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1. Introduction

Suppose that p > 1, %% =1, f(2 0) e Ly(R,), g(> 0) e Ly(R,), we

have the celebrated Hilbert inequality and its equivalent form (see [5]) as

follows:

flx)g(y) g .

=1 fx)ely T |[” i ‘
I, JOdedySsin_zUo poiwns | [ s

p
=l flx) T | (7
j O[ ) x+ydx}dy < 5 jo £P (x)dx, @)
p

where the constants 7/ sin% and [/ sin%]p are optimal. Although

there have been many results on the study of inequalities (1) and (2),
these inequalities are still topic of interest to numerous authors. For a
starting development of inequalities (1) and (2) the reader can be referred

to [5, 7], while some recent results are found in [1, 2, 8].

In recent years, the fractal theory has attracted the attention of many
researchers, local fractional calculus (also called fractal calculus) has
applied to solve some problems not only in mathematics but also in
physics and engineers [3, 4, 6, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19].

The aim of this paper is to present some new Hilbert-type inequalities
via local fractional integrals established by Yang [18]. In the beginning,

we give basic definitions and properties of the local fractional calculus

(see [18] and [19]). First, we recall Yang’s fractal set Q%*, where the set Q

is called base set of fractional set, and o denotes the dimension of cantor

set, 0 < o0 < 1. The o-type set of integers Z% is defined by

7% ={0%tU{+m* : me N}.
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The a-type set of rational numbers Q% is defined by
m o
Q% ={q% : q € Q}z{(;) :meZ, ne N}.
The o-type set of irrational numbers J* is defined by
m o
I ={r*:re J}={r“ ;t(;) :meZ,ne N}.

The o-type set of real line numbers R* is defined by
R% = Q% UJ%
Recall basic operation rules on R* : If a%, 8%, ¢®* € R*, then
1) a* +b* e R*, a™* € R*.
©2) a®*+b*=b%*+a*=(a+b)*=(b+a)™
3) a® + (0% + %) = (a + b)* + ™.
@) a®* = b%a* = (ab)* = (ba)*.
BG) a*(b%*) = (a*b*)c”.
6) a®*(b* + c*) = a*b* + a*c™.
(7) a* + 0% = 0% + a* = a* and a®1* = 1%a* = a*.

(8) For each a® € R%, its inverse element ( — a®) may be written as
—a% for each b* e R*\{0%}, its inverse element (1/5)* may be

written as 1% /5% but not as 1/b%.
9) a* < b* if and only if a < b.

(10) a® = b* if and only if a = b.
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Further, we give a brief overview of the local fractional derivative and

integral.

Definition 1. A non-differentiable function f(x) is said to be local
fractional continuous at x = x( if for each € > 0, there exists for 6 > 0

such that

If(x) = flxg) < €%,

holds for 0 <|x —xg| <& If a function f is local continuous on the

interval (a, b), we denote [ € C,(a, b).

Definition 2. Let f(x) e Cyla, b]. Local fractional derivative of the

function f(x) at x = x( is given by

@) _ . DO+ (F@) - flxg))

dx® x=x0 ¥o%0 (x = x9 )

flxg) =

Definition 3. Let f(x)e C,la, b] and let P={{ty, t;, ..., ¢y}, N € N,
be a partition of interval [a, b] such that a=ty <t < --- < ty_; <ty=0.
Further, for this partition P, let At =tjgq —tj, j=0,..., N-1, and

At = max{At, Aly, ..., Atnjr_1 }. Then the local fractional integral of f on

the interval [a, b] of order o (denoted by ,If'f(x)) is defined by
@ 1 b 1 N-1
o _ 1 a_ 1 ) \a
WIS0) = gy [, O = gy im, 30 o)

The above definition implies that I [Sa)f (x)=0if a =0, and ,I [Sa)f (x) =

— I (x) if a < b.
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At the end of this overview, we give some useful formulas:

d%"™ T+ k) (b-1)ot
M ¢ Ta+(k-Da)
@ PED)) _ op (),

dx®

where E () denotes the Mittag-Leffler function given by

1 b o o o o

& Fira ] Ealx®) () = Eq(b) - By(a®).
1 b o DU+hk0) Do (k)
“ r(1+a)faxm(dx) _F(1+(k+1)oc)(bk1 - altt).

Throughout the paper, we denote by I (x) and I (o )[ I (a)

local fractional integrals
1) = o [ o) )"
a’b rl+a)l,
and

19, L%k, y)] = J J h(x, y)(dx)*(dy)®.

1+oc)

35

h(x, y)]

For the reader’s convenience, from now on we use the following

abbreviations:

x = (x), X9, ..., ), (dx)®* = H(dxi)o‘.

1=1
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Recall that the function K : R” — R% is homogeneous of degree — oA,

A>0, if K(x)=t"“K(x) holds for all ¢>0. Further, for

a=1(q,ay,.., a,)e R", wedefine
n
— Al oa; .
Jj=1, j#i
where @' = (uy, ..., u;_1, 1, Ujsq, ..., U, ). If nothing else is explicitly

stated, we assume that the integral defined by (3) converges for all

considered values.
Our result will be based on the following result of Krni¢ and Vukovié¢

from [10].

Theorem A. Let Z?—l% =1 p; >1,i=1,2, ..., n. Further, suppose
M

. . n
that Aij, i,j=1,2, ..., n, are real parameters such that zizlAij =0,
. n .
for j=1,2,...,n, and let B; := Zj:lAij’ for i=1,2,..., n. If

fie C4R,),1=1,2,..., n, are non-negative functions and K € Cy(R")
is a non-negative homogeneous function of degree —s, s > 0, then holds the

inequality
n
ofgom)K(X)H fi(x;)
i=1

n_ 1 n . 1
< Hkip i (piAi)H [Oj&a)xl(n— Jaas+opii £Pi (; )]PT', (4)

1=1 1=1

where  p;A; = (p;A;, iAo, ..., DA, ), 1=1,2,...,n, and k() is
defined by (3).
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2. Main Results

By applying Theorem A, we get the following result:

Theorem 1. Let K € Cy(RY) and A, B;,i,j=1,2,...,n, beas in
Theorem A. Suppose that for every i =1,2,...,n,u; : (q;, ;) > R,, is
a strictly increasing differentiable function such that u;(a;)=0 and
u;(b;) = If f; € Co(R,), i =1, 2, ..., n are non-negative functions, then
holds the inequality

b by n
- K s s Uy (g (&) (d a...dn(x
(1 + o) '[01 Ian (%) u,(t ))gf(t )(dty)* ... (dt,,)

n_ 1 n
<[Tw sl ]
i=1 i=1

1

( 1 T (X)," ul t; ))(x n—1)-as+op;B; x[u (t )](X(l pl)fpl( )(dt )ajpi,

)
where p;A; = (p;Aj1, PiAias s PiAin), 1 =1,2, ..., n, and k;(-) is defined
by (3).

Proof. The proof follows directly from Theorem A. Namely, setting the
functions A; : R, — R*, i =1,2, ..., n, such that f;(t;) = A (u; ¢;)u; ()],

the inequality (4) with the functions h; takes the following form:

n
IR J i)
=1
Hkpl (DA, )H (x) oc(n 1) (Xs+(xpl[31hpl (x: )r ©6)
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By using the substitutions x; = u;(t;), (dx;)* = [u/(@;)]*(dt;)*,

i =1,2,..., n,the left-hand side of the inequality (6) becomes

by,

e [ I R )
) 1+(x) o ap

x [ T e 60 [ 6 1% () (@)™ .. (), (M)
i=1
where we used the facts u;(q;) = 0 and u;(b;) =, i =1, 2, ..., n.

Similarly, the right-hand side of the inequality (6) becomes

I I I I 1 b on—1)-as+op;B;
Pl (t. PiPi
J = k: pl, [F(l + OL)J‘ (ul (tz ))

1

2 6 I PO R ag 1) e 4] (dlty ) )_ ®)

Now, from (6), (7), (8) and the fact f;(t;) = h;(w;(t;)) [u:(t)]*, follows
the inequality (5). O

In the following, we analyze the conditions which yield the best
possible constants in obtained inequalities. More precisely, we introduce

the following conditions on the parameters A;; :

PjAj =s-n-piB; —A;), 1, j=12..,n i#] 9)

1
where B; = z;-l:lAij- In that case the constant H?:lkipi (p;A;) from

Theorem 1 can be transformed to the form:
L' = k(A), (10)
where A = (;11, ;12, e En),
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Using (10), the inequality (5) becomes

by,

F(1+ocj.a1 ,, K. - Hﬂ (dn)* .. (dL,)*

1

] Ln(ﬁj b (g 1)) [ (612072 £ 1) (i )“jpi.

(11)
Further, we can prove that, if the parameters A satisfy the

condition (9), then one obtains the best possible constant.

Theorem 2. Let K € Cy(RY}) and u; : (a;,5;)) > R,,i=1,2,...,n

be as in Theorem 1. If the parameters Aj,1=12,...,n, satisfy

conditions (9), then the constant L* is the best possible in inequality (11).
Proof. Let h; : R, — R% i =1,2, ..., n, be the functions such that

fit;) = h;(u; () [w;(t;)]*. By using the substitutions x; = u;(;), i =1, 2,

., n, the inequality (11) with the functions h; defined above becomes

1

Hh x;) < LF H[ x; 4P thl(xl)r, (12)

where the constant L is defined by (10).
Suppose that the constant factor L* is not the best possible in the
inequality (12). Let 0 < I; < L such that the inequality (12) is still valid

when L is replaced by L;. Specially, we define

0, xe (0,1)
hi(x;) =1 ;e ,i=1,2..,n,
X; pl7 X € []-a °°)
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where € > 0 is small enough. Setting these functions in the inequality

(12), the right-hand side of the inequality (12) becomes

n 1
® —o—og g\ | P _ L
LlHUo i (dx;) } e*T(1 + o) (49

1=1

By using the substitution u; = %, 1=2,3,...,n, and the Fubini
1

theorem, we find that the left-hand side of inequality (12) takes form

ngA, £

— 1 x P (gx)*
h "1+ a) J[l,oo)"K( [ "

1=1

n A. _EQ
1 ® —a-eo 1 5l W0 () *
_ 1 K . pi .
A+ L 2l {rn—l(l + o) .[[l/xl,oo) . )gul e J(dxl)

It is evident that the following inequality holds:

1 = - 1 Ty A
IZ—Jx“w—J K1|| Pi(gdhu)* | (day )™
F(1+ OL) 1 1 [F”_1(1+ OC) Rﬁ_l (u )i=2 u; ( ll) ( xl)
1 ° <
_ —0—E0 ) o
T+ o) L 1 12_2‘,11(x1)(dx1) , (14)

where I;(x;) and D;, j =2, 3, ..., n, are defined by

1 LT, %4 5 5L
L) = ——[ K@ o 7 (@),
! 11+ a)d D g ‘
and Dj ={(ug, ug, ..., u,) : 0 < u; < xil, u; >0,i# j}. By using the

integral formula (3), the above inequality can be rewritten as
1 ~
I>—— [ (A-eal/p)
T + a)

- ﬁjlwxfa_wzfj(xﬂ(dxﬂa, (15)
=2
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where 1 = ( 1 o i) Without losing generality, here we only

P pn P
estimate the integral I5(x;). Since 1% —uS$® — 1%(ug — 0%), there

exists M >0 such that 1% - ud® < M%(uy € (0,1]). By using the

Fubini’s theorem, it follows that

0< S_Iwaf“‘“SI2(xl)(dx1 )¢

_ e © —a-ae 1 1/x ~1
CIl+a) L 1 [Fn_1(1+oc) IRWJO Ko

n ag,_soc

% Hui L p_i(é’lu)O‘J(flﬂﬁ)OC

1=2

o 1 ne oA -
= n_lg J' n_2J. K(ﬁl )H u, D;
"—1+a)rRi™=Jo o)
1 1/ug —0—0lE o 1. \a
X mjo X1 (dxy)™ |(d'u)
S le(al )ﬁ uf"‘z"—%(l (1% - ug )) (d'u)
Fn_l(]. + (X) J Rﬁ_2 0 1 1 €
n

M | J‘l ~1 odi-3t o o
_ K(a u.  Pi(du
g )y K )11 (d'u)

IA

o . oA -
M K@H[ a7 (d)

-~ n-1 -1
I'"*(1+a)dR} )

N
—
o>
—

M%; (A —€l/p) < o.

Hence, by (15), one has

k(A -1/ p)-0Q). (16)
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In view of (13) and (16), we conclude that L < L; when ¢ — 0", which

is an obvious contradiction. Hence, the constant L* in the inequality (11)
is the best possible. O

3. Applications

As applications, we will build some new inequalities. First, we

proceed with a function Kj(x, ..., x,) = (zn xs(;‘_l))a/(zn xl;“ )%,

i=1"1 =1
where s >0, and A >1. It is easy to see that K; € Cy(R}) and its

degree of homogeneity is —as.

To obtain the Hilbert-type inequality with the kernel K;, we need an

extension of the usual Gamma function. The local fractional Gamma

function I (-), 0 < a0 < 1, can be expressed as
Fo(x) = oISV Eq (= )Y,

First, we need some technical lemmas.

Lemma 1 (see [10]). If ne N, r, >0,i =1, 2, ..., n, then holds the

relation (17)

=1 o(y-1) n
1 i - Ty(r)

I’l—ll I . Hrlli]l_ 12 5 (dxl)()(, (dxn_]_)a _ %()“
I+ a) TRET (14 Z‘—1 ” )“Z-_l'“i G

Applying Lemma 1 we obtain the next result.
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Lemma 2. Suppose that ne N, s, A > 0. If v, > -1,1=1, 2, ...
n-1
and zi:l Y; <As—n+1, then

i=1 !

1 J' o
(dtp_1)
r"- 1(1+0€) R211+anh)us n-1

(dty)* ...

1 1 1 n-1
)x“” . [H (Yz + j]ra[s‘xz(””)]‘
S 1 ‘

1=1

1,2,...,n -1, yields

Proof. The substitution u; = t,?” , 1=

1
I =
o(n—-1)rn-1 J. n-1 n-1
AT+ o) IRy (1+Z:1”i)°‘s

By using Lemma 1, we get

1
I:—I IF(r-)
1 o\ />
(S))‘an )L—l
Yi+l . 1 n-1
where r, = 21— 7 ,i=1,2,...,n-1, and rn:s—xzi:l(yfrl).

this way we obtained (18).

Further, we define the parameters Aij, i, j=1,2,...,n, by

S—Dpj s—p;)(1-p;
ij = p],iij,andAjJ-=( p])( p]).
pipj pjz-
Then
. -p;  (5-p)-p)) _s5-p;[
Aij:Es Pj 270 Pi)_ 2 pf[zi—1]=0
D 2 . ; ’
i=1 i#j Pibj pj Pj 47 Pi

3n_13

(18)

In

(19)
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for j =1, 2,..., n. Similarly, we obtain B; = 1—%, 1=1,2, ..., n. Now,

1

it is easy to see that the parameters A; defined by (19) satisfy the
condition (9).

Our next result is a consequence of Theorem 2.

Corollary 1. Let Z?:l% =1L, p;,>Li=12,....,n, and let A>1
l
and $>0. If a>1 and f;e Cy(R),i=1,2,...,n, are non-negative

functions, then holds the inequality

# 1 —ast; £ Di (4. o bi
<M'] (—r( IRa f (tl)(dtl)] , (20)

where the constant

. (%lna)a(l_n) c = s | (Spj(%—l)"'sj
M= Io(s) 4 [[ln .F“(pi%)] Lo pj @D

is the best possible.

Proof. We put Kj(xy, ..., x,,), the parameters A;; defined by (19)

and u;(t;) = a,i=1,2,...,n, in Theorem 2. By using the definition

we have ;1,- = %, 1=12,...,n. Taking into account
i

of A

15

u;(t;) = a', we obtain

(u; (¢ ))—Ot—ocpiAi [} (t; )]oc(l—pi) = (In a)a(l—pi)a—ocsti‘
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Now, it is enough to calculate the constant (In a)“(l_n) - M, where

M = k1(1, S R S_p”).
D2 DPn

Applying the definition of function k;(-) given by (3), we find that

nos(h-1)
) . J (1 + ijzt] )
1@+ o) Jr2? n
(1 + Zj:ztf)

Ht pi (dt) ZI’“’

(22)
where
n (£-1)
D;
_ 1 Hi:Zti (dt )OC (dt )oc
) R T
(1+Z. t.)
j=2
and
tus(k—l)+u(pik—l)Hn t (p_z_l)
j 1 k i=2,izk dEE  (de )
v (dts)" .. (dt,)",
+

as
o
(1 N zjzzt, j

for k = 2, 3, ..., n. By using Lemma 2, we obtain

3 1 spr(A —1) + s) ( j
I = I I
1 rq(s)ka(n—l) ( mA H

and similarly

1 spra(h—1)+8) T
I. = r k+1 — \J
' Ty (s 71 a( P : H

i=1,i#

S
I ,
. u(pilj

for k = 2, ..., n. Finally, from (22) we get (21).
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