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Abstract

This work aims to analyze the action of spinning particles in general relativity.

In general relativity the affine connection is required to be symmetric, so
torsion is zero, we want to verify if a spinor field can be considered a torsion
source. The broader reference context is Einstein Cartan’s gravitational theory,
which is a generalization of general relativity; in this theory in addition to
curvature there is torsion associated with intrinsic angular momentum
density. The affine connection is not restricted to be symmetric as required in
general relativity, torsion is included due to the antisymmetric part of the
affine connection. In Einstein Cartan’s theory torsion is connected to the spin
tensor as ex-pressed by the Cartan equations. These equations are obtained
through the variation of the total action with respect to the torsion; the total
action is intended as the sum of the action for the gravitational field and the

action for the fermionic field, s = sg + sf, according to the minimal action
principle 8S = 0.
We consider these important hints about torsion and spin tensor to revisit

general relativity with spinor fields, we focus on the requirement of symmetric

affine connection and develop the calculation of the spin coefficients.
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In order to include fermions in general relativity we introduce a local reference
frame and define a tetrad of basis vectors. We refer to the Hamiltonian
formulation and calculate the canonical momenta associated with the temporal
variation of the tetrads, we find a fermionic rotational term. This term is
connected to torsion as suggested by Cartan’s equations. Starting from a
torsion-less theory we get a rotational current that would generate a torsion
contribution.

In the conclusions we turn back to the Lagrangian and consider the interaction
terms in comparison with linearized theory. We argue that gravitomagnetism
is well described in the linearized theory while the term of spin connection
giving rise to fermionic current is canceled out, so we mean these terms are
describing different interactions, it will be interesting to investigate in further

analysis.
1. Introduction

1.1. Affine connection

This work moves between general relativity which is a torsion-free

theory and the gravitational theory of Einstein-Cartan.
Torsion is a tensor defined from the affine connection Féf{:
a _ o [
Tgy = Tpy — Iip- )
In general relativity the affine connection is symmetric, so torsion is zero.

The choice of the affine connection Féf{ is a consequence of two

requirements:
— symmetry Tg, —Iyg;
— metricity of the covariant derivative Vg, = 0 [1].

These conditions are fulfilled if the affine connection coincides with

the metric connection defined by the Christoffel symbols

1
i, = {o - 58" Op2ry + 020 — 0185y ) @
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1.2. Spinors in general relativity

In general relativity, physical laws are required to maintain the same
form under a general coordinate trans-formation (Diff M 4), according

to the general covariance principle.

Mathematically this concept is expressed by Weyl’s theorem which
implies the choice of a symmetric metric connection for the description of

the gravitational field.

Fermionic fields are described by spinors, spinors are a
representation of the Lorentz group, there are no analogous objects for a

general coordinate transformation.

Conforming to the equivalence principle it is possible to identify a
system of inertial coordinates so that the effects of the gravitational field

are cancelled.

We consider a locally inertial reference frame, the tetrad field e} will

be better defined later.

In order to construct the Dirac equation or more generally the action
for the fermionic field we replace the ordinary derivative with a covariant
derivative. The covariant derivative of a spinor must transform as a
vector with respect to coordinate transformations and as a spinor with
respect to a Lorentz transformation of the tetrad basis. Lorentz
transformations rotate the vectors of the tetrad without changing the

space-time coordinates.

After these clarifications we write the generally covariant Dirac
action and calculate canonical momenta in consonance with the

Hamiltonian formulation.

This calculation leads to a fermionic rotational current.
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2. Materials and Method

2.1. Spinor action

We have already mentioned tetrads as a local inertial frame (Cartan’s

repere mobile) [2].

The following formulas summarize the relations between tetrads and

the metric:
8w = nabeﬁ‘eg, eneq = 8y, egeﬁ =88, (3)
Both Greek and Latin indexes run from 0 to 3 and transform respectively,
under general coordinates and under local Lorentz transformations.
Within this system we consider fermionic fields.
The covariant derivative of a Dirac spinor Duw acts according to the

following definitions:

Dy = 0,9 - i ®uap5 P, (4)

T n - = ab

DY =0, + Zwmuabc , (5)
where ¢ = %[ya, v°1, v is usual (flat-space) y-matrix and ®yqp 18 the

spin connection.

The spin coefficients are defined as follows:
DOpad = eapvueg’ (6)

Vi is the tensorial covariant derivative satisfying the metricity condition

V8 = 0

A
(’Juab = eapvueg = eap(aueg + Fﬁkeb ) (7)



FERMIONIC CURRENT IN GENERAL RELATIVITY 93
The spin coefficients o, are antisymmetric in @ and b
Opab = ~ Oppa- (8)

In the following calculations we use explicit antisymmetric equations
(23)-(24).

We write the action for the fermionic field:
Slet, v, %) = 4 [ 5\ (@D, - Dvy* + 2imiy), ©)

v = efy? and dixyg isthe volume element.

We make explicit the covariant derivative and write the action as

follows:
. . 1_
Sy = _[d4x g x [é wrto,y _éauwuw * §Wumuabcabw
1-— H h 10
+ g P ouapy i —mpy . (10)

The terms of interaction with the spin connection are

1 1 1_
3 P 0,550 + 3 $5 0,y = 3 Pet{r¢, o™ Joqpt. (11)

We define
Tcab _ {,Yc, Gab}' (12)

The only nonvanishing elements of 7% are the following:
k
.. .. c 0
T% = {0 &Y} = 25ijk[ k], (13)
0 -G
70 _ (i, 60} = _ il (14)

0

. y 1
T = {'\{n, GU} = 2gijn[ OJ = 28ijn'}/0"{5. (15)

The indices are flat indices: 0 timelike; n, i, j spacelike.
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2.2. Canonical momenta

We consider a global time function according to the 3 + 1 splitting of

spacetime. Spacetime (M*?, 8u) is assumed to be globally hyperbolic.

Topologically, this means M 4 2 RxY, M* admits regular foliation with
non-intersecting three-dimensional space-like hypersurfaces >, © is
global time-like function identifying the elements of the foliations

(simultaneity surfaces).

We calculate the canonical moments according to the Hamiltonian

formalism

8Sr o OSf

Ty = . (16)
80.ed

o
g = =
30.€e,

For further explanations, the reader could refer to [3].

3. Results

The only terms depending on the time derivative of the tetrad 0.ey
are related to the spin connection, we isolate and analyze only this part of

the action (10)

1

2 PELT P, . (17)

Since the only non-vanishing elements of 7% are T 77 7] we

only consider contributions arising from the terms

1 _ ..
8 weg‘mugTO”w, (18)
L S et w07 (19)
g wei (’\)uoj ”507
L u nij

wenmuijT P. (20)

8
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Spin coefficients are depending on tetrads, we make explicit calculations

Opij = eipV“e? = eip(éuej +1"Me ) (21)

®u0j = eopVye? = eop(aue;) + Fﬁxe}). (22)

n0j

The same we do for Christoffel symbols,

o o 1 o
Ty = 8| 587 Opgn, +0y20p — Orgpy ).
Y

according to the equation g,, = effeva we replace the metric tensor with
tetrads and look for 0. ey .

Spin coefficients are antisymmetric, so we write

1 1 A o

Opij = (elpa e ]Pauel) Erﬁx(eipe] €jp€ ) 23)
1 P A A

Ouoj =g (eOpau i~ ejpue ) 3 T (eope} —€jpeq )- (24)

Temporal derivatives of the tetrad are manifest in these parts:

e@e

1
W5 = 5( ipYr €ip rep) (25)

1
Wrj = 5(90p516? - ejpareg). (26)

The terms including time derivatives of the tetrad present in the
Christoffel symbols are cancelled out, due to the antisymmetric part of

the spin coefficients.

We only consider these contributions:

1- 1- 1 ii
gweomrijTO”w = g?@ 96[§ (eipare ]pérep )]Touw, 27
LS et Ty = L5671 (eg 0,68 - ¢, 0.e8 )T 28)
g Pei®wojl ¥ = greilg(opdee — €jplep b,

lEeTm STy = l%er[l(e 0.e? —e; 0.eP )Ty (29)
3 nW1ij ) nlg \=p¥t=j prTTi '
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Finally, we obtain the conjugated momenta
SSf 1-

j 1
o _ _ 1 T.T0la+_
" e 8 w[eoe“* 2

Index a is flat spacelike

3S 1-[ 1 0

a f _ T 10j
- = —pl—=¢ete. T .
) 66Teg ) VJ[ P) el e]a }3@

Index 0 is flat timelike
The term (28) provides two contributions.
3.1. Tetrads in the Schwinger gauge

Consider the Schwinger time gauge condition e’

tetrads as follows:
e? = N; e? =0,
el = N"e! = N e =ey.

Coterads are so defined

e) = %; e, =0,
ey = —NWr; e, =e.
Canonical momenta become
w= o gL, r%)y -,
30,
ng = o5 = 0.

80,

T 10a T nia
eeog T " +eye; T }O.

(30)

(31

» = 0, we can express

(32)

(33)

(39)

(35)
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4. Summary and Conclusion
The last considerations concern the analysis of interactions and the
comparison with the results obtained in linearized general relativity [4].
We write the Dirac Lagrangian

1 —
Ly = 5%y"o,w

i

_ 1— _
5 0u P + g Bt {1, 0% Jouapp — by, (36)

8

since v* = ehy?, (36) becomes

. L i
Ly = Leb(F190,0 — 0,77%0) + L5k (1, 0 Joapp — miv. (37

We express the Dirac Lagrangian replacing equations of 7} and seab,
T, = (¥y?0, - 0,py"p) energy momentum tensor Seab - —i%{yc, %}y
spin angular momentum tensor

i

Li = 5ebTii + éeg‘mwbscab — mpy. (38)

There are two terms of interaction between the gravitational field and the

fermionic field.
The first interaction term e}7T, f consists of the product of the tetrad
et with the energy-momentum tensor TL? for the Dirac field, the

appearance of the tetrad field el is due to modified y-matrix being

y* = ely?®. This interaction is also evident in linearized gravity.

The second term eé‘m“absmb is related to the spin connection; in

weak gravity the interaction part containing the spin connection vanishes

(only to first order).
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The linearized metric tensor is obtained by the flat metric plus a

small perturbation A,

8w =M t huv‘ (39)

In the linearized theory of general relativity, the interaction 1is

represented by the product of the field huv with the Dirac energy-
momentum tensor 7.

In the non-relativistic limit this interaction has gravitoelectric and
gravitomagnetic effects, both orbital and spin angular momenta couple in
the same way to the gravitomagnetic field, the precession rate is

universal for any angular systems [4].
Gravitomagnetism seems well explained with linearized gravity.

In this work we have analyzed in detail the spin coefficients.

Momenta n; and ng have been calculated from (11), this term

disappears if we consider the linearized theory for gravity, as already

said.

Canonical momenta are related to the spin rotational current; we can
compare the second member of the Equations (30); (31) with the canonical

spin angular momentum tensor.
gabe _ —iﬁ{ya, Gbc}w. (40)

The results we obtained confirm the interaction between the fermionic
field and the gravitational field, moreover the spinor rotational current,
usually associated with torsion, is highlighted through the calculation of

canonical momenta.

In this way we can explain how torsion arises dynamically, due to the

presence of spinors [5].
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Appendix A

Tetrads and Cotetrads

Let (M*, gy ) be a spacetime, consider a generic point p € M 4 x*(p)
are local coordinates. We consider a transformation that leads to inertial
local coordinates x" — X¢.

The flat metric in p is expressed by the law of transformation of

tensors under coordinate change

oX® ax°

= —_— . Al
Nab(P) JTR: Sw (A1)
We define tetrads as follows
o u
ei(p) - ) (A.2)
oX
Nab(P) = efep 8- (A.3)

The 4-metric can be expressed in terms of orthonormal cotetrads or local

coframes
ox“
el(p) = —flp ), (A.4)
ox
oxX® ox°
guv(p) = o Nab> (A.5)
oxt ox
2u0(p) = eflednap, (A.6)
ele™ =™, elley = ngp
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Lapse and shift function

Let M* be a globally hyperbolic manifold, consider splitting 3 + 1

with foliation surfaces Y ., x* = z"(r, o) represents the coordinates of

the points of ¥ ; {G} are local 3 coordinates on Y .; I*(1, o) is the unit

controvariant vector normal to ¥ _ at 6 [3].

We can thus define the lapse and shift functions:

— The positive function N(c) > 0 is the lapse function: 4;

— N(o)dt measures the proper time interval between the two

hypersurfaces ¥ . and ¥ ., 4:

— N' (o) is the shift function , N"(c)dt describes the horizontal shift.

Ndr = Z'(t 4 dt .
4 G
”

Figure 1. Lapse and shift.



