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Abstract

This paper is devoted to show some results of harmonic analysis on perfect
hypergroups. We give some ways to preserve the perfectness of hypergroups,
under different kinds of transformations. We state and prove some properties
of the set of Radon measures on the dual hypergroups. Also we explain some
exact conditions on translation operators to translate perfect hypergroups, to
another perfect hypergroups. Details computations with implemented formal
examples are explicitly introduced.

1. Introduction

The main aim of this paper is to study some of the main topics of
harmonic analysis on the product of perfect hypergroups. A hypergroup
[1] is a locally compact Hausdorff space K with a certain convolution

structure * on the space of complex Radon measures on K, M(K). The

first to define hypergroups were Dunkl [2], Jewitt [3], and Spector [4].
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The main problem in harmonic analysis in various setting is the existence
of a product, usually called convolution, for functions and measures [5, 6].
Hypergroups generalize locally compact groups. Hence, abundant results
of harmonic analysis can be shown for hypergroups, in particular for

commutative hypergroups. We will denote by C(K), C,(K), Cy(K), and
C.(K) the spaces of continuous functions on K, that are bounded, vanish
at infinity and that with compact support, respectively. The dual K * of
K is just the set of continuous characters with the compact-open topology

in which case K* must be locally compact. In this paper, we will be
concerned with continuous characters on hypergroups. A locally bounded

measurable function ¢ : K — C 1is said to be positive definite if

anzn:cic_jq)(zi *2j) 20,

i=1 j=1
for all choice of 21, 29, ..., 2,, € K, ¢1, g, ..., ¢, € C and n € N. We will

denote by P(K), Pb(K ) the class of positive definite functions on K and

the class of bounded positive definite functions on K. The classical
moment problem stated by Stieljes in the following form: For any

sequence of real numbers sg, sq,..., find necessary and sufficient

conditions for the existence of a measure u on [0, «[ such that
S, = I x" du(x)
0
holds for n = 0, 1, .... The F-moment problem
s, = I x" du(x)
F

carries the name of Stieltjes (for F = R,), Hamburger (for F = R),
Hausdorff (for F =[0,1]), and Toeplitz (for F =T). A function
® : K — C is called a moment function on hypergroup K if there exist a

measure u € E,(K") such that ® has the following representation:
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d(z) = IK* x(z)dwy), for z € K, (1.1)

where E,(K") denote the set of Radon measure w e M(K") such that

I (R du) < o, forall z e K. (1.2)

Clearly, we have MS(K*)c E,(K*)c MS(K*), where MY(K*),

MS(K*) are the spaces of bounded Radon measures and with compact

support, respectively.
2. Dual Hypergroups

A hypergroup (K, *) is called commutative if (M(K), +, *) is a

commutative algebra and Hermitian if the involution ~ is the identity
map. Its easy to prove that every Hermitian hypergroup is commutative.

A locally bounded measurable function % : K — C 1is called a

semicharacter if yx(e)=1 and yx(x*y~)=x(x)(y) for all x, ye K.

Every bounded semicharacter is called a character, if the character is not
locally null then (see [3, Proposition 1.4.33]) it must be continuous. We

will denote by H(K) the convex cone of moment functions on the
hypergroup K. For & e H(K) describe the set E (K*, ®) of
representing measures for ®, i.e., the set of u e E,(K*) satisfies (2.1).
Theorem 2.1. If {K;}" ,ne N is a system of finitely generated
hypergroup, then the dual H?ZlK; is homeomorphic and isomorphic with
a closed subsemigroup of (C",.) for a suitable ne N, in particular

H?lef is locally compact with a countable base for the topology.
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Proof. As a direct application for Fubinis Theorem, the reader can

easily prove that:

If &; and &4 are two moment functions on K, represented via (2.1)
by the two measures u; and U9, respectively, then the product ®; - &,
is a moment function represented by p; * ug. Since forall i =0, 1, ..., n
the hypergroup K; is finitely generated, so there exist finitely many

elements ey, ey, ..., e, belong to K; such that for every element z € K;

there exist {k i };.l:l c Ny such that
Z=k1€1+...+knen, with k} € No, jZ]., 2, ..., n. (21)

For y e le 1Klfk we define a continuous homomorphism I(x) e C" by
I(x) = (x(ey), ..., xle,)). Clearly, I: Hile; — C" is one to one

mapping. Suppose (Xq ), 1S @ net from the dual hypergroup Hilef

such that limg I(x,) exists in C". Since for every z € K; and any

n
X € Hi_le, we have

so limg ¥ (2) exists for each element z in the hypergroup I_L.ZlKi.
Putting x(2) := limy % (2), z € Hilei implies 7y belongs to the dual
hypergroup Hilegk, I(y) = limy I(x,) and 7y, converges to ¥ in

n *
K;.
i=1 ¢
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3. The Product of Perfect Hypergroups

The set E,(K*, ®) is a closed convex set in M, (K*). The moment
function ® € H(K) will be called determinate if the set E, (K*, ®) is a
one point set, and indeterminate if the set E, (K™, ®) consists of more

than one point. Similarly, the measure pe E, (K*) will be called

determinate or indeterminate if the corresponding moment function &

given by (2.1) is so. A commutative hypergroup (K, *) with involution is
called perfect if every @, belongs to the space of positive definite

functions on K, is a determinate moment function. For any measure

uwe M(K*) we will denote by [t the function

= [ 1@duw. z< K,

and W is called the generalized Laplace transform of p. This transform
has the following properties:

(1) op+Br = afl +po;

~

@ wxv=[-7;
B p=0=pu=0, where o, pe C, n, v € M°(K*).
The following Lemma is an analogue of some results stated in [7, 8] for

Hausdorff spaces.

Lemma 3.1. Let P and Q be two perfect hypergroups and let
® : B(P)x B(Q) = [0, o[ denote a Radon bimeasure. Then there is a

uniquely determined Radon measure y on P x @ with the property

®(K, L) = YK x L), forall K € HP), L € H(Q).
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Furthermore, the equality
®(A, B) = y(Ax B)

holds for all Borel sets A € B(P) and B € B(Q).

Lemma 3.2. Let {Ki}?:l’ ne N be a system of perfect hypergroup.

The transformation W — [ is an injective algebra homomorphism of
n
Ny - H':1 K;
E(I Iilel ) into the space C*4 .

Proof. Suppose that

f1(0) - Ry@) +i(A3(@) ~ B4(2)) = 0,

for all ze HiilKi’ where ;e E+(HLZIKL-*) for j=1,...,4. Since

B;(z") = [ (2) forall j =1, ..., 4, we also have
() - Me(@) —i(Rg(2) —My(2)) = 0,

forall z e HiilKi’ hence

n . n .
for all z e Hilei. Since Hilei is perfect hypergroup we conclude
that u; = ug because they represent the same moment function.
Similarly ug = u,. This implies the injectivity of the generalized Laplace
transform, the rest of the Lemma being obvious.
Theorem 3.3. The product HiilKi =Ky x K9 x...x K, of perfect

hypergroups, is also perfect hypergroup.
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Proof. Firstly, we will prove that “if K; and K, are perfect
hypergroups, then so is the product K; x K, and we directly get the

required by using mathematical induction. Suppose K; and Ky are

perfect hypergroups. For (x, {) belong to the dual product K| x K the
mapping (z, w) — x(2)C(w) is a character on K; x Ky, and every
character n on the product K; x K9 is of this form with x(z) = n(z, 0)
and {(w) = n(0, w). Let ® € P(K; x Kq), for each w € K5 we have the

following:
@) @(., w* +w) e P(K;);
@) @(., w* +w)+ (., 0)-@(., w*)-®(., w) e PKy);
(3) (., w* +w) + ®(, 0) = id(., w*)+id(., w) e P(Ky).

Since (2} + z9, w* +w) = (21, w)" + (29, w), so (1) is obvious. Let

{21, 29, ..., 2,} € K; and {¢y, cg, ..., ¢, } < C be given, so {c;, ¢, ..., Cp,
-¢,—Cgy ..., —Cpt < C (vesp., {cq, Co, ..., Cy, icq, iCg, ..., ic, } < C),
hence

n n
Z:Z:ckcj[d)(z;f + 25, w* +w)+ D(2] + 25, 0)
k=1 j=1

- dD(z;f +zp, w") - dD(z;f +zp, w)] >0

(resp.,
n n o
Z chcj[cb(z;f + 2, w* + LU) + (I)(Zj + 25, O)
k=1 j=1

- idD(z;'f +zp, W)+ idD(z;f + 2z, w)] = 0),
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which shows (2) and (3). For w belongs to the hypergroup Ko we denote

by ©,, T, and v, the uniquely determined representing measures in

E_.(K7) for the functions stated in (1)-(3), observing that the measure

u; ==, +0¢ —1y)+ilo, +09 —vy))

po|—

is the unique signed measure in E_(Kj ) such that ® have the integral

representation
@z w) = [ A@dn, ). (= w)e K x Ky,
1

and the mapping w — p,, of the hypergroup K; into the convex set
E(K7) is positive definite. In particular, for any set A belongs to the

Borel set B(K; ) the function w — p,(A) belongs to the space of positive

definite functions P(K;) and is therefore of the form

Hyy (A) (w)dr4(C), we Ky,

= KEQ

for a uniquely determined measure T4 belongs to the convex set
E.(K5). The mapping A < 74 of the Borel set B(K7) into E, (Kj) is

a Radon vector measure [5], 1.e.,

@ 1 =0;
(i1) T A, = Z ;QTAn , when (4,,) is a sequence of disjoint sets in B(K7 );
1

(iii) T4 = sup{rp|F € H(K;), F A} for A e B(K}).

The two conditions (1) and (i1) implies that the measure T is increasing: If

A;, Ay belong to the Borel set B(K;) and A; c Ay, then TA S T,
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For each A € B(K7), the net {Tz|F € H(K{), F c A} is increasing if

the index set is ordered by inclusion, so by [5], Exercise 2.1.19,
T4 =sup{tp|F e H(K{), F c A}

is a Radon measure on K5 and T4 < T4 so in particular T4 € E,(K3).

For w belongs to the dual hypergroup Kj we find

i TR Q) = limp [ Ge)drp(©) = Timp i (F)

= 1y, (4) (w)dT 4(0),

Ky
where the limit is a long the index set {F € H(K;7), F c A}, from
Lemma 3.1. We have T4 = 74 for every A belongs to the Borel set B(Kj7 ).

The function y : B(K; )x B(K3) — [0, [ defined by

w(A, B) = 74(B) for Ae B(K}), Be B(K})

is a Radon bimeasure by (1)-(i11). Lemma 3.2 implies the existence of a

Radon measure y on K; x K, such that

y(A, B) = I 1y @ 1pdy = _[K 1pdTy,
2

KixK3
for

Ae B(Ky), Be B(K5;),
where the tensor product f ® g, for functions f:K; — C and

g : K5 — C, on Ki x K5 is given by

f @ gl &)= f(x)g() for (x, {) e Ky x K.
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By essential arguments from integration theory we then have

1. ®hd :I hdr
IfoK§A® T A

for A belongs to the Borel set B(K;) and any T 4-integrable function

h: K3 — C, in particular

n(A) = [ twdra@= [ . 1aG0cw)dr(z, ) for we K.

=1 .G
K} KixK}

Replacing w by t* + ¢ and using the same technique we get

I Lgdu, =I . 8IEw)P v, ©),
K KixK}

for w belongs to the dual hypergroup K; and any Borel measurable

function g : Ki — [0, [, in particular

2 2 _ 2 -
J s MOl 0 = [ @) P <=

showing that y e E,(K; x K3 ). Therefore

[ . a0 = [ e = e w) for (& w)e Kf x K,
K1XK2 Kl

this implies ® is a moment function with representing measure Y.

Finally, we need to prove the determinacy of ®. Suppose 7y;, y9 € E,

(Ki x K3 satisfy
Dz, w) = [ e, )t [ Ao, ¥ for (2 w) € Ki x K3,
where ¥, ) : K x K3 — C is given by

Xz, )% €) = x(2)(w) for x € K7, { e K3.
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This implies
IlA Rudv = IIA Qxdys for we Ky Ae B(K7).

Showing that, for the projections 7; : Ki x K5 — Ki and my : K; x K;

— K, the image measures (1 )™ and (1 )™2 belong to the

Axiy 1 Axi V2

convex set E,(K,) and represent the same function in the space of

positive definite functions P(Kjy). This yields v;(A, B) = y9(A, B) for all

A e B(Ky), Be B(K3) and hence y; = vs.

4. Transformation of Hypergroups Between

Topological Spaces

Theorem 1.1. Let K ¢ X and H c Y be *-hypergroups and let

h: K — H be a surjective *-homomorphism. Then if K is perfect, so is

H.

Proof. The dual homomorphism A* from the dual hypergroup H*
into K* defined by A*(t):=Toh 1is injective and its image
G = h*(H"), consisting of all character 7 belongs to the dual
hypergroup K*, which is a closed subset of K*. Furthermore, hA* is a

homeomorphism from H”* to G. Let ¢ the class of positive definite
functions P(H) be given, then ¢ o h € P(K) and has the unique integral

representation

o(h(z)) = K*X(Z)du(x), ze K, (4.1)
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we will prove that | is concentrated on G. For this aim let a, b € K and

put
Ga, b = {x e K*|xla) = x(0)}, (4.2)

these family of sets G, 5, a, b € K are open and satisfying

Fo = ] Gas

h(a)=h(d)
hence it suffices to prove that (G, ;) = 0 if h(a) = A(b). But under this

assumption we get for z € K

[1er@duto) = [ 1z + ayaut

= 0(h(z + a)) = 0(A(2)) + o(h(a))
= 0(h(2)) + ¢(n(b)) = ¢(h(z + b))

= [ tem®)anco).

and therefore
xau = x(6n
by Lemma 3.1, i.e.,, Rey(a)u = Rey(b)u and Imy(a)u = Im y(b)u. This

implies

j [Re x(b) — Re x(a)]dy = 0, 4.3)
[Re x(b)>Re y(a)]

so that u({x/Rex(d) > Rey(a)}) = 0. By the same technique we have
u({Im x(6) > Im x(a)}) = 0, i.e., we have u(G, ) = 0. Let » belongs to

the set of bounded Radon measure MJI:(H*) be the image of p under

(h*)7L, then W= v and for w = h(z) e H we get
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o) = 0(h(=) = [u@anto) = [ | a(e)dv™ (o)

h*(H")
= j (R (1) (2)d(r) = j T(h(z))du(7) = jT(t)du(T),
H

which shows existence of a representing measure for ¢. If " is another
measure with this property then by assumption M= (u'h*) and

therefore v = v/, h* being a homeomorphism.

Some other generalization of our results obtained on generalized form

of groups and rings can be found in [9, 10, 11].
5. Examples

The hypergroup K := ([0, [, *) is defined on the nonnegative real

line under the convolution:

5,8, = %[am, 18,.,] O<w<e (3.1)

This hypergroup is a perfect hypergroup. The prove the last statement is

a direct result from the following Theorem:

Theorem 5.1. A necessary and sufficient condition that a function

® : RT" — R to have the integral representation

P(z) = J.Rmexp(< z, w >)du(z), for we R, (5.2)

with we M, (R™), is that ® is continuous and positive definite on the

hypergroup (R, +). The measure | is uniquely determined by .
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6. Conclusion

The main aim of this paper is to give some ways to preserve the

perfectness of hypergroups, under different kinds of transformations. We

state and prove some properties of the set of Radon measures Mf(K “).

Also we explain some exact conditions on translation operators to

translate perfect hypergroups, to another perfect hypergroups.
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