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Abstract

The Laplacian matrix of a graph G is denoted by L(G) = D(G) - A(G), where
D(G) = diag(d(vy), ..., d(vy)) and A(G) is the adjacency matrix of G. A one-
edge connection of two graphs G; and Gg is a graph G = G; Oy, Gg with
V(G) = V(G1)UV(Gy) and E(G)=E(G1)U E(G9)U {e=uv}, where u e V(Gy)
and v e V(Gg). In this article, we study the existence and multiplicity of
Laplacian eigenvalue 2 in the bicyclic graph G = G; ®,, Go based on existence

and multiplicity of this special Laplacian eigenvalue in G; and Gg9. Examples

to illustrate and delimit the results are provided.
1. Introduction

All graphs in this paper are finite and undirected with no loops or
multiple edges. The vertex set and the edge set of a graph G are denoted
by V(G) and E(G), respectively. Also, the degree of v e V(G) is denoted

by d(@). The Laplacian matrix of G is L(G) = D(G)- A(G), where
D(G) = diag(d(vy), ..., d(v,)) is a diagonal matrix and A(G) is the
adjacency matrix of G. We shall use the notation A,(G) to denote the k-th

Laplacian eigenvalue of G and we assume that A(G) > --- > 1,(G) = 0.
We also use the symbol mg(Lh) to indicate the multiplication of the
eigenvalue A of L(G). A vertex of degree one is called a leaf vertex and a

vertex is said quasi leaf (support vertex) if it is incident to a leaf vertex. A
matching of G 1is a set of pairwise disjoint edges of G. A perfect matching
of a graph is a matching in which every vertex of the graph is incident to

exactly one edge of the matching. A perfect matching is therefore a
matching containing % edges, meaning perfect matchings are only

possible on graphs with an even number of vertices.
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Connected graphs in which the number of edges equals the number of
vertices are called unicyclic graphs. Therefore, a unicyclic graph is either

a cycle or a cycle with some attached trees. Let U be the set of all

n,g
unicyclic graphs of order n with girth g. Throughout this paper, we
suppose that the vertices of the cycle Cg are labelled by vy, ..., Vg

ordered in a natural way around C,, say in the clockwise direction. A

rooted tree is a tree in which one vertex has been designated the root.

Furthermore, assume that 7} is a rooted tree of order n; > 1 attached to
v; € V(T;)NV(Cgq), where Zf:l n; = n. This unicyclic graph is denoted

by C(Ty, ..., Tg). The sun graph of order 2n is a cycle C, with an edge

terminating in a leaf vertex attached to each vertex that is the corona of
C,, o K;. A broken sun graph is a unicyclic subgraph of a sun graph, so
one can assume a sun graph is a broken sun graph too. A one-edge
connection of two graphs G; and Gy is a graph G = G; ©,, Gy with
V(G) =V(G;)UV(Gy) and E(G)= E(G;)UE(Gy)U{e = uv}, where
u e V(Gy) and v € V(Gy). We use the notation © ~ v when e = uv € E(G).

By [7, Theorem 13], due to Kelmans and Chelnokov, the Laplacian
coefficient, &, _;, can be expressed in terms of subtree structures of G,

for 0 <k <n. Suppose that F is a spanning forest of G with

§ n
i=1 v

components 7; of order n;, and Y(F)= H The Laplacian

characteristic polynomial of G is denoted by Lg(A) = det(A — L(G)) =

Z?:O(— 1)i§i7u”_i. If M is a square matrix, then the determinant of M
is denoted by |M| and the minor of the entry in the i-th row and j-th
column is the determinant of the submatrix formed by deleting the i-th

row and j-th column. This number is often denoted by M; ;. A square

matrix is non-singular if its determinant is non-zero or it has an inverse.
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Let G be a graph with n vertices. It is convenient to adopt the
following terminology from [4]: for a vector X = (xq, ..., %, ¥ e R", we
say X gives a valuation of the vertex of V, and with each vertex v; of V,
we associate the number x;, which is the value of the vertex v;, that is
x(v;) = x;. Then A is an eigenvalue of L(G) with the corresponding
eigenvector X = (xq, ..., x,,) ifand only if X # 0 and

@) =My = D =
vjeN(v;)

Vi=1,..., n (1.1)

In [3], authors have considered several conditions in the bicyclic

graph G = G; ©,, Go for having the Laplacian eigenvalue 2. In this

article, we would like to continue studying on the existence and

multiplicity of Laplacian eigenvalue 2 in bicyclic graphs G = G; ©,, G

based on existence and multiplicity of this special Laplacian eigenvalue in
G; and Gs.

2. Main Results

It 1s well-known that the multiplicity of Laplacian eigenvalue 2 of
unicyclic graphs is less than 3. In [3, Lemma 2], it was shown that for a

bicyclic graph G, mg(2) < 4. Now, we try to examine the multiplication
of the Laplacian eigenvalue 2 of G = Gy ©,, G3, where G; and Gg are

unicyclic graphs, in different following cases:

(1) G; and Gy do not have 2 among their Laplacian eigenvalues.

(2) Just one of G; or Go has 2 among its Laplacian eigenvalues.

Without loss of generality, let mg, (2)=1 or mg, (2) = 2.

(3) Both G; and G5 have 2 among their Laplacian eigenvalues with

multiplicity 1 or 2.
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We start this article by the following example which shows that
G = G; ©y, Gy may have 2 among its Laplacian eigenvalues, even if both

Gy and G5 do not have 2 among their Laplacian eigenvalues.

Example 2.1. Let G; € 4, ., be two broken sun graphs with

n; =2g; -1, for i =1, 2. We name the unique vertices of degree 2 of G;
and Gy, by u and v, respectively. Then L(G) has 2 among its Laplacian
eigenvalues, Although both G; and G9 do not have 2 among their
Laplacian eigenvalues, by [1, Theorems 5 and 10]. In fact, we may assign
1 and -1 to the vertices of Cg1 and ng, respectively; and assign —1 and

1 to leaves of G; and Gy, respectively. By this assigning, we obtain a

vector in R™*"2 that satisfies in Equation (1.1) for A = 2. In the
following (see Figure 1), we have given this assigning for two specific

graphs with g; = 4 and g9 = 3.

Figure 1. G = G; ®,, Gy, A = 2 is an eigenvalue of L(G).

Before proceeding, it is important to note that the selection of two

vertices that connecting graphs G; and Gy is very important and by
changing them, different eigenvalues are obtained for the graph G, as in

Figure 2 one can see.



18 M. FARKHONDEH et al.

Gy Gy
Figure 2. L(G) = G; ®,, G and mg(2) = 0.

Now, we give an example which shows that if G; € i, .. are two
unicyclic graphs, for i =1, 2, in which G; has a perfect matching,
ma, (2) =1 and mg, (2) = 0, then it is possible MG0,,65 (2) = 0.

Example 2.2. It is well-known that each sun graph has 2 among its

Laplacian eigenvalues. Also, it is easy to check that the broken sun graph
Gy and G = G; ©y, Gy in Figure 3 do not have 2 among its Laplacian

eigenvalues.
Next, we give a sufficient condition that G = G; ©,, Gy has 2 among its

Laplacian eigenvalues, for G; € U, . with mg, (2) =1 and mg, (2)=o.

L [ ]
Gy Gy

Figure 3. L(G) = G; ©,, Gy and mg(2) = 0.
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Theorem 2.3. Let G be a broken sun graph of order ny which has no
perfect matching and has 2 among its Laplacian eigenvalues. Also, Gq is
a unicyclic graph of order ng that does not have 2 among its Laplacian
eigenvalues. Then G = G; ©,, Gy has 2 among its Laplacian eigenvalues

if one of the following conditions occurs:
(1) d(u) =1,
(2) d(u) = 3,

(3) d(u) = 2 and d(u, w) is even, where w has the shortest distance to

u among all vertices of G; with degree 3.

Proof. Let G; be a broken sun graph which has no perfect matching
and has 2 among its Laplacian eigenvalues. So, g; = 0 (mod 4) and there

exist odd number of vertices of degree 2 between any pair of consecutive

vertices of degree 3, by [1, Theorem 10]. We may assign {-1, 0, 1} to the

vertices of Cg1’ by the pattern 0,1, 0, —1 consecutively starting with a

vertex of degree 3, and assign to each leaf vertex the negative value of its

neighbour to obtain an eigenvector, like X, of L(G) corresponding to the
eigenvalue 2. Note that by assigning vertices of (G; in this method
certainly x(ux) = 0. So, by assigning O to all vertices of G5, we can easily
check that the eigenvector X satisfy in Equation (1.1) for A = 2. This
completes the proof. O

Example 2.4. (i) In Figure 4, G; and Gy are broken sun graphs such

that just one of them has 2 among its Laplacian eigenvalues. By Theorem
2.3 and by Equation (1.1),

X=(10010,00,0,0, 0, 0)

is an eigenvector of L(G) corresponding to the eigenvalue 2.
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0 0 0

Figure 4. G = G; © Gy has 2 as its Laplacian eigenvalue.

(i1) In Figure 5, we show that the condition for « in case d(u) = 2 in

Theorem 2.3 is not superfluous.

*—0 *———9©

—o U

*—o o
Figure 5. G = G| ©,, Gy with mg(2) = 0.

Now it’s time to study the Laplacian eigenvalue 2 in G = G; ©,, G
for unicyclic graphs G; and Gy with mg, (2) =2 and mg, (2) = o.

Theorem 2.5. Let Gy = C(Tl(l), . Tg)) be a unicyclic graph with a
perfect matching and mg, (2) = 2. Also, Gy = C(Tl(2), s T(2)) is a unicyclic

82
graph such that mg, (2) = 0. It holds that G = G, ©,, Gy has 2 among its

Laplacian eigenvalues.
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Proof. Let G; = C(Tl(l), s Tg)) be a unicyclic graph with a perfect

matching and mg(2) = 2. So, g; = 0(mod 4) and s; = g;, where s; is
the number of trees of odd orders in Gy, by [1, Theorem 13]. So, to obtain
an eigenvector like X of L(G) corresponding to the eigenvalue 2, we

have two situations:

(1) If u e C,,, then we may assign {-1, 0, 1} to the vertices of C

81° 81°

by the pattern 0,1, 0, — 1 consecutively starting with the vertex u. Now,
for u;, the root of Ti(l), i=1,..,C, if x(u;) =0, then we assign 0 to

b gl
(1), and if x(u;) # 0, then we assign all vertices of the

each vertex of T,
tree with 1, -1 such that Equation (1.1) is satisfied for A = 2.
Furthermore, we assign 0 to each vertex of Gy (note that Equation (1.1)
1s satisfied).

@) If ugC without loss of generality we can assume that

817
ue V(Tl(l)). We assign 0 to each vertex of the tree Tl(l) and assign

{-1, 0, 1} to the vertices of Cgl, by the pattern 0, 1, 0, —1 consecutively

starting with the root of Tl(l). The other vertices of G are assigned like

case (1). So, G has 2 among its Laplacian eigenvalues and the proof is

complete. O

Example 2.6. In Figure 6, G; and G5 be two unicyclic graphs with
mg, (2) = 2 and mg,(2) = 0. The bicyclic graph G; ©,, G has 2 among
its Laplacian eigenvalues with multiplicity 1.

We continue this article by studying the multiplicity of the Laplacian
eigenvalue 2 of Gy ®,, Gy, where the unicyclic graphs G; and G have 2

among their Laplacian eigenvalues. For this, we need the following results.
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0 u0 0O 0 0

v
—1 0 0 0

0 1 0 0

—le—e] ¢ (
Figure 6. G = G; ©,, Gy with m(2) = 1.
Lemma 2.7 ([2, Lemma 2.2]). If M is a non-singular square matrix, then
M N
det =
P Q

We use the notation M, when in M;;, i is the row and column

M N

‘ =|M|-|Q - PM'N]|. 2.1)
p Q

corresponding to the vertex u in a graph.

Lemma 2.8 ([6, Lemma 8]). Let G; and Gy be two graphs of order n

and m, respectively. Then the Laplacian characteristic polynomial of
G = Gl @uv G2 iS

Lo = MQ - M.Q, - Q.M,, (2.2)
where M = Al — L(G;) and @ = Al — L(Gy).

Corollary 2.9. Let G be a unicyclic graph on n vertices. If Ay, ..., A,
are the Laplacian eigenvalues of G, then Aq, ..., A, are the Laplacian

eigenvalues of G' = G O, G.
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Proof. Suppose uq, ..., u, and vy, ..., v, are the vertices of G and
the copy of G, respectively. Let G =G Oy G and M = Lg(Ah).
Therefore Lg(L) = M? - M.Mvj - M.M,,, by Equation (2.2). So L (M)

=MM-M, - M,, ) and the result follows. O

Let G; and Gy be two unicyclic graphs such that mg, 2) = ma, (2)=1.
In [3], it has been proven that G = G; ©,, Gy has 2 as its Laplacian

eigenvalue. In this case, the multiplicity of the eigenvalue 2 in bicyclic

graph G may be 1, 2 or 3.

Example 2.10. Let G be a unicyclic graph as follows. It is not hard
to check that mg(2) =1 and mGo,,G (2) = 3 (see Figure 7).

Uu U

Figure 7. G’ = G ©,, G with m(2) = 3.

Now, we identified some bicyclic graphs that having 2 among their

Laplacian eigenvalues with multiplicity 3.

Theorem 2.11 ([Main Theorem]). Let G; and Gy be unicyclic graphs
containing a perfect matching with mg, 2) = ma, (2) = 2. It holds that

MG,0,,G,(2) = 3, where u € Cg and v e Cyg,.
Proof. If mg, (2) = mg, (2) = 2, then there are two situations.

(1) If G =C, and Gy =C, then m=n=0(mod4), by
[1, Theorem 12].
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@ 1t G =, ..., Tgf?) and Gy = C(T\?, ..., Tg(?) such that

Zzzlg1|V(Tk(1) )| = m, zz;g2|V(Tk(2) )| = n and there exists at least one i

(or j) so that |V(Ti(1))| > 8(or|V(TJ.(2))| > 3). Let
si =T V(T) is odd; 1 < k < gi}; i=1,2
so s; = g; and g; = 0(mod 4), for i =1, 2, by [1, Theorem 13].

In addition, G = G; ®©uvGy is a bicyclic graph so mg(2) < 3, by
[3, Lemma 2]. On the other hand,

Lo, (M) = M| = A -2°f(A),  Lg,(A) = |Q = (A —2)%s(h).

According to Equation (2.2), it is enough to show that M, and @, have

A — 2 as a factor.
Case 1: Let G; = C,,, Gy = C,, and m = n = 0 (mod 4).

We use induction on m. If G; = Cy4, then the result follows and so the

induction basis holds.
A-2 1 0
M, =|1 A-2 1 [=(A-2)(A% —4r+2).
0 1 A—2

Suppose in the cyclic graph C,,_4, M,(C,,_4) with m —4 = 0(mod 4)

has A — 2 as a factor.
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Let G; = C,, and without loss of generality, assume that © = u,,. So

M N
Mu = )
NT Q
such that
A—2 1 0 0
1 A—2 1 0
M = ,
0 1 A—2 1
0 0 1 A -2
A -2, i=;
Q =(q;); qjj = 1<i,j<m-5,
@jj, L# s
and
1, 1=4,]=1
Nyxm-5) = (nj;); ny; = 1<i<4andl1<j<m-5.
0, o.w;

Therefore M, =|M'||Q - NTM'_1N|, by Lemma 2.1.

Also
]|Wz\3|4 0 0 0
0 0
[INTM N, sims = | 0
0 0
0 0 - 0 0
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Then

Q - N"M"N = (b));

My 4
A 2_—’/7 1= :17
|M]
b£j=7»—2, 1=j#1; 1<, j<m-5
a;j, i # J;
Furthermore, |@ - N M’7IN| = |Q] + |H|, such that
M} 4 o
_W—” l:]:l,
0, i=1=j o
H = (hj); hj = 1<i,j<m-5.
A-2, i=j=#1
ajj, t# 1,0 # j;
Consequently,
7 ’r— Y M&4 ’
@ = NTMTIN| = Q- 7 @
= M, = |M1|Q]- Mj 4Q1 .
On the other hand
A—2 1 0
My, =| 1 A—2 1 [=(-2)(A% — 41 +2).
0 1 A—2

Also, |Q(m—5)x(m—5)| according to the induction hypothesis has A -2 as a
factor therefore, M, has A —2 as a factor. With a similar method, one
can check that @, has A —2 as a factor. Thus, m5(2) = 3 and we are

done.
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Case 2: Let G; = C(Tl(l), e Tg)) and Gy = C(Tl(z), e Tg)) SO

s; = g; and g; = 0(mod4), for i =1, 2. In addition, there exists some
i(j), such that |V(Ti(1))| >3 (|V(T;2))| >3). Let ue V(Ti(l)) and

(1)

d’, u;) = max d(x, u;), where u; is the root of 7., Since G;

xeV(TV)
has a perfect matching, u’ is a leaf vertex and its neighbour, say u”, has
degree 2. Thus, G = (G \ {¢/, u"}) ® Sy. Using [5, Theorem 2.5], we obtain
mg(2) = mg\y,u}(2). So by repeating this method in the graph
G\ {, u”} and omitting all leaf vertices and quasi leaf vertices of degree

2 and using [5, Theorem 2.5], the obtained graph is two cycles like graph
in the case 1. So m(2) = 3 and the proof is complete. O

Example 2.12. G; and Gq are two unicyclic graphs with mg, (2) =

ma, (2) = 2. Also, there exists at least one k£ such that |T,§i)| >3 for
i =1 or i = 2. In Figure 8, the bicyclic graph G; ©,, Gy has 2 among its

Laplacian eigenvalues with multiplicity 3.

*—0 ® ®

u

Figure 8. G = G| O, Gy with mg(2) = 3.
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According to the Example 2.10, we can see that the converse of

Theorem 2.11 does not necessarily true, in general.

Theorem 2.13. Let Gy be a unicyclic graph with a perfect matching
and mg, (2) = 2. Also, Gy is a unicyclic graph such that ma, (2) = 1. So,

MG,0,,Gs (2) 2 2, where u € Cg, .
Proof. It is proven like Theorem 2.11, by a similar method. O

Example 2.14. G; and Gy are two unicyclic graphs with mg, (2) =2
and mg, (2) = 1. The bicyclic graph G; ©,, Gy has 2 among its Laplacian
eigenvalues with multiplicity 2 (see Figure 9).

*——0 ®

u (V)

Figure 9. G = G| O, Gy with mg(2) = 2.

In this paper, we studied the existence and multiplicity of Laplacian

eigenvalue 2 in the bicyclic graph G = G; ®,, Gy based on existence and

multiplicity of this special Laplacian eigenvalue in G; and Gs.

Now, we pose the following problem.

Problem. In the definition of G = G; ®,, Gg, if we replace the edge
uv with the path p, =4 —ug —--- —u,, for n > 3, then whether we can

obtain similar results.
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