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Abstract

In this paper, we investigate the form of the solution of the following system of

difference equations of second order:

AXp-1Yn-1 dxp 1¥pn-1

, = , n=0,1,..,
b+ cyp_1 In4l = fXn_1

Xp+1 =

where the parameters a, b, ¢, d, e, f and initial conditions x_1, xq, ¥_1, Yo

are arbitrary positive real numbers.

1. Introduction

In this paper, we deal with the behaviour of the solution of the

following system of difference equation:

aXp-1Yn-1 _ dxn—lyn—l
b+cy,1 "7 e+ fx,

Xpnl = n:0, 1,..., (1)

where the initial conditions x_i, xg, y_1, Yo and a, b, ¢, d, e, f are

positive real numbers.

The hypothesis of difference equations involves a focal position in
applicable analysis. There i1s no uncertainty that the hypothesis of

difference equations will keep on playing a vital part in science overall.

Nonlinear difference equations, of order more than one, are of
principal significance in applications. Such equations likewise seem
normally as discrete analogs and as numerical arrangements of
differential equations which show several assorted wonders in science,

biology, physics, physiology, engineering and economics, see [1]-[39].

As of late, there has been incredible enthusiasm for examining
systems of difference equations. One reason for this is the need for a few
strategies that can be utilized as part of investigating equations emerging
in mathematical models. There are many papers on systems of difference

equations.
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Khan and Qureshi [6] investigated the qualitative behaviour of the

following systems of second-order rational difference equations:

X4 = OXp—1 Vpa1 = 1 Yn-1
+ - ) + - )
. B~ Y¥nYn-1 . B1 — T1%pXp1
and
@Yn-1 NXn-1
X = ——= ="
nil b- CXpXn-1 Inil bl —Yndn-1

The authors in [47] have obtained the form of the solutions of the

following system of difference equations:

_Ax, oy, At x,
Yol = > Inal T Y .
n-p n—q

Touafek et al. [61] investigated the periodic nature and gave the form
of the solutions of the following systems of rational difference equations:

Yn Xn

x =———  y =—" -
nil xn—l(i 1% yn) n+l yn—l(i 1+ xn)

Din et al. [7] dealt with the behaviour of the solutions of the following
fourth-order system of rational difference equations of the form:

3 X, _3 Ypay = %1%n-3
= s n+l — '
B + YYnYn-1Yn-2Yn-3 Bl ~Y1¥nXn-1¥n-2%Xn-3

Xn+1

The persistence and the asymptotic behaviour of the positive

solutions of the system of two difference equations of exponential form

- —-x
Xpp1 =@ +bx, qe n s Yng1 =CHdy,qe ",

were studied by Papaschinopoulos et al. [48].

Yal¢inkaya [58] obtained the sufficient conditions for the global

asymptotic stability of the system of two nonlinear difference equations

Xp + Yna _In + Xn1
Xnd¥n-1 — 1’ Yn¥n-1 — 1

Xn+1 = Yn+1 =
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Elsayed and El-Dessoky [31] investigated the behaviour of the
rational difference equation

bxnxn—2

X4l = QX +— N2
n+l " ex,_9 +dx, s

Yang et al. [60] studied the global behaviour of the system of the two

nonlinear difference equations

_ Axy, _ By,

X = = .
n+l 1+y5’ Yn+1 1+ 2P

Mnguni et al. [46] studied the Lie point symmetries of difference
equations of the form

U

n

An + BnUnUn+2 .

Un+4 =
In [35], Folly-Gbetoula and Nyirenda investigated the sixth-order
recursive sequences of the form

Xn¥n-5
ki
Xn—4 (an + bnxnxn—5)

Xn+l =

where q,, and b, are sequences of real numbers.

Also, Folly-Gbetoula and Nyirenda [34] found the exact formulas for
the solutions of the following system of (k+1)-th-order difference

equations:

Xn—k+1Yn—k Yool = Xn—kYn-k+1
) n+l = .
yn(an + bnxn—k+1yn—k) yn(cn + dnxn—kyn—k+1)

Xn+1 =

See also [40]-[62].

Let us consider a two-dimensional discrete dynamical system of the

form
Xn+1 = f(xn—l’ yn—l)’ IYn+1 = g(xn—l’ yn—l)’ n=01,.., (2)

where f:szJZ——>I and g:]szZ——>J are continuously

differentiable functions and I, J are some intervals of real numbers.
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Furthermore, a solution {(x,, y,)},_ ; of system (2) is uniquely
determined by the initial conditions (x;, y;) € I xJ for i € {~1, 0}.

Definition 1 ([50]). Let (X, y) be an equilibrium point of the system
(2).

(i) An equilibrium point (¥, y) is said to be locally stable if for every

¢ >0 there exists 8 >0 such that for every initial condition
(x;, ¥;), © € {-1, 0} with 2?:71|xi -Xx| <38, 2?:71|yi - ¥| <8, we have
|x, —X| <¢ |y, —¥| <e forall n > 0.
(ii) An equilibrium point (x, y) is said to be unstable if it is not stable.
(ii1) An equilibrium point (¥, y) is said to be asymptotically stable if
there exists n > 0 such that 2?:71 |x; — x| <m, 2?:71 lvi —¥| <m, and

lim x, =x, lim y, = .
n—o0 n—x0

(iv) An equilibrium point (x, y) is called a global attractor if

(xp, ¥p) > (X, ¥) as n > .

(v) An equilibrium point (x, y) is called a globally asymptotically
stable if it 1s a global attractor and stable.

Definition 2. Let (X, y) be an equilibrium point of the map
F =(f,x,1, 8, ¥,_1), where f and g are continuously differentiable
functions at (x, y). The linearized system of (2) about the equilibrium
point (¥, y) is

Xpa = F(Xn) = Fan’

X, . . .
where X, :( " lj and Fj is the Jacobian matrix of the system (2)
Yn-1

about the equilibrium point (X, ¥).
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Lemma 1 ([50]). For the system X,,; = F(X,),n=0,1,... of
difference equations with X as a fixed point of F. If all eigenvalues of the
Jacobian matrix J; about X lie inside an open unit disk [A| <1, then X

is locally asymptotically stable. If one of them has norm greater than one,

then X is unstable.

Definition 3 ([9] (Lyapunov function)). Let V : R¥ > R. The

variation of V relative to
x(n +1) = f(x(n)), 3

where f:G > R*, G Rk, is continuous. We assume that x is an

equilibrium point of (3), that is, f(x) = X.

Let V:R¥ 5 R be a real-valued function. The variation of V

relative to (3) would then be defined as
AV(x) = V(f(x)) - V(x),
and
AV(x(n)) = V(f(x(n))) - V(x(n)) = V(x(n +1)) - V(x(n)).
Note that if AV(x) < 0, then V is non-increasing along solutions of (3).
The function V is said to be a Lyapunov function on a subset H of REK
if:
(1) V is continuous on H, and

(i1) AV(x) < 0, whenever x and f(x) belong to H.

Definition 4 ([9]). Let B(x, y) denote the open ball in R¥ of radius

y and center x defined by B(x, y) = {y € Rk|||y — x| < y}. For the sake
of brevity, B(0, y) will henceforth be denoted by B(y). We say that the

real-valued function V is positive definite at x if:



THE DYNAMICAL BEHAVIOUR OF SOLUTIONS FOR ... 7
(1) V(x) =0, and
(i) V(x) > 0 for all x € B(x, y), x # x, for some y > 0.

Definition 5 ([9] (Lyapunov stability theorem)). If V' is a Lyapunov
function for (3) in a neighbourhood H of the equilibrium point x, and V
is positive definite with respect to x, then x is stable. If, in addition,
AV(x) < 0 whenever x, f(x) e H and x = x, then X is asymptotically

stable.

Moreover, if G = H =R* and V(x) > o as x — o, then ¥ is

globally asymptotically stable.
2. Stability of System (1)

In this section, we investigate the local stability character of the

solutions of system (1). System (1) has two equilibrium points and are

given by
T 9 L EbiG-ay)=0=x=0o0ry=—2
b+cy a-c’
= 9% L Sesff-dE)=0=>F=0orx-—*_
e+ fx d—f

Then, they are two equilibrium points O =(0,0) and

Es(ﬁ,%)ifd;éfanda#c.

Let f:I*xJ? — 1 and g:I?xJ%? — J be continuously
differentiable functions and I, J some intervals of real numbers defined

by

dxy
e+ fx’

_ _axy _
f(x7 y)_ b+Cy and g(x7 y)_
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Therefore, it follows that

fx(x7 y): =i fy(x7 y):ﬂ

b+cy’ (b+cy)2,
8x(x, y) = ﬁ, gy(x, y) = eixfx.
AtEE(dif’ aé_’c),weget
fx(dif’ alic)zl’

Theorem 2.1. The equilibrium point E is unstable.

Proof. The linearized equation of system (1) about the equilibrium E

is

e(a - c)?
[;Zj | b(d - ) f s [i:)

ed(a - c)
The roots of the characteristic equation of the system (1) about E are
givenby Ay o =1+ %, and it turns out that || > 1. So the

equilibrium point E is unstable.
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Theorem 2.2. The equilibrium point O is locally stable if ad < 1.

Proof. Let
ul(n) = Xp-1> uZ(n) =X
Ul(n) = Yn-1> UZ(”) =Yn-

Now, we can rewrite the system (1) as

e - B2

Our first choice of a Lyapunov function will be V(uy, vy, ug, vg) = uvE

+ u%v% This is clearly continuous and positive definite on R*.

So

AV(w (n), v1(n), ug(n), ve(n)) = u12(n + l)vlz(n +1)+ u%(n + l)v%(n +1)

2 2 2 2 2 2
) Vmwmmqfummmﬂ
T v e e fnp

- uf (n)of (n) - w3 (R (n)

:( a?d% (n)i(n)
(

— u2nU2n
wmmmw@+mmm21jl(h()

< (a?d® - 1)ui(nyi(n).

Then AV < 0 if (ad)® <1 = ad <1, thus the equilibrium point O is
locally stable if ad < 1.
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3. Existence of Bounded Solutions of System (1)

In this section, we study the boundedness of the solution of system
(D).

Theorem 3.1. Every positive solution of system (1) is bounded if
a<ec d<fand lim, ,,x, =lim,_ ,, vy, =0.

Proof. It follows from Equation (1) that

An1¥n-1 o WPn-1Yn-1 _ gx <x
b = - n-1 n-1»
+CYVn CYn-1 ¢

Xn+l =

dxn—lyn—l dxn—lyn—l d
< == Y1 < Yn_1-
e+ fx,q fxn_1 for ! nl

Yn+1 =

Then
Xp+1 < Xp-1s Yn+1 < Yn-1-

This implies that x9,,1; < x9,_1 and xg,,3 < x9,,1. Hence, the
subsequences {xg,.1}, {X9,.9} are decreasing, i.e., the sequence {x,} is
decreasing. Similarly, one has y9,.1 < ¥9,.1 and yg,,,3 < ¥9,.1. Hence,
the subsequences {y9,,.1}, {¥on4+2} are decreasing, i.e., the sequence {y,, }

is decreasing. Hence, lim, , x, = lim, ,, ¥, = 0.

Lemma 3.2. If ad <1, then the equilibrium point O is globally
asymptotically stable.

Proof. From Theorem 2.2, the equilibrium point O 1is locally stable.
In addition, from Theorem 3.1, we have lim, ,, x, =lim, ,, y, =0.

Thus the equilibrium point O 1is a global attractor. This means O 1is

globally asymptotically stable.
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4. Existence of Periodic Solutions of System (1)
In this section, we study the existence of periodic solutions with
period two of system (1).
Theorem 4.1. The system (1) has no prime period-two solutions.

Proof. Assume that (py, q;1), (P32, ¢2), (P71, q1), --- s a prime period-
two solution of system (1) such that p; # py and g; # g5. Then, from

system (1), we have

P = %7 2 = %’ 4
and
Lo dpady ®)
e+ fpy e+ fpy
From (4), we see that
bp; +(c —a)paq; =0, (6)
bpy + (¢ — a)pagqs = 0. (7)

Multiply Equation (6) by (psqs) and Equation (7) by (p;q;), we get
bp1peqs + (¢ - a)p1Paqiqs = O,
bp1pea1 + (¢ — a)P1P2919s = 0.
Now, we have
bp1p2(gs —q1) = 0 = q1 = qs.
Similarly, from (5)
eq +(f —c)pqy =0, ®)

eqy + (f — ¢)pags = 0. 9)



12 E. M. ELSAYED and K. N. ALSHABI

Multiply Equation (8) by (psqs) and Equation (9) by (p;q;), we get
ep2q192 + (f — d)p1p2a1g2 = 0,
ep1q19s + (f - d)p1paqigs = O.

Now, we have
eq1qs(p2 = p1) =0 = p; = py,

which i1s a contradiction. Hence, system (1) has no prime period-two

solutions.

5. Numerical Examples

To confirm the results of this paper, we consider numerical examples

which represent different types of solutions to system (1).

Example 5.1. Figure 1 shows the solution when x_; =2, xo = 4,

y1=5y=3a=2b=5c=3,d=T,e=2and f = 3.

T plot of Xn+1=axn-1yn-1/(b+cyn-1)’ yn+1=dyn-1xn-1

/(e+fxn_1)

X
n

12 ' Y,

n

10} [

0 5 10 15 20 25 30 35 40 45 50

Figure 1.
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Example 5.2. Figure 2 shows the solution when x_; =12, x5 = 0.8,
y1=11,9=9a=9b=05c=07d=2e=2 and f = 4.

" 1gJot of xnn=axn_1yn_1/(b+cyn_1), yn+1=dyn_1xn_1/(e+fxn_1)

7
of t
Il
|
51 |
|
11
L V‘H‘\
_4 (WA
I
N \“‘
c (11
x ““U
L |
3 AR
(1]
[
Pyt IR
I
NI
. IR
! A
’,/\“ \ | i\\
ob— -~/ I VAN . . . .
0 5 10 15 20 25 30 35 40 45 50
n
Figure 2.

Example 5.3. Figure 3 shows the behaviour of the solutions when we
take x_1 =2,x9=4,y_1 =5,y =023, a=12,b=15,¢=3,d = 0.7,
e=2,and f = 0.3.

600 plot of xn+1=axn-1yn-1/(b+cyn-1)’ yn+1=dyn-1xn-1/(e+fxn-1)

X |

Y,

n

500 |

400

n

300 |

200

Figure 3.
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Example 5.4. Figure 4 shows the dynamics of solutions of the
system where x_; =7,x5 =0.2,y1 =0.1, 590 =3,a=1.2,b=0.5,¢=0.3,
d=1"7 e =12, and f = 0.3.

plot of xn+1=axn_1yn_1/(b+cy"_1), yn+1=dyn_1xn_1/(e+fxn_1)
— T T T T T T T T

I

|

|

X
n
|

Yol
|

n

10 12 14 16 18 20
Figure 4.
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