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Abstract

We want to analyze the energy-momentum tensor obtained for spinors in

general relativity in the linear gravity approximation.

For this study, we take as a reference the theory of spinors in general relativity,

the formalism of the spin connection, covariant derivatives refer to that theory.

We consider linear gravity with g, = nyy + hyy, here we assume hy,, as a

first step of perturbation from flat spacetime, recursively we apply the same

approximation till to nhuv contributions.

In this process, we examine the energy momentum for a Dirac particle and

calculate the tensor connected to each step of perturbation from flat to nhw.

The energy-momentum tensor has recursive behaviour: in particular, at each
step towards a little more curved space-time, a new contribution must be added

to the energy-momentum tensor calculated in the former step.
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In this approximation the tensor 7"V linearly depends on the metric, this may
then appear to be a clue that leads to a form of quantization of the energy if we

assume the metric is quantized.

The analysis continues in more detail, we see in particular that there are
intakes related to the spin connection so that the full energy momentum

approximation is
TR = TR 2 (T + hGT™ ) = nr () S + Rk, S°€).

Starting from additional contributions to the energy momentum tensor we try to
attribute a new physical meaning to the cosmological constant. In the second
part of the paper, we consider the tensor as a source of the wave equation and

study different solutions according to distinctive terms of the tensor.
1. Introduction

1.1. Spinors and quantum gravity

Quantum gravity is an attempt to include general relativity and

quantum mechanics principles.

Here we consider spinors as the encounter point of these two
descriptions. Spinors enter the scene of general relativity thanks to the
equivalence principle. We need a flat inertial reference frame where we
can describe spinors as a representation of the Lorentz group: conforming
to the equivalence principle we can set up a system of inertial coordinates
so that the effects of the gravitational field are canceled out, we can find

shelter from gravitation and set up spinors in locally flat spacetime.
Spinors are the quintessence of quantum mechanics.

Let's consider that for each point of curved spacetime we can
introduce a flat reference system, we reset the memory of the process for
a moment and then we return to realize that if we have arrived in the

new reference frame, we owe it to a small jump A, from the previous

flat space time. During this path what’s happened to the energy
momentum tensor related to fermions? We see that this one is getting the

same contributions at each step.
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This result considers the spinor energy momentum tensor, as we can
derive from the Dirac theory, in the general relativity background.
Torsion is admitted in this theory even if the affine connection is

symmetric [1], [2].

We find out that there is a relation between the changing in the
metric tensor and the energy momentum tensor for the spinor field, the

next question is how this combination is realized.
This mechanism involves gravitational waves.

Gravitational waves in linearized gravity are developed from the

Einstein field equation, the perturbation huv propagates as a wave

according to the equation:

Ohyy = —li—gGTW. (1)

In the following analysis, we consider the terms of the energy-
momentum tensor as sources of gravitational waves, we get non-
homogeneous differential equations. At first order we get a differential
equation typical for a standing wave if we choose appropriate boundary

conditions.

A standing string has normal modes of vibration so that the energy is
quantized, here the vibration does not concern a string but concerns the
metric and the normal modes are referred to different perturbations of

the flat spacetime.

If we consider the spin connection contributions to the energy
momentum tensor, we obtain two other types of non-homogeneous
equations that have a derivative term of the metric and these equations
are related to forced and damped oscillations, in the next paragraphs we
show in detail how these types of oscillations can generate opposite
currents and the creation of whirlpools.

In the end, the curved space-time turns out to be obtained from the

sum of many approximations of the size h,,, the source for the metric

UL
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perturbation is the energy momentum tensor associated with the metric

tensor.

The curved space-time is generated by the normal modes of vibration
of the metric having their source in the energy momentum tensor 7",

this is a possible way to realize the coupling between the metric field and
the spinor field; the peculiar behaviour of the spinor field is achieved
through the interaction with the gravitational field creating opposite

contributions to the metric tensor.

Curvature measurements are obtained from detection of energy
perturbations; we get an example of curvature energy spectra for

hyperbolic paraboloid (see Figure 1) [3].

Figure 1. Curvature energy spectra.

2. Materials and Methods
2.1. Energy momentum tensor for the Dirac field in curved space
time and in weak gravity

We start with the Lagrangian for the spinor field in the flat

Minkowski space time.



SPINOR FRAMEWORK IN LINEARIZED GRAVITY: ... 27

i _ i _
Ly =5wrf 0w -5 0,/ v —myy. ()

For the calculation of the energy momentum tensor, we follow the

Noether's theorem:

~ oL oL
7 = ! oW + !
20w "

7 — SH
0.7 o, — 5t Ly. (3)

We get the energy momentum tensor in the explicit symmetric form:

~uvo 1 . . _. .
= L vir ey = yiyty + iy oty —otyiy'y 1. (4)

Let’s consider the energy-momentum tensor in curved spacetime with

the covariant derivative.

Dy =vylp=0y+Ty; D% =0y -Ty, ®)
r =ie V,ela®; v et =0 et +TH el. (6)
vy buYvta ’ vCa vCa v,a

Christoffel symbols are so defined
o o 1 o
Igy = By =58 (Op&ny + 0y8ap — 01.8py )- (7

According to the Noether theorem now we obtain:

1, . _. .
T = 2y D% - Dyirty + yiy" D'y — Dfyiy"y ], ®)

The tensor has the same form but covariant derivatives instead of the

ordinary ones

[Wiy"0"y — "wiy"y + yiy"oty — 0" yiy"y |. )

NI

Now we consider the tensor in weak gravity approximation,

uv = M + hpv» (10)
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wo_oan 1 hBsa
V=Y -Gt (11)

We make explicit calculation with (11) and we get

“ 1,—( 1,44 N TN —.( 1,y
W = TW 4 Z[\yz(— Ehg‘y“)D”\y - Dvwz(— Ehﬁyajw + \yz(— EhgyajD”

_ D“wi(— %h(‘;?“)w ] (12)

SR R R . 1 pr—s s
TH = TR + 21 = 5 halwi(y® )0y = 0%wi(7® v ] = 5 hal Wi(7® Jo*y

= Myi(7 v 1}, (13)

\ 1w 1,0 A .
TH = T = S hET™ = 5 hgT™ - 5 b i[w(v“ C% + 9T (79 v ]
——h” [w(v oy +yTH (7 v ], (14)

THY — pue —%h&“f’“” — L pugran ——h” l W T ]

1 I r—n
-5 he 5 [WiT?, Ty, (15)
2 2
UNiUAbc, NipAbc
= th‘bc 5 I'" = th‘bc s (16)

. 1. 1. o0 .
TH = TR - 2T - T —h“hg"b . (3%, 6% ]

h s 4[w{v 6"y, (17)

gabe _ _ i [w{7%, &be hy ] spin angular momentum tensor, (18)

THY = uo —%hg‘T““ _ L poqan +—h“hf‘bS“bC Ly SR ST (19)
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If we ignore the spin contribution, we can write the energy momentum

tensor approximated as
THY = fuo —%hg‘f"““ —%h};T““. (20)

So if we start with a flat space-time and then we introduce a little

deformation in the metric the energy momentum tensor is changing of a

factor — N"Y each time.
N = 2 (BT 4 hgPan), @1)
N¥ is symmetric for pv

THY ~ PHU _ NTHD (22)

We approximate the metric, each time putting ourselves in a new
reference frame, starting from the flat we proceed with discrete path of

the size huv to a little more curved space time (Figure 2).
The result at the first step is the following equation:
TR = —%h};f’a” - %hg:i’a”. 23)
Second step
TR o i %hgT’a” - %hgT’a“ = U R _pupan (o4
Third step
T o jvuv _§hufvav _Ehvfwau 25
- 27 2@ @5)
And so on for n-times,
T = PR Bpupav R pupan 26
= 2 a 2 a ’ ( )

here n is not a world index, it only indicates the n-steps of the path.
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At each step we sum up the effect of the metric approximation with
the factor — N" = —%hgT“” —%h(‘;’f’““ inherited from the previous
energy-momentum tensor.

We have completely ignored second order contributions.

& L

Tfia‘.

Figure 2. Iteration sequence to approximate the energy-momentum

tensor through discrete paths of size huv up to slightly more curved

space-time.

Now if we include the spinor angular momentum, we have to consider

the tensor

MY o Y (h“T‘w+h Ta“)+n h hs\b 4[ {Aa Abc}w]

Lhgnk, L1wle, 6% @7)

A n A A 1 b b
T = PR B (AT 4 BTN )~ n (RERY S+ RRY S ).
(28)

First step with spinor:

, s 1ourar 1 os '
T = W - S RETY — S hgT ™ —h“hé"b 4[\y{y , 6% ]
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h Sht 2 W%, 6% v (29)

" ' ]- ’ 1 4 .
T = T~ SRET'Y — S hGT'™ + —h“hg‘u[\v{v , 6% by ]

h” Rl 4[w{v L 6% ], (30)
" ' 1 ' 1
g =g Do - Lpopen sy ygne Lo, sy )
i I r—(ra b
+ 3 hahepy 7 [WIT7, 67w ]
1 W rav 1. ambv 1 usba apv ] bc
_Eha(T _EhaT _§hbT _hkhc‘b 4[\V{Y ) gl

h h§b4[w{v L 6% ])

1 - 1 - 1 A l n
- (T - ST - 2Rt Lt L3R, 60y ]

+ LhEnd, LIwEE, 6%y ])
i I r—fra 1 Lr—(ra
+ g hahey, 7 WY, &% wl+ 7 hahyy, 7 W9, Il 7 N G 3]
Trav _ Tav _ 1 hajwbv _ 1 hvjwba hahv ) [—{ AbC} ]
- 2°b 2°b 1k e b g LV v

s Lhend, LITEE 6% v, (32)

ap _ a 1,00 1. sba app i ~k  ~bc
prow = fan - Lpagtn - Lpagba g Lpapt LGt 6%y ]

+Lhend, 1wl 6 ). (33)
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We don’t consider second order contribution like hgh; but include

RERY,

” 7 1 I 1 2 ~
T = T - S RETY - hpT —h“hg‘b 4[\|1{y , 6% by ]

h hc‘b4[\|f{v , 6%y ]

1 s 1 s
- SRETT ) = SRS )+ huhg‘u[\.,{ya, 5% 1y ]

Lhgnk, 1w, 6 (34a)

3db. T = TR _ ppp® _ pUpe gL h“hé" . Lwhe, 6% ]

w2 L neal, LI, 6% ]

At the moment we don’t consider these kinds of contribution

1 1Lk
-5 ha( -3 h“Tbv+—h}‘fhs‘b4 [Wh", 6% 1), (35)

because they are second order or more, so we write:
TV = TR _ (RRTW 4 RO ) Zi(hgh” gabe hih!, 5S¢ ). (34¢)

We can see from Equation (28) that the spinor contribution

h“hg‘ b1 [\y{ka 5¢ 4y ] is different from zero only if the derivative

h:‘ b * 0, that to say the coupling between the gravitational field AL and
torsion is effective only if the deformation of the metric is not constant.

By, = Bl ,06he 0. (35)
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3. Results
3.1. Energy-momentum tensor depending on discrete steps in the

metric

The main results we get is this equation describing the energy

momentum tensor related to the changing in the metric and to torsion
~ 7 (g ur A L b
TR o v E(hg;Tav BT ) n L (RERY, + RURY, SV (36)
We write the equation in a more compact way

TN = PR, NHY niB””. (37)

The first term 7™ is about Dirac particle in flat spacetime
N = L (R + hyTm ), (38)
This term represents the coupling between the deformed

gravitational space and the Dirac particle, it’s symmetric.

The contribution to the energy momentum tensor is negative
increasing at each step, as if spinors could lose energy in the coupling

with the gravitational field.

B™ = (hfhy,S® + hihti,8%), (39)

B“’ is symmetric for the world indices, but it contains the spinor
angular momentum antisymmetric for the flat indices of the local

reference frame.

Here we have the coupling between the gravitational field and the

spinor angular momentum through the derivative h:‘ b

It’s apparently negative. Let’s check iS abe

Here we have to deal with
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Mabc _ {?a 61)6}

and specify non vanishing terms.

We consider Dirac matrices so defined:

k
. S c 0
60 = Lt 4] = e {
) ]k .
2 0o o

The only non-vanishing terms of M = {v%, 5o } are
k
G 0
MObC — zabck
0o -oF

index O time like; bck flat spacelike

k
b0 0b c 0
M = -M™¢ = —28bck[ k}
0 -0c
0 I
Mkbc = ngck[ .
-1 0

So if we make explicit — n i B = -n i (h(‘;hz‘b + hzhif‘b )gabe,
we get three kinds of contributions:

_iHU v i abc‘__iuv P 0bc
n4(hahc\b+hahc\b S = n4(h0hc\b+h0hc\b )S

i I r—
+n¢ (hhgy, + hohl, )Z[wMOwa]

k
n _|o 0
n 2 (RERY, + B, )ebckw{ ) Ok}v

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(46.1)
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i i
—n g (hEhy, +hihly )sabe = —n ¢ (hhiy + hghll, )ga0e

i I r—ara0
+nz(h5hs‘0 +h3h50 Z[\;/Ma ‘v ]

k
n _ 10 0
+ g(hghg‘o + hgh?‘o )gackW( 0 k}l” (46.11)
here index a is flat spacelike.

i i
—n g (R, + hghti, 18 = —n - (Rhy, + hphl, )S*°

i i
= +nz(h,‘;hé’ + hyhl)

—a rkb
\b c\b Z[\VM C\V]

0 1
= _%(hlshé}‘b + h;;hél‘b )gbckW{ 7 OJ\V (46111)

The energy momentum tensor has a recursive form and for each
successive approximation we can detect a negative factor associated with
the energy momentum tensor for the Dirac field in flat spacetime, this
contribution is multiplied by n at each step.

In addition, we get positive and negative contributions from spinor
angular momentum, we mean this could be associated to expansion and

compression or growing and damping deformation of the metric.

Spinor as source of gravitational waves loses energy in creating
curvature and torsion of the metric.

3.2. Cosmological constant reinterpreted

We suggest that the terms calculated explicitly in the energy
momentum tensor could be a declaration about the cosmological constant
and dark energy: spinor and torsion enter in the mechanism of
expansion.

We consider the field equation with the cosmological constant

G 4 Agh = - BTG e, (47)
c
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Now if we start with the field equation without cosmological constant and

develop the energy momentum tensor we get

Guv _ _ 8TCG THU

A (48)
G — 8nG jvuv NH I puv
C
GM 4 8“2G (- NW 4 iB”” )= - 872G v (50)
C C
Ag™ = —8“2G( ~NW iB“” ), (51)
A s pivy = BRG L upav ooy e o ygabe
( + AH) = == = 5 (RGTY + hgT™ ) + 1 (héhy, + hahy, ST ]
C

(52)

The cosmological constant is positive and create acceleration in the
expansion of the universe, the value is associated to vacuum energy or to
dark energy. There is a problem with the interpretation of the
cosmological constant as vacuum energy: the value of the constant
calculated from quantum field theory is too big and would produce

acceleration too high compared with measurements [4].

In this frame, the cosmological constant is associated to spinor

coupling to the gravitational field and to torsion interaction.

Torsion i1s implicated in the expansion of the universe and could
replace the role of dark energy to explain repulsive force contrasting

gravity [5].

The cosmological constant could assume different value for each step

of expansion

Agh? = %( ~ nNW 4 niBuU ). (53)
C
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Here we have attractive decelerating term (minus sign) and a mixed term
of torsion with positive (repulsive) and negative contribution, creating

different acceleration of the expansion.
3.3. Gravitational waves sources

We consider different contributions as wave source and look forward

to the solutions as a superpositions of the two effects.

167G (A 10w . i
RN = -= (T4 — 5 (RET® + hgT™ ) + = (Rhy, + hohl, )Sbe 1,
(54)
. 5—22 _v2, (55)
t
R = — 1672°G [ - %(hg:ﬁav T+ RVTAR Y], (56)
C

This is a non-homogeneous wave equation like the elastic string wave

equation- describing tension in a fixed string due to an external force:

A" could be interpreted as the tension in the string and the non-
homogeneous term —%(hgf’“” +hUT% ) is assumed to be the force
acting on the string forcing vibrations.

167G
O - 161G |

i(h};hg‘ o+ haRY, )sabe ], (57)
C

Here we have three terms.

k
1 _|o 0
ORMY = —Cg(hghs‘b + hShg‘b )Sbck\l{ k}y (58)
0 -c
167G
_ = C,
02

cbk are flat spacelike indices
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v 1 v vy ] Gk 0
OAk = +C§(h5hc‘0 + hahc\o e ack ¥ . L |V (59)
-c

0 is flat time like index

0 1
Ot = _c%(h;;hg‘b + bkl )sbckﬁ( ; OJ\V. (60)

We notice that the nonhomogeneous terms contain first order partial
derivatives, like for heat equation covered by vacuum wave equation.
These first order terms are associated to damping or growth phenomena,
depending on the plus or minus sign; there are opposite currents creating

whirlpool, torsion from spinor becomes torsion of the metric.

So, the picture we can figure out from (56) is about background
stationary waves due to spinor fields related to discrete expansion. In
addition to this, Equation (57) describes the torsion effects arising when
spinors are present in curved spacetime. Stationary wave plus whirlpool
are the effects of the deformation of the metric due to the presence of

spinors.
4. Summary and conclusion

In this investigation, we have assumed the approximation of linear

gravity with progressive steps till to nhy, so that g,, = ny,, + nh,,. For
each perturbation of the size Ay, the energy momentum tensor is so

written

A 1 ~ ~ 7
T = TR g — o (BT + hGT ™) + i (hbhgy + hghl, )Se ). (61)

This is a model of discrete expansion driven through gravitational waves

originating from spinors.

But how this mechanism starts? We could suppose vacuum fluctuation

for the first deformation hy, spinors coupled to gravitational field
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assume new energy contributions and the presence of spinors deforms the

metric.

How are the discrete levels of the metric connected? Gravitational wave
originates from spinors having their source in the energy momentum
tensor, the tensor changes modifying the gravitational field with the

perturbation of the size h,,,.

In this model, we are not fixing the size of A ,, could it be at Planck

UL

scale? Let’s calculate what happens with [, = [%, if we consider the
C
size of the space deformation of Py of the order of [,,, we are describing

the universe at the Planck time ¢, = 10_433, according with the
cosmological picture of the early beginnings of the Universe.
What is the fuel to expand to different levels? The fuel is the energy

tensor of the previous level, this is the source for the wave deforming the

metric curvature.

If we consider the discrete steps used for this model of expansion, we
can distinguish the contribution of two kinds of waves (566) and (57).

We get two different phenomenology according to the solutions of the
differential equations: the former source contribution ALT® + RUT

allows gravitational waves creating a new size of the metric as

expansion.

This torsional source i(h;‘hé" b T hghg“b )S%¢ " contributes to other

metric changesets related to vortices creation through growing and

damping metric perturbation.

The spiral shape of galaxies could be a good example of the effects of this

mechanism on a huge scale.

We propose a different interpretation of the cosmological constant,

expansion is due to the additional term of the energy-momentum tensor.
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Appendix A

Contribution from I) in details:

n ] Cr 0
Al. - §(h5hg‘b + hghc“‘b )Sbck\l{ . k]\u
-0
3 2
n _|o 0 n _|o
i _

1
n _|o 0
-5 ho(hg ‘hgg)"’[o 1]‘4’

+symmetric part.

If AY, = hY this contribution is zero.
c|b ble

Contribution from II) in details:

k
n _|o 0
A2. + g(hghg‘o + hghél‘o )Sack‘l{ . k]\p

o ugv Hpv o’ 0 oupppv HpU Yo o” 0
= +35 (Mhyo = hyhyo v 0_g3 v g o (hahyjo = Rty v 0 -o?

1
n _|o 0
+ 35 (hyhy, _h:?h;o)‘“[ 1}"
0 —

+symmetric part.

If hg o terms are zero, the related contribution A2 vanishes.

If the metric A does not change with respect to time in the tetrads

frame, this term is zero.
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Contribution from III) in details:
A3. —Z(RERY, + hERY o’ !
. _g( ko T c‘b)gbck‘l’_l O\V
h W o 0 1 T 0 1
( 2‘1 1‘2)‘1’_[ OW_§ 2( 1‘3_ ‘I)W 7 OW

0 I
‘—hl(h?,\z 23)[_1 O}U

+symmetric part.

If hg\b = hv‘ this contribution is zero.
APPENDIX B
. . . po 167[G A},I.U . .
Gravitational wave with source A" = _—ZT , the solution is so
c
written [6]:
Bz, ) = - 4G j T e Vb (BO)
L, r

r=lx-x, breg =1 =

We resume the kinds of differential equations considering as variables

only x and ¢, we get

B1. Ay —h,, = AT, non-homogeneous wave equation for an elastic

string, the forcing term is the coupling between the stress energy tensor

and the metric.

The solutions depend on boundary conditions we can get stationary

waves or linear advection solutions.

We consider h(0,t) = h(L,t) =0, with L =1, = %, to get

C
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standing waves.

B2a. htt - hxx = ith
B2b. htt - hxx = ihtT

In detail, if we consider the full equation for example 2b) Ay — h,,, = AT

the first order derivative gives rise to damping vibration while if we

consider the other kind of 2b) A — h,, = —h/T with minus sign we get a

growing vibration. These two terms are opposite currents.

The same if we consider 2a) h; — h,, = th,T, here the first order

derivative is respect to space index, again the same opposite currents.



