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Abstract 

A new approach is used to show that the solution for one class of systems of 

linear Fredholm integral equations of the third kind with multipoint 

singularities in the semiaxis is equivalent to the solution of systems of linear 

Fredholm integral equations of the second kind in the semiaxis with additional 

conditions. The existence, nonexistence, uniqueness and nonuniqueness of 

solutions to systems of linear Fredholm integral equations of the third kind 

with multipoint singularities in the semiaxis are analyzed. 
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1. Introduction 

Consider the system of linear integral equations of the third kind 

( ) ( ) ( ) ( ) ( ) [ ),,,,

1

∞∈+λ= ∫∑
∞

=

axxfdyyuyxxuxp ijij
a

n

j

ii k  (1) 

where ( )xpni i,,,2,1 …=  and ( )xfi  are given continuous functions on 

[ ) ( )yxa ij ,,, k∞  are given continuous functions in [ ) [ ) ( )xuaaG i,,, ∞×∞=  

are the sought functions on [ ) ;,,2,1,,, njia …=∞  and λ  is a real 

parameter. There exists { }nt ,,2,1 …∈  such that, for all ntti ,,1, …+=  

and ( ) ( ) ,0,,,2,1 == ili xpiml …  where [ )∞∈ ,axil  and for all ,2,1=i  

( ) 1,1, =− xpt i…  for all [ )., ∞∈ ax  

Various issues concerning the theory of integral equations were 

studied in [1-14]. Specifically, in [12], Lavrent’ev constructed regularizing 

operators for solving linear Fredholm integral equations of the first kind. 

In [7], uniqueness theorems were proved for systems of nonlinear 

Volterra integral equations of the third kind and regularizing operators 

in the sense of Lavrent’ev were constructed. In [9], a new approach was 

used to analyze the existence and uniqueness of solutions to systems (1) 

in the case where axil =  for all nti ,,…=  and ( ).,,2,1 iml …=  

Here, a new approach, we prove that the solution of system (1) in the 

space ( )∞,,2 aL n  is equivalent to the solution of systems of linear integral 

equations of the second kind with the some integral conditions. Here 

( )∞,,2 aL n  denote the space of all n-dimensional vector-functions with 

elements of ( ).,2 ∞aL  
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Let [ )∞,aCn  denote the space of all n-dimensional vector functions 

with elements from [ )., ∞aC  Here [ )∞,aC  denote the space of all 

continuous functions on [ )., ∞a  For vectors ( )Tnuuu ,,1 …=  and 

( ) ,,,1
nT

n Rvvv ∈= …  the inner product is defined by the formula 

., 11 nnvuvuvu ++= …  

Throughout this paper, we assume that 

( )
( )

( ) ( ) ( ) [ ),,,0, ,,,

1

∞∈== ∏
=

aCxpxpxpxp liillili

im

l

i   (2) 

( ).,,1,,, imlnti …… ==  

( ) 0, ≠xp li  for [ )∞∈ ,ax  and [ ),, ∞∈≠ axx il  where ( ) .Nim ∈  

Setting ,1ixx =  we find from (1) that 

( ) ( ) ( ) .0, 11

1

=+λ ∫∑
∞

=

iijiij
a

n

j

xfdyyuyxk   (3) 

.,,1, ntti …+=  

Subtracting (3) from (1) yields 

( ) ( ) [ ( ) ( )] ( ) ( ) ( ).,, 11

1

iiijiijij
a

n

j

ii xfxfdyyuyxyxxuxp −+−λ= ∫∑
∞

=

kk  

[ ) .,,1,,, nttiax …+=∞∈  (4) 

Assume that the following conditions hold. 

(a) For all ( ) ( ) ∩…… GCyxnjntti ij ∈=≤−= ,,,,2,1,,1,,2,1 k  

( ).2 GL  
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(b) For all ( ) ( )yximlnjntti lij ,,,2,1,,,2,1,,,1, ,k,……… ==+=  

( ),GC∈  for fixed [ ) ( ) ( ) ( )( ) ( ),,,,,, 2,2, GLyxaLyxax imijlij ∈∞∈∞∈ kk,  

where ( ) ( ).,,0, yxyx ijij kk =  

( )
( )

[ ( ) ( )] ( ) .,,,,
1

, 1,1,
,

, Gyxyxyx
xp

yx illijlij
li

lij ∈−= −− kkk  

(c) For all ( ) [ ) ( ),,,,,1,,2,1 2 ∞∞∈≤−= aLaCxfntti i ∩…  for all 

( ) ( ) [ ) ( )( ) ( ),,,,,,,2,1,,,1, 2,, ∞∈∞∈=+= aLxFaCxFimlntti imili……  

where ( ) ( ),0, xfxF ii =  

( )
( )

[ ( ) ( )] ( ).,,
1

1,1,
,

, ∞∈−= −− axxfxf
xp

xF illili
li

li  

Theorem. Let conditions (2), (a), (b) and (c) satisfied. Then the 

solution of linear integral equations (1) in ( ) [ )∞∞ ,,,2 aCaL nn ∩  is 

equivalent to the solution of the following system of linear integral 

equations of the second kind: 

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

[ )














∞∈+=

+λ=

−=+λ=

∫∑
∫∑

∞

=

∞

=

,,,,,1,

,,

,1,,2,1,,

,,
1

1

axntti

xFdyyuyxxu

tixfdyyuyxxu

imijimij
a

n

j
i

ijij
a

n

j
i

…

…

k

k

 (5) 

with conditions 

( ) ( ) ( ) ,0, 1,1, =+λ −−

∞

∫ illiilli
a

xFdyyuyxk  (6) 

where ( ),,,2,1,,,1, imlntti …… =+=  and 

( ) ( ( ) ( )) .,,,,, 1,1,11,
T

illinilliilli yxyxyx −−− = kkk …  
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Proof. First, let ( ) ( ) ( )( ) [ ) ( )∞∞∈= ,,,, ,21 aLaCtututu nn
T

n ∩…  be a 

solution of system (1). Then identities (3) and (4) hold. Taking into 

account (2) and conditions (b) and (c) we find from (4) that 

( )

( ) ( ) ( ) ( ) ( ),, 1,1,

1

,

2

xFdyyuyxxuxp ijij
a

n

j

ili

im

i

+λ= ∫∑∏
∞

==

k  

[ ) .,,1,,, nttiax …+=∞∈  (7) 

In system (7), for i satisfying ( ) ,1=im  we have 

( )

( ) [ ).,,1,

2

∞∈=∏
=

axxp li

im

i

 

Furthermore, in system (7), for equations for which ( ) ,2≥im  setting 

,2ixx =  we have 

( ) ( ) ( ) ,0, 21,21,

1

=+λ ∫∑
∞

=

iijiij
a

n

j

xFdyyuyxk  (8) 

( ) .2,,,1, ≥+= imntti …  

Subtracting (8) from (7) and taking into account conditions (b) and (c), 

we obtain 

( )

( ) ( ) ( ) ( ) ( ) [ ),,,, 2,2,

1

,

3

∞∈+λ= ∫∑∏
∞

==

axxFdyyuyxxuxp ijij
a

n

j

ili

im

i

k  (9) 

where .,,1, ntti …+=  and ( ) .2≥im  In system (9), for i such that 

( ) ,2=im  we assume that 

( )

( ) [ ).,,1,

3

∞∈=∑
=

axxp li

im

l

 

Continuing this process, we see that the vector function ( )xu  solves 

systems (5) with conditions (6). 
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Conversely, let ( ) ( ) ( )( ) [ ) ( )∞∞∈= ,,,, ,21 aLaCtututu nn
T

n ∩…  be a 

solution of system (5) with conditions (6). In system (5), we consider the   

i-th equation at .,,1, ntti …+=  Multiplying it by ( )( )xp imi,  and taking 

into account condition (6) at ( ),iml =  we obtain 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ),, 1,1,

1

, xFdyyuyxxuxp imijimij
a

n

j

iimi −−

∞

=

+λ= ∫∑ k  

[ ) .,,1,,, nttiax …+=∞∈  (10) 

Multiplying the i-th equation in system (10) by ( ) ( )xp imi 1, −  and taking 

into account condition (6), for ( ) ,1−= iml  we have 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )dyyuyxxuxpxp jimij
a

n

j

iimiimi ,2,

1

,1, −

∞

=

− ∫∑λ= k  

( ) ( ) [ ),,,2, ∞∈+ − axxF imi  

( ) .2,,,1, ≥+= imntti …  (11) 

Continuing this process with respect to (11) and taking into account 

condition (6), we see that ( )tu  solves system (1). Theorem is proved. 

Corollary 1. Let conditions (2), (a), (b) and (c) be satisfied, and 
λ

1
 be 

a real number that is not an eigenvalue of the matrix kernel ( ),, yxk  where 

( )

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

.

,,,

,,,

,,,

,,,

,,2,1

,,2,1

,12,11,1

11211





































=
−−−

yxyxyx

yxyxyx

yxyxyx

yxyxyx

yx,

nmnnnmnnmn

tmtntmttmt

nttt

n

kkk

kkk

kkk

kkk

k

…

⋯⋯⋯

…

…

⋯⋯⋯

…

 

Then the following assertions hold: 
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(i) The solution of system (1) is unique in ( ) [ ).,,,2 ∞∞ aCaL nn ∩  

(ii) The solution of system (5) can be written as 

( ) ( ) ( ) ( ) [ ),,,,, ∞∈λ+= ∫
∞

axdyyFyxRxFxu
a

 (13) 

where ( ) ( ( ) ( ) ( )( ) ( )( )) .,,,,, ,,11
T

nmntmtt xFxFxfxfxF …… −=  

( ) ( ) ( ) ( )( ) ( )λ= ,,,,,, 21 yxRxuxuxuxu
T

n…  is the matrix resolvent of 

the matrix kernel ( ),, yxkλ  and ( )yx,k  is defined by formula (12). In this 

case, the vector function ( )xu  defined by (13) is a solution of system (1) if 

and only if ( )xu  satisfies condition (6). 

Corollary 2. Let conditions (2), (a), (b) and (c) be satisfied, and 
λ

1
 be 

a real number that is an eigenvalue of the matrix kernel ( ),, yxk  and the 

vector functions ( ) ( ) ( )xxx qϕϕϕ ,,, 21 …  and ( ) ( ) ( )xvxvxv q/// ,,, 21 …  be the 

eigenfunctions of the matrix kernels ( )yx,k  and ( )( )Txy,k  corresponding 

to the eigenvalue ,
1

λ
 where ( )yx,k  is defined by (12). Then the following 

assertions hold: 

(i) If there exists { }qi ,,2,1 …∈  such that 

( ) ( ) ,0, ≠/∫
∞

dxxFxvi
a

 

the system (1) has no solution in ( ) [ ).,,,2 ∞∞ aCaL nn ∩  

(ii) If for all { }qi ,,2,1 …∈  

( ) ( ) ,0, =/∫
∞

dxxFxvi
a
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and ( ) ( ),BrAr ≠  where A  is an qs ×  matrix and ( ),ims
n

ti∑ =
=  

( )

( ) ( )

,,,,,

,1,

,11,1

















==
















=
















=

qiimiim

qii

i

n

t

n

t

aa

aa

AQAB

b

b

Q

A

A

A

…

⋯⋯⋯⋯⋯

…

⋯⋯  (14) 

( )

( ) ( ) ,,,,,,, 1,,

1

ntidyyyxa

b

b

b jilli
a

jil

iim

i

i …⋯ =ϕλ=
















= −

∞

∫ k  

( ) ( ) ( ) ( ) ,,,1,,,,,,1 01,1, qjdyyyxxFbiml illi
a

illiil …… =ϕλ−−== −

∞

− ∫ k  

( )Ar  is the rank of the matrix A  and ( )x0ϕ  is a partial solution of system 

(5), then system (1) has no solution in ( ) [ ).,,,2 ∞∞ aCaL nn ∩  

(iii) If for all { }qi ,,2,1 …∈  

( ) ( ) ,0, =/∫
∞

dxxFxvi
a

 

and ( ) ( ) ,qBrAr ==  then system (1) has a unique solution in ( )∞,,2 aL n  

[ )∞,aCn∩  and this solution can be represented as 

( ) ( ) ( ).
1

0 xcxxu jj

q

j

ϕ+ϕ= ∑
=

 (15) 

Here, ( )Tqcccc ,,, 21 …=  is the only vector satisfying the system 

,QAc =   (16) 

where the matrices A  and Q  are defined by formula (14). 
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(iv) If for all { }qi ,,2,1 …∈  

( ) ( ) ,0, =/∫
∞

dxxFxvi
a

 

and ( ) ( ) ,qBrArr <==  then system (1) has a solution in ( ) ∩∞,,2 aL n  

[ )∞,aCn  and this solution is given by (15), where the vector ( ,, 21 ccc =  

)Tnc,…  depends on rq −  arbitrary constants and satisfies system (16). 

Proof. In case (i), by the Fredholm alternative, system (5) has no 

solution in ( ).,,2 ∞aL n  Therefore, system (1) also has no solution in 

( ).,,2 ∞aL n  In cases (ii)-(iv), by the Fredholm alternative, system (5) has 

a solution representable as (15), where qccc ,,, 21 …  are arbitrary 

constants. Substituting (15) into (6) gives system (16). Applying the 

Kronecker-Capelli theorem to system (16), we prove assertions (ii)-(iv) in 

Corollary 2 to Theorem. 

Example 1. Consider the system 

( ) ( )
( )

( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( )
















β
+−−α+







+

+
−−

λ=−−−

+

β
+

α
+





+
+λ=

∫

∫
∞

∞

,31

1

31
321

,
11

21

2
2

21
1

2

11
21

1
1

x
xx

dyyu
y

x
yu

y

xx
xuxxx

xx
dyyu

yx
yu

xy
xu

 

(17) 

where [ )∞∈ ,1x  and 2211 ,,,, βαβαλ  are parameters. It is easy to see that 

system (17) satisfies conditions (2), (a), (b) and (c) for ,2,1,2 === tan  

( ) ( ) ( ) ( )yxxxxxxpxxpxxp ,,2,1,3,2,1,3 112322213,22,21,2 k===−=−=−=  

( )
( )

( )
( ) ( )

( ) ,
1

,,
31

,,
1

2
,,

1
222112 +

=
−−

=
+

==
y

x
yx

y

xx
yx

yx
yx

xy
kkk  

( ) ( ) ( ) ( ) ,0,,
1

,,
1

1
,,

1
, 2,222,211,221,21 ==

+
=

−
= yx

y
yx

y
yx

y

x
yx kkkk  
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( ) ( ) 0,,0, 3,223,21 == yxyx kk  for ( ) [ ) [ ) ( ) ,
1

,,1,1, 11
1 +

β
+

α
=∞×∞∈

xx
xfyx  

( ) ( ) ( ) ( ) ( ) ( ) ,
3

,
3

1,31 2
22,2

2
21,2

2
22 x

xF
x

xxF
x

xxxf
β

+α=
β

−−α=
β

+−−α=  

( )
x

xF
6

2
3,2

β
−=  for [ ).,1 ∞∈x  

Then, for system (17), system (5) and conditions (6) are written as 

( ) ( )
( )

( )

( ) [ )








∞∈
β

−=

+

β
+

α
+





+
+λ= ∫

∞

,,1,
6

,
11

21

2
2

11
21

1
1

x
x

xu

xx
dyyu

yx
yu

xy
xu

 (18) 

with the conditions 

( )

( )

( )













=
β

+α+λ

=
β

−
+

λ

=
β

+
+

λ

∫

∫

∫

∞

∞

∞

.0
6

1

,0
31

1

,0
31

3

2
21

1

2
2

1

2
2

1

dyyu
y

dyyu
y

dyyu
y

 (19) 

From (19), we have 

( )

( )











=α+λ

=β

=
+

λ

∫

∫
∞

∞

.0
1

,0

,0
1

1

21
1

2

2
1

dyyu
y

dyyu
y

 (20) 

(I) If ,02 ≠β  then from (18) and (20) it follows that system (17) has 

no solution in ( ).,12,2 ∞L  

(II) Let ,02 =β  It is easy to see that 1
1

=
λ

 is a unique eigenvalue of 

the matrix kernel ( ),, yxk  where 

( ) ( ) ( ) [ ) [ ).,1,1,,

00

1

21

∞×∞∈















+= yxyxxyyx,k  
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(i) Let ( ).2ln
1

,1 112 β+α
−λ

λ
=α≠λ  Then system (17) has a unique 

solution in ( ) [ )∞∞ ,1,1 22,2 CL ∩  and this solution is given by 

( ) ( ) ( ) [ ).,1,0,
1

1
2ln

1

1
2

1
111 ∞∈=

+

β
+λβ+α

λ−
= xxu

xx
xu  

(ii) Let ( ).2ln
1

,1 112 β+α
−λ

λ
≠α≠λ  Then system (17) has no 

solution in ( ).,12,2 ∞L  

(iii) Let .2ln,1 11 β−≠α=λ  Then system (17) has no solution in 

( ).,12,2 ∞L  

(iv) Let .2ln,1 11 β−=α=λ  Then system (17) has a unique solution 

in ( ) [ )∞∞ ,1,1 22,2 CL ∩  and this solution is given by 

( ) ( ) ( ) [ ).,1,0,
1

1
2ln 2

1
121 ∞∈=

+

β
+β−α−= xxu

xx
xu  

Example 2. Consider the system 

( ) ( )
( )

( ) ( )
( ) ( )

( ) ( )

( )
( )

( )
( )

( )
















+

γ
+





+
+

+
λ=

+

−β
+

+

−α
+







+

+
++

−
λ=−

∫

∫

∞

∞

,
11

3

2

1

,
2

1

1

1

1

1

21

1
1

21
0

2

21
0

1

x

x
dyyu

y
yu

y
xxu

x

x

x

x

dyyu
y

yu
yx

x
xux

 (21) 

where [ )∞∈ ,0x  and γβαλ ,,,  are real parameters. It is easy to see that 

system (21) satisfies conditions (2), (a), (b) and (c) for ,1,0,2 === tan  

( ) ( ) ( )
( ) ( )

,
21

1
,,0,1,,1 1121111,21,1 ++

−
====−=

yx

x
yxxxxxpxxp k  

( ) ( ) ( ) ( )
( )( )

,
21

1
,,

1

3
,,

2

1
,,

1

1
, 1,11222112 ++

=
+

=
+

=
+

=
yx

yx
y

yx
y

yx
y

yx kkkk  

( ) ( ) ( ) 0,,0,,0, 1,221,211,12 === yxyxyx kkk  for ( ) [ ) [ ),,0,0, ∞×∞∈yx  
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( )
( ) ( )

( ) ,
1

,
2

1

1

1
21 +

γ
=

+

−β
+

+

−α
=

x

x
xf

x

x

x

x
xf  

( ) ( ) ,
1

,
21 1,21,1 +

γ
=

+

β
+

+

α
=

x
xF

xx
xF  

for [ ).,0 ∞∈x  Then, for system (21), system (5) and conditions (6) are 

written as 

( )
( )

( ) ( )

( ) [ )








∞∈
+

γ
=

+

β
+

+

α
+

++
λ= ∫

∞

,,0,
1

,
2121

2

1

0
1

x
x

xu

xx
dy

yx

yu
xu

 (22) 

with the conditions 

( )

( )









=
+

λ

=
+

λ

∫

∫
∞

∞

.0
2

,0
1

1

0

2

0

dy
y

yu

dy
y

yu

 (23) 

It is easy to see that 2ln
1

=
λ

 is the only eigenvalue of the matrix kernel 

( ),, yxk  where 

( ) ( ) ( ) ( ) [ ) [ ).,0,0,,

00

0
21

1

∞×∞∈















++= yxyxyx,k  

(i) Let .0≠γ  Then system (21) has no solution in ( ).,02,2 ∞L  

(ii) Let 
2ln

1
≠λ  and .0≠λ  Then system (22) has a unique solution 

in ( )∞,02,2L  given by the formula 

( )

( ) [ )







∞∈
+

γ
=

+

β
+

+






 λβ

+α
λ−

=

.,0,
1

,
21

1

22ln1

1

2

1

x
x

xu

xx
xu

 (24) 
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Combining (24) with (23) yields. 

.
2ln2

,0
β

−=α=γ  (25) 

Thus, the functions defined by (24) are a solution (21) if and only if 

conditions (25) hold. Then system (21) has a unique solution in ( )∞,02,2L  

given by formula 

( )

( ) [ )







∞∈=

+

β
+

+






 λβ

+
β

−
λ−

=

.,0,0

,
21

1

22ln22ln1

1

2

1

xxu

xx
xu

 (26) 

(iii) Let .0=λ  Then system (21) has a unique solution in ( )∞,02,2L  

given by the formula 

( )

( ) [ )







∞∈
+

γ
=

+

β
+

+

α
=

.,0,
1

,
21

2

1

x
x

xu

xx
xu

 

(iv) Let .0,
2ln2

,
2ln

1
=γ

β
−≠α=λ  Then system (21) has no 

solution in ( ).,02,2 ∞L  

(v) Let .0,
2ln2

,
2ln

1
=γ

β
−=α=λ  Then system (21) has a unique 

solution in ( )∞,02,2L  given by formula 

( )
( )

( ) [ )







∞∈=

+

β
+

+

β
−=

.,0,0

,
22ln12

2

1

xxu

xx
xu

 (27) 
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