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Abstract

A generalized KP equation with general variable coefficients (gvcKP) has been
reduced to the variable coefficients KdV equation (vcKdV) by a transformation
of variables. Since the single solitary wave solution and 2-solitary wave solution
of the veKdV have been known already, substituting the solutions of the veKdV
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into the corresponding transformation of variables, the single and 2-solitary
wave solutions of the gvcKP can be obtained successfully.

1. Introduction

It is known that the transverse perturbations always exist in the
higher-dimensional system. Anisotropy is introduced into the system and
the wave structure and stability are modified by the transverse
perturbation. Recent theoretical studies for ion-acoustic/dust-acoustic
waves show that the properties of solitary waves in bounded non-planar
cylindrical/spherical geometry differ from that in unbounded planar
geometry. A dissipative cylindrical/spherical KdV is obtained by using
the standard reductive perturbation method [1]. The cylindrical KP
equation (CKP) has been introduced by Johnson to describe surface wave
in a shallow incompressible fluid [2-3]. Since the variable-coefficient
equations can model more complex physical phenomena than their
constant-coefficient counterparts, variable coefficient KP equations with
various form have been investigated by some authors [4-7]. With the aid
of Mathematica, the idea of improved homogeneous balance method, Yan
investigated a (2 +1)-dimensional variable coefficients KP equation,
found its Béacklund transformation via which some exact solutions are
obtained, and found its non-local symmetry [4]. Ma et al. found non-auto-
Bicklund transformation for (2 + 1)-dimensional generalized KP
equation with variable coefficients, and obtained its symmetry

transformation and exact solutions [5].

In recent years, many famous methods which can be used to find
exact solutions of nonlinear partial differential equations have been

proposed ([8] and references there in).

We consider the generalized KP equation with general variable

coefficients (gvcKP) in the form [7]

[y + 8(¢) (6uy + gy ) + 6f(8)g(thu], + hltheyy = £(2) +1280)F*(), (D)
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where g(t), f(t), and h(t) are all functions of variable ¢ only. The gvcKP

1s a better integrable water wave model.

The gvcKP Equation (1) includes the following important cases:

2
(@) If g¢) =1, f(¢) = é and h(t) = 8%, Equation (1) becomes the
t
CKP that has been investigated in [9-11].
6 L 80, o 2
up + uux+uxxx+§ux+t—2uyy— , 2)

where a is a constant. CKP Equation (2) has been investigated to obtain
decay mode solutions by means of Hirota method [9] and simplified
homogeneous balance method [10] respectively, and to obtain the single
and 2-solitary wave solution by means of reduction of dimensionality
[11].

() If f(t) = 0, Equation (1) becomes the variable coefficient KP

equation (vcKP)
[ut + g(t)(Guux T Unxx )]x + h(t)uyy =0. 3)

In particular, if g(¢) =1, h(¢) = o = const, Equation (3) becomes the
classical KP equation. The KP equation is also derived using reductive

perturbation method in superthermal dusty plasma and the steady state

solution has been given [11-13].

The present paper is a direct continuation of our previous work
[11, 14]. We aim to find solitary wave solutions of gvcKP (1). The paper is
organized as follows: In Section 2, the gvcKP (1) is reduced to the
variable coefficient KdV equation by a transformation of variables. In
Section 3, the single solitary wave solution and 2-solitary wave solution
of gvcKP (1) can be obtained in terms of the corresponding
transformation of variables, since the solutions of the veKdV equation

have been known already. In Section 4, some conclusions are made.
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2. Reduction of gvcKP

In Equation (1), we assume that
u(x’ Y, t) = w(En t)> E=x+ q(y, t)’ (4)
where q = q(y, t) is a function to be determined later. Substituting (4)

into (1), yields a equation as follows:

a% [, + g(t) (6ww; +weze )]+ [6£(1)(t) + h(b)ayy e + g, + ht)a2 s

= f(t) + 128()f* (). (5)

Setting the coefficients of w; and wg to zero, yields

6f(t)g(t) + hitlgy, = 0, g, + h(t)gy = O. (©)
The system (6) admits the following solution:

q(y, t) = —% ¥2 + ety + ca(t), (7

12" f(r)g(r)ds 4[" f(2)g(2)dz

t 2
where ¢;(t) = ke , Colt) = —kfj h(T)e T, k is a

arbitrary constant and f(¢), g(t), h(¢) satisfy the constrain condition

FO)gn (@) + 122 O)g Oh() - [FO2(O)] h(t) = 0. ®
Using (7), the expression (4) becomes

u=wt), &= x —%yz ey + es(t). ©

By using the transformation of variables (9), Equation (5) becomes

a—"& [w, + 2(t) (6ww; +wee)] = f12) +1280)F2(0). (10)

If
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f1(t) +12g(t)f*(¢t) = O, (11)

and after integrating Equation (10) with respect to & once and taking the

constant of integration to zero, Equation (10) becomes the variable

coefficient KdV equation (veKdV) for w = w(E, t)

From the discussion above, we come to the conclusion that the

(2 +1)-dimensional gvcKP (1) for u = u(x, y,t) is reduced to the
(1 +1)-dimensional variable coefficient KdV (12) for w = w(&, t) by using

the transformation of variables (9) under the constrain conditions (8) and

(11), if w(&, t) is a solution of the variable coefficient KdV (12),

substituting it into Equation (9), then we have the exact solution of the
gvcKP (1).

3. Solitary Wave Solutions of gvcKP, CKP and vecKP

In previous section, the gvcKP (1) has been reduced into the veKdV
(12) by the transformation (9) under the constrain conditions (8) and (11).
The veKdV (12) is of physically importance and its solutions have been
known for many researchers, for instance, according to [15], by means of

homogeneous balance priniple the veKdV (12) has single solitary wave

2 e 2 t
w(E, t) = 2s WJF Vg, N = s{& — (8% + 6y, )J. g(t)dr + ao}, (13)
e

where s, vy, and ag are arbitrary constants. And veKdV (12) also has

2-soliton solution

sZe + 52eM2 + 2s; — 59)2eM ™2 4 gy (s5eZMIN2 4 gZemTIN2)

(1+eM +e"2 + gpem ™2 )

w(E, t) =2

+U0,

(14)
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t
where s; and q; are arbitrary constants, n; = si[ﬁ ~(s? +6vy )j g(t)dr+a; },

2
. S1 — S
(L:]-’ 2)’ A2 = (1 2)2‘
Sl+82)

3.1. Solitary wave solutions of gvcKP

Substituting Equation (13) into transformation (9) we have the single

solitary wave solution for gvcKP (1), which is expressed by

ulx, y, t) = 252 +vg, M = s[& - (32 + 6y )I tg(’l')d’l' + ao}, (15)

(1+e")?

12[" f(r)g(r)dr

38) 2 +¢1(t)y +co(t) in which ¢ (¢) = ke ,

nt) °

where £=x—

4[" f(2)g(z)dz

2
colt) = —klgjth(T)e dt and f(t), g(t), h(t) satisfy the constrain

conditions (8) and (11).

Substituting Equation (14) into transformation (9) we have the

2-solitary solution for gvcKP (1), which is expressed by

eM +s2eM2 1 2(s) — 59)%eM M2 4 qpq(sZeMIN2 4 gZeM N2 )

(o3 0)- 2
u(x, y,t) =2
o (1+eM +e" 4 ggpeM™M2 )

+U0,

(16)

_ (s1 — 89 )2

where s; and «@; are arbitrary constants, a;9 5
(51 +52)

e =& (s + 6u)f () [, = 1,20, = - SLUED 2

24[" f(2)g(2) dz

12t T7)g(T)dT
[ £t L ea(t) = ~k2[ " h(r)e dr

+c9(t) in which ¢ () = ke

and f(t), g(t), h(t) satisfy the constrain conditions (8) and (11).
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Solitary waves and solitons represent one of the interesting and
famous aspects of nonlinear phenomena in spatially extended systems
[16].

3.2. Solitary wave solutions of CKP
1 3a.2 . ...
If gt)=1, f(¢) = T and h(t) = —5— constrain conditions (8) and
t

(11) are satisfied, and solution (15) becomes the single solitary wave

solution for CKP (2), which is expressed by

n
u(x, y, t) = 252 6—)2 +Uvg,M=S8 [& - (32 + 6vg )t + ao], 17

(1+e"

where & = x — Lz y2 + kity + 2k12a2t; solution (16) becomes the 2-solitary
8a
wave solution for CKP (2), which is expressed by

slzenl + s%e112 +2(s1 — 89 )26n1+n2 + a12(s§e2n1+"2 + slze"1+2n2 )
ulx, y, t) = 2

3 + Vo,
(1+e™ +e" + ajeM™™M2)
(18)
: (51 — 59 )2
where s; and «@; are arbitrary constants, a9 = —,
(51 +52)

ni =sile—(s? +6up X +a;],(i=1,2),E=x —%yg + kyty + 2k,
8a.

3.3. Solitary wave solutions of vcKP

If f(t) =0, constrain conditions (8) and (11) are satisfied, and

solution (15) becomes the single solitary wave solution for vcKP (3),

which is expressed by

2 e 2 t
u(x, y, t) = 2s —(1 Tl)2 +vg, M =8|E—(s° + 6y )I g(r)dt +aqg |, (19)
+e
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t
where & = x +ky— k12'[ h(t)dT; solution (16) becomes the 2-solitary
wave solution for vcKP (3), which is expressed by

sZeM + 522 + 2s; — 59)2eM M2 4 qpy(s3eZMIN2 4 g2 IN2)

u(x, y,t)=2 +vg,
(1+eM +e2 4 ggpeM™2)?
(20)
: (51 — 59 )’
where s; and «@; are arbitrary constants, a9 = —
(51 +52)

N = si[g — (57 + 60p)[ g(r)dr + ai}, (=1,2),& = x+kyy - k2 [ hz)dr.

4. Conclusion

In this paper, by making corresponding transformation of variables, the

(2 +1)-dimensional gvcKP equation is reduced to the (1 + 1)-dimensional

vcKdV equation, which can be solved by using homogeneous balance
method [4, 10, 15] to obtain single solitary wave solution and 2-soliton
solution. Substitutiong the solitary solutions of the veKdV equation into
the corresponding transformation of variables, we have the solitary wave
solutions of the gvcKP equation. It is interesting to research CKP
equation but avoid the singularity point analysis when ¢ = 0. The idea of
reduction of dimensionality in the present paper may be extended to

other works to make further progress.
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