChxxeCx sjsjsj  ,  for all .j  It now follows that 

  CCfs   for all .C  

Now let .S  By Theorem 4,   ii KK   and ii TK   for 

 .,,0 li   Let .
10

Ggg ij
n
j

l
i

i   
 Since   iiij njKe ,,1   

is the set of primitive idempotents of iT  by Theorem 4, we obtain from 

[5], Lemma 7 that for each  snj ,,1   with   ,0 sjg  there exists an 

element    snj ,,1 k  such that     ijjsj Keg k  and that if 

  0 jsg  for ,jj   then    .jj  kk  Consequently, we obtain            

for ij
n
j

l
i

gg i 


10
 from Theorem 5 (7),       11

/ ssj
n
js Kgf s  

           111111
/// ssjs

n
jssjs

n
jssjs

n
j

KgfKgfKgf sss  

 ,/ 11  ssj
n
js Kgf s  from which we obtain    .gfgf ss   It now 

follows that Nfs   for all  .,,0 ls    

If Nff i
l
i

  0
 and    ,,,1 lfff    then for  ls ,,0   and 

       .////, 1111   ssssssss KxfKxfKxfKxfKx  Therefore, 

ii ff   for all  ,,,0 li   which proves that   is surjective and the 

result follows.   
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In the proof of Theorem 7, we have defined functions Nfs   for all 

 .,,0, lsNf ss   For a subnear-ring T of i
l
i N0  let  0

:
l

ii
T f


   

  0 , , .lf f T N   We can now determine the radicals of ,N  

depending on the radicals of the components  .,,0, liNi   

Theorem 8. Let  2,1,0,ker:  J  and let  .: 0 i
l
i NJT    

Then 

(1)  ,,01 NJJJ l
  

(2)   .J N T J n  

Proof. (1) If ,ker f  then    ,0,,0,0,,0  lff  hence for     

all  li ,,0   and     .0//, 11   iiii KxfKxfKx  Therefore, 

  1 ii KKf  for all  .,,0 li   Since ,01 lK  we have ,01 lf  

thus .01 lJ  By [12], Theorem 5.37,      .210 NJNJNJJ   

(2) The proof of this is almost identical to the proof of [3], Theorem 5, 

and shall be omitted.   

It remains to determine the structure of    .,,0,, liGMN iiSi i
   

For this we decompose iN  further. 

The following result can be seen as a consequence of the proof of [5], 

Lemma 7. 

Theorem 9 ([5], Lemma 7). Let G be a group, S an inverse semigroup 

of endomorphisms of G with primitive idempotents ,,,1 nee   and 

 GeI ii :  for  .,,1 ni   If S  and   0 iI  for some 

 ,,,1 ni   then there exists an element    ,,,1 nij   such that 

 ijii III  :  is a group isomorphism with inverse map 

    .:1
iijij III   Moreover, if ik  and   ,0 kI  then    .ijj k  
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For    ,,,1,,,0 injli    let    ,: iijijijij KeKeI   where 

the second equation follows from Theorem 1. Define a relation i~  on 

},,{ 1 iini II   by  


21121

:::~ ijijijiiijiij IIIKSTII   is an isomorphism). 

Theorem 10. For all   ili ~,,,0   is an equivalence relation on 

  .,,1 iij njI   

Proof. By our assumptions, ,Sid   hence ijiij II ~  for  .,,1 inj   

If ,~
21 ijiij II  then there exists an isomorphism .:

211 ijijij III   By 

Theorem 9, the inverse map 
122

:1
ijijij III   is also an isomorphism, 

hence .~
12 ijiij II  If 

321
~~ ijiijiij III  and 

22211
:,: ijijijijij IIIII   

3ijI  are isomorphisms, then  
311

: ijijij III    is an 

isomorphism, hence .~
31 ijiij II    

Recall from Theorem 5 that  ,,,/ 1 iiiiiii TssSKSTKKG    

     CKKC iii 1/  and  iiSi GMN
i

,  for  .,,0 li      

By Theorem 5 (4),    ,1 inii GfGfG
i

   where .| iijj Kef   By 

Theorem 5 (2),   ij njf ,,1   is the set of all primitive idempotents 

of .iS  For  inj ,,1   let  .: ijij GfI   Since iijj Kef |  and 

   ijijiij KeKe   by Theorem 1, we have   .//: 11   iijiijijij KIKKeI  We 

can now extend the equivalence relation  lii ,,0,~   to a relation i  

on   iij njI ,,1   by defining 


21121

::: ijijijiijiij IIISII   is an isomorphism). 

Like in Theorem 10 one can prove that i  is an equivalence relation. 
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If there are it  equivalence classes with respect to ,i  then we can 

renumerate the indices of the ijI  to find numbers 

,0 210 it nllll
i
   

such that  kk ljlIij 1|  is the equivalence class of ,kilI   .,,1 itk  

Now let ij
l

lji IG k
kk 11 

   for  .,,1 itk  Since entries coming from 

different ijI  commute by Theorem 5 (5), it follows that kiG  is a group for all 

 .,,1 itk  Also, ,1 iitii GGG    since .1 iinii IIG    Now 

we can decompose  iiSi GMN
i

,  as follows: For  ,,,1 itk  let 

kk iii GSS |:  and  .: iii CGC   kk   Then 

Theorem 11. (1) ki  is a cover of kiG  and kiS  is an inverse 

semigroup of operators for  kk iiG ,  for all  .,,1 itk  

(2)        
ii

i
i itiiiS

t
iiS GfGffGMGM |,,|:,,,: 11    kkk k    

is a near-ring isomorphism. 

Proof. (1) For     
 kkk iCiCi GCGCt

ii
  ,,,1  

,kk iii GGG   hence ki  is a cover of .kiG  

If kiS  and ,11 11 kk
kkk iij

l
ljll GIxxx   

  then 

     .11 kk ll xxx  
  If 0)(  ijx  for some ,1 kk ljl   then 

by Theorem 9 there exists an element  ins ,,1   such that 

isijij III  :  is an isomorphism, hence .1 kk lsl   Consequently 

  ,kiGx   which shows that kiS  is a semigroup of endomorphisms of 

the group .kiG  That kiS  is a semigroup of operators for  kk iiG ,  now 
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follows from the fact that iS  is a semigroup of operators for  ., iiG   By 

[11], Lemma II.1.10, kiS  is an inverse semigroup, since iS  is inverse and 

the restriction map kk iiii GSSSh |:   is a semigroup epimorphism. 

(2) Let  iiS GMf
i

,  and kkk ill Gxxx  
11

 for some 

 .,,1 itk  By Theorem 5 (7),       ,11 kkk ill Gxfxfxf  
  

thus   .kk ii GGf   Also, if ,kiC   say kiGCC 1  for some ,1 iC   

we have   11 CCf   since  ,, iiS GMf
i

  hence  kkk k iiSi GMGf
i

,|   

for all  .,,1 itk  Now it is clear that   is a near-ring 

homomorphism. If ,ker f  then 0| kiGf  for all  .,,1 itk  For 

,iGx   there exist elements  ,,,1, iijj tjGx   such that 

.1 itxxx    By Theorem 5 (7),       ,01 
itxfxfxf   which 

shows that .0f  It now follows that   is a monomorphism. 

To prove that   is surjective, let    .,,, 11 kkk k iiS
t

t GMtf
i

i
i

   

Define ii GGf :  by 

    .: 1
1

1
1

11 kkkk k
kk

ll

t

ll

t

xxfxxf
ii

 





    

Since fGGG
iitii ,1    is well defined and since  ,, kkk k iiS GMf

i
  

we have again by Theorem 5 (7) that     kkkk ll
t

xxfi 11 1
 

   .11 1 kk kkk ll
t

xfxfi     Also, kk fGf i |  for  .,,1 itk  If 

  ,11 1
Cxxx ll

ti    kkk   for some ,iC   then by Theorem 6 

(4), kkk ill GCxx  
,,11

 for all  ,,,1 itk  thus   11kk lxf  

     .11 kkk kkk illl GCxfxfx   
 From this we can 

conclude that   ,CCf   for all .iC   
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Now let iS  and   .11 1 ill
t

Gxxx i    kkk   Then 

    .11 1 kkk ll
t

xxfxf i      But since kk iii GSS |  is a 

semigroup of operators for  kk iiG ,  for all  ,,,1 itk  we have from 

Theorem 9 and Theorem 5 (7) that    kkkk ll
t

xxfxf i    11 1
 

         .1111 11
xfxfxfxfxf ll

t
ll

t ii     kkkk kkkkkk   

It now follows that  iiS GMf
i

,  and that    .,,1 itfff   The 

proof is now complete.   

Following an idea of Kabza ([5], Lemmas 16-19 and Theorem 20), we 

can now show that every kernel    iiiS tGM
i

,,1,, kkkk   in 

Theorem 11 is isomorphic to a kernel with operators from an 

automorphism group. The J -radicals,  2,1,0  of such kernels has 

been determined in [3], Theorem 15. Using the decomposition in Theorem 

11, we can determine the radicals of  iiS GM
i

,  to obtain the radicals of 

N from Theorem 8. 

In fact, if 11
: 
 kk ili IH  and   11 11

,:  
 kk kk iliili ISIA  

,11
 kilI  for    ,,,1,,,0 itli   k  then we have 

Theorem 12. (1) kiA  is a group with 0 of automorphisms of the group 

.kiH  

(2) There exists a cover ki  of the group ,kiH  such that kiA  is a 

group of operators for  kk iiH ,  and 

   .,, kkkk kk iiAiiS HMGM
ii

   

Proof. (1) If ,0 kiA  then   .0 11 11  
 kk ilil II  By 

Theorem 9, 11 11
:  

 kk ilil II  is an isomorphism, hence kiA  is a 

group of automorphisms with .0  
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(2) In [5], Lemmas 16-19 and Theorem 20, Kabza has shown that 

      kkk kk iiAiS HggHMGM
ii

 :,:   is a near-ring isomorphism 

between the centralizers. Therefore, it suffices to show that there exists a 

suitable cover kiD  of ,kiH  such that   is also an isomorphism from 

 kkk iiS GM
i

,  to  ., kkk iiA HM
i

  In fact, let    ,: kk iiji CICD    

kkkk iijiji HIISljl  :,,11  is an isomorphism}. Note 

that there does exist an isomorphism ,: 11 
 kk iliijij IHII  since 

kiiij HI   for all .11 kk ljl   

By our assumptions Sid   which implies that the identity map on 

kiG  is an element of .kiS  If we restrict to ,kiH  we obtain D
iD k  

  ,kkk
kk

iiCiC
HHCHC

ii



    thus ki  is a cover of .kiH  

If kiA0  and ,1,: 1 kkk ljlHII iijij    is an 

isomorphism, then for all ,)(, kk iiji ICC     hence kiA  is a 

group of operators for  ., kk iiH   

For  kkk iiA HMf
i

,  and ,11 11
ij

l
ljij

l
lj

IGxx k
k

k
k k  

    

define    ,
11

jj
l

lj
xfxf   

 k
k

 where ff :1  and for  jj xflj ,21  k  

 ,: yf  where ijil II   11
: k  is an isomorphism such that 

  .jxy   It has been shown in ([5], Lemmas 16-19 and Theorem 20) 

that  kk iS GMf
i

  and   ff   and that the definition of jf  is 

independent of the special choice of .  Therefore, it remains to show 

 ., kkk iiS GMf
i

  
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For this, let kiC   and .
11

Cxx j
l

lj
   

k
k

 By Theorem 6 (4), 

all Cx j   for  .,,11 kk llj    If   jxy   for some ,11
 kilIy  

then   ,)(11
ijj ICxy    where 1

1
1

: 



 kijij II  is the 

inverse isomorphism of .  By construction, kiijIC  )(1   and since 

    ,)(,, 1
ijiiA ICyfHMf

i
 kkk   therefore   .)( ijjj ICyfxf   

It follows that     ,
11

Cxfxf jj
l

lj
   

k
k

 hence   ,CCf   which shows 

that  ., kkk iiS GMf
i

  

Finally, we have to show that for     kkkk iiiS HggGMg
i

|,,    

 ., kkk iiA HM
i

  By Kabza, we have    .kk iA HMg
i

  If kiijIC  )(   

for some isomorphism 11
: 

 kk ijiijij IHII  and ,ijICx   then 

     .xgxgxHg i k  Since  ,, kkk iiS GMg
i

 ,)( ijij ICICg    

from which we have .)())((| ijiji ICICHg  k  It now follows that 

 ,,| kkk k iiAi HMHg
i

  which completes the proof.   

We are now able to determine the radicals of  ., GMS  Since each 

kiA  is a group of operators with 0 for     kkkk k iiAii HMJH
i

 ,,,   

(and therefore by Theorem 12,     2,1,0,,  kkk iiS GMJ
i

  has 

been determined in [3], Theorem 15. Note that    kkk iiA HMJ
i

,1  

  kkk iiA HMJ
i

,2  by ([12], Proposition 5.3), since the near-ring 

 kkk iiA HM
i

,  has an identity. If    liGMN iiSi i
,,0,,    is the 

near-ring defined in Theorem 5, then  kkk k iiS
t

i GMN
i

i ,1   by 

Theorem 11 and by [12], Theorem 5.20, 
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     .,,
11

kk
k

kk
k kk iiS

t

iiS

t
GMJGMJ

i

i

i

i
 


   

This allows us to compute  iNJ  for  ,,,0 li   from which we 

finally obtain   CGMJ S ,  from Theorem 8, for all  .2,1,0  

We now return to the case where  ,G  is a finite covered group with 

operators from an inverse semigroup S such that   CCe   for every 

idempotent Se   and .C  We want to characterize when 

 ,: GMN S  is 2-semisimple. It turns out that this problem is related 

to the 2-semisimplicity of the near-rings  ,, kkk iiA HM
i

  as defined 

prior to Theorem 12. Since each kiA  is a group of operators for the 

covered group  ,, kk iiH   we can apply [4], Theorem II.2. Also, it turns 

out that the equivalence relation i~  as defined in Theorem 10 is useful. 

Theorem 13 ([10], Lemma 1.3). Let S be an inverse semigroup of 

endomorphisms of a group G. Then for .S  

(1)    .ImIm 1  

(2)    .kerker 1   

Here 1  and 1  are the idempotents associated with .  

Let    injli ,,1,,,0    and .ir   Since ,ri KK   we have 

  ,0rij Ke  hence by the minimality of the idempotents ,rte  there exists 

an element  ,,,1 rnt   such that .ijrt ee   For ir   and 

 ,,,1 inj   let    .,,1: ijrtrrj eentX    

Theorem 14. Let  li ,,0   and let  inj ,,1, k  be such that 

kiijij III  :|  is an isomorphism for some .S  Then for all 

  ,,,,0 irlr    there exists a permutation krrj XX  :  such that 

 srrsrs III  :|  is an isomorphism for all .rjXs   
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Proof. Let   .,,,0 irlr    If ,ir   then the assertion follows 

from our assumption that kiijij III  :  is an isomorphism, since 

 .jXij   Now let .ir   Since     ,|||1 kkkk iiiiijij IidIeIee    we 

have     01  
kiijij eee   and     .1

kk iiijij eeee     By the 

minimality of the    ,, 1
kk iiijijis eeeee     hence     .1 ijiji eee k  

Therefore,     1 ijijirt eeee k  for all ,krXt   from which we 

obtain     .1
rtrtrtrtijij IidIeIee    By Theorem 13 (applied to 

rKG   and ,rr KSTS   it follows that     rijijrt KeeImI 1  

 .rij KeIm   Therefore, we obtain for each krXt   an element 

 ,,,1 rns   such that         .rtrrsijrsij IKeeIe   In particular, 

0rsijee  and since ,rsrsij eee   we have rsrsij eee   by the minimality of 

the idempotents ,rse  hence ,ijrs ee   which shows that .rjXs   Since 

     rrsrs KeI   rtrsrsrtrrsij IIIIKee  :,  is an isomorphism 

by Theorem 9 and we obtain an injective map rjr XX k:  such that 

    rttrtr III   :  is an isomorphism for .krXt   Applying the above 

arguments to the inverse isomorphism ,:1
ijii III 

kk  it follows that 

  is bijective.   

In Theorem 12, we have defined for  li ,,0   and  it,,1 k  

covered groups  kk iiH ,  and groups with 0 of operators kiA  for 

 ,, kk iiH   where it  is the number of equivalence classes with respect to 

.i  For simplicity of notation, we make for all of the following the 

abbreviations kkkk  :,: 00  HH  and  .,,1,: 00 tAA  kkk  We 

can now reduce the semisimplicity of  ,GMS  to the semisimplicity of 

the near-rings  ,, kkk HM A  which has been determined in [4], 
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Theorem II.2. For this we use sets    ,, wSwI      ,,, wewswE  which 

have been defined in [4]. We refer here to the definition given there. Also, 

for    ,,,1,,,0 injli    let    .~,,1: ijiitiij IIntE   

Theorem 15. For a covered group  ,G  and an inverse semigroup of 

operators S for  ,G  such that Sid   and   CCe   for all ,C  the 

following are equivalent: 

(1)  ,GMS  is 2-semisimple. 

(2) (a)    ,0ker 01
0 
 i

n
i

e  where  
0001 ,, nee   is the set of primitive 

idempotents of S (as defined on page 161). 

(b)    kkkk ,:,,1 0 HMt A  is 2-semisimple. 

(3) (a)    .0ker 01
0 
 i

n
i

e  

(b)           wewEwswSHwt    :,,1 0 kk  (where S, 

E, s, e are taken with respect to ,, kk AH  and .kD  

Proof. :)2()1(   We use the notation on page 162. Suppose 

 0
111

n
i

K


    .0ker 0 ie  Then there exists an integer 1l  such that 

0llnK  and .011 lK  We have   .011 ll Ke  Note that if 

  ll njEj ,,11   1~ lllj II  and klljlj III  :|  is an 

isomorphism for some  ,,,1 lnk  then also .1lEk  For 

,
10

Ggg ij
n
j

l
i

i   
 let  .0: 111   kk ljllg gXEjY  

Define a function GGf :  by 

  .:
10

lj
Yj

ij

n

j

l

i

ggf

g

i




  
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Note that if ,gY  then .0:  ljYj
g

g
 Since ,0ln l

K  f is not the 

zero function. We show that  ., GMf S  By Theorem 2,   CCf   for 

all .C  

Let .
10

Ggg ij
n
j

l
i

i   
 If ,S  then ij

n
j

l
i

gg i    10
 

,:
10 ij

n
j

l
i

gi 
  hence   .kk lY

ggf
g




  We need to prove that 

   .gfgf   Suppose gYk  is such that .0klg  Then there exists 

an element  lnj ,,1   such that  .ljl gg k  By Theorem 9, this 

means that klljlj III  :|  is an isomorphism, hence .1lEj   By 

Theorem 14, there exists a permutation k11:   ljl XX  such that 

 slslsl III   111 :|  is an isomorphism for all ,1 jlXs   in 

particular .11 k  ljl XX  Suppose .gYj   Then there exists an 

element jlXt 1  such that ,01  tlg  hence   .01   tlg  Since 

,11 k  ljl XX  we then cannot have that ,gYk  which contradicts 

our assumption. Therefore, we conclude that gYj   and  .ljl gg k  

Now let gYj   be arbitrary. Then either   0 ljg  or   .0 ljg  If 

  ,0 ljg  then by Theorem 9, klljlj III  :|  is an isomorphism for 

some  ,,,1 lnk  and since .1lEj   also .1lEk  By Theorem 14, 

there exists a permutation k11:   ljl XX  such that 

 slslsl III   111 :|  is an isomorphism for all .1 jlXs   Since 

0, 1   slg gYj  for all ,1 jlXs   hence   01   jlg  for all    ,1 jlXs   

which means that 01  tlg  for all .1k lXt  Therefore, gYk          

and   .kllj gg   It now follows that        ij
n
j

l
i

gfgf i
10

 

     .gfggg ljYjljYjlY ggg
   

kk
 We have now shown that 

 ., GMf S  By our construction,   li KKf   for all 10  li  and 
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   .0lKf  Therefore ,ker0  f  as defined in Theorem 7. By 

Theorem 8,  ,ker 2 NJ  which contradicts our assumption that 

 ,GMS  is 2-semisimple. Therefore, we can conclude that 

   ,0ker 01
0 
 i

n
i

e  which shows (2)(a). 

By Theorems 7, 11, and 12,  ,,0
1 iiA

t
i HMN

i
   hence 

 0
120 t

iJ        iiA
t
iiiA HMJHM

ii
 ,, 21

0
   by ([12], Theorem 

5.20). Consequently,    0,2 iiA HMJ
i

  for all  ,,,1 0ti   which 

implies (2)(b). 

    :12   By Theorems 7, 11, and 12,  ,,0
1 iiA

t
i HMN

i
   and 

 0
12

t
iJ         .0,, 21

0   iiA
t
iiiA HMJHM

ii
   

    :32   Follows from Theorem II.2 in [4].   

Example 1. Let  54321
5
2 ,,,,:,: bbbbbBG    the canonical basis 

of .G  Define linear maps ,,, 321 eee  on G as follows:      21111 , bebbe  

            ,0,,,,0 524233222211251  bebebbebbebbebe  

               2115534433323113 ,,,,0, bbbbbebbebebebbe  

      .,,, 3524534 bbbbbbb   Let  ,,,: 543211 bbbbbC   

 5542145321343212 ,,,,,,,,, CbbbbCbbbbCbbbbC  

,,,,,,,,,,,,, 19531843175216421 bCbbbCbbbCbbbCbbb   

., 543 bbb   Then   is a cover of G and  0,,,,,,,: 22321 ideeeeeS   

is an inverse semigroup with idempotents ,,,0,,,, 3121321 eeeeideee   

,, 32
2  eeid  .32 ee   Further, one checks that   CCe   for 

every idempotent  CSe ,  and that S is a semigroup of operators for 

 ., G  
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Let  .,: GMN S  We want to determine the decomposition of N in 

Theorem 7 and the radicals    2,1,0,  NJ  of N in Theorem 8. We have 

.0kerkerker,ker, 3212110  eeeKeKGK   By Theorems 7, 

8,  ,,/ 1
0 iiSi GMJN

i
   where  ,,/ 1 iiiiii TKSssSKKG    

where     11 //   ii KsKs kk  for iKk  and   ./ 1    CKKC iii   

   .,0,, 10010 bidSbG    Therefore,   ., 2000
GMS  

     CeCideeeeSeKG 1122321111 ker,0,,,,,,,ker    

 2, e  and 3e  are the idempotents which are minimal with respect to 

the property that     .0ker 11  eeKe  Following the notation on page 171, 

if   321211 ,: bbGeI   and   ,,: 541312 bbGeI   then 1211: II   

is a group isomorphism. Since ,12111 IIG   there is only one equivalence 

class with respect to the equivalence relation .1  By Theorem 12, 

   ,,, 111111 111
 HMGM AS   where  ,, 111111111 SHAIH   

  1111 HH   and    111111111 :,, HIISCIC jjj     is 

an isomorphism,  .2,1j  It is easy to check that ,, 3211 bbH   

 ,0,11 idA   and  .,, 323211 bbbb   If, for a group  FMF 0,  

denotes the near-ring  fFFf :  is a function,   00 f  with respect 

to function addition and composition, then    111111 ,,
111

 HMGM AS   

         323233221111 ,,,00: bbbbfbbfbbffHHf   

      .2223203020   bbMbMbM  Since the field 2  

is semisimple, we have that       0,, 1100 10
  GMJGMJ SS   

for  ,2,1,0  from which we conclude that in Theorem 8, 0,T   hence 

  JNJ   for  .2,1,0  It remains to compute J. 
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By Theorem 8,         ,ker|:,,0| 11 eGffKKflifJ ii    

   .0ker 21  Kef  Since 1e  is the only primitive idempotent and 

,0ker 11  eK  we know from Theorem 15 that 2.0 eJ   and 3e  are 

the idempotents e minimal with respect to the property that   .01 Ke  Let 

.:,:,: 312211101 eeeeee   Then ,,kerker 5411112 bbeeK    

.0kerkerker 1211012  eeeK   By Theorem 1, every Gg   has a 

unique representation ,121101 gggg   where   ,10101 bGeg   

.,,, 54123211 bbgbbg   If ,Jf   then since     ,0ker,ker 11  efeGf  

we have 

 












,0if,,
,,somefor

,0if0

015412

32111211

01

121101

gbbh

bbhhh

g

gggf  

        ,1011011011 bGebfebefbf   thus    .,0 11 bbf   But since 

  ,ker 1eGf   it follows that   .01 bf  Further,    1112101 , gbfgefbg   

     11121122 hhhegfe   and similarly,   .123 hgef   Therefore, for 

each ,Jf   we get a function 5454 ,,: bbbbh   such that 

   .: 1 xbfxh   Since   ,01 bf  we have   00 h  and since   CCf   

for all ,C  one can check that    bbh ,0  for all ., 54 bbb   Also, 

      .1111111111 hgbfgbfgh   Combining our calculations, 

we get for      ., 1211
1

121101 ghghgggfJf     

Conversely, if 5454 ,,: bbbbh   is an arbitrary function such 

that   00 h  and    bbh ,0  for ,, 54 bbb   then hf  such that 

 
   







  ,0if,

,0if,0
:

011211
1

01
121101 gghgh

g
gggfh  
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is an element of J. In fact, it is easy to check that for  ,3,2,1,  iGg  

    gfegef hiih   and     .gfgf hh   Since ,,, 321 eee  generate all 

of ,S  it follows that     gfgf hh   for all .S  Also,   CCfh   for 

all .C  

Combining our results we obtain    ,,,: 5454 bbbbhfJNJ h   

     ,,0,00 bbhh   for 54 , bbb   is a function}, for  .2,1,0  
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