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Abstract 

We continue investigating the set of limit points of averages of rearrangements 

of a given sequence. First we generalize results from the previous paper: if a 

sequence is a composition of two sequences, one of which is bounded and one of 

which tends to infinity, then we show necessary and sufficient condition for 

expecting non-trivial accessible points. A new case will be studied too: the 

sequences composed of two sequences, one tending to ,  the other tending to 

.  Then we start to study accumulation points of the averages of rearranged 

sequences and prove that if a sequence has 4 accumulation points   ,,, ba  

then any closed set in  ba,  can be represented as the set of accumulation 

points of the averages of a certain rearranged sequence. 
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1. Introduction 

In this paper, we are going to continue the investigations started in 

[6]. For basic definitions, examples, ideas, intentions please consult [6]. 

In the first part of the paper our main aim is to generalize results 

from [6]. In [6], we proved several theorems for unbounded sequences 

where we assumed that the studied sequence is a composition of two 

sequences, one of which is constantly 0 and one of which tends to infinity. 

We got theorems like 

Theorem 1 [6, Theorem 4.3]. Let      ,nnn cba   where .,0  nn cb  

If 
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then 1 is accessible in average by rearrangement of  .na  

Theorem 2 [6, Theorem 4.4]. Let      ,nnn cba   where  nn cb ,0  

and  nc  is increasing. If 1 is accessible in average by rearrangement of 

 ,na  then 
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Now we generalize these theorems in two ways: 

(1) We will assume only that the “lower” subsequence is bounded from 

above. 

(2) We replace 1 with any point above the upper bound of the “lower” 

subsequence. 
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We are also going to investigate a new case when a sequence does not 

have finite accumulation point but it has both   as accumulation 

points. We present necessary and sufficient condition for non-trivial 

points accessible in average by rearrangements. 

Previously, we described all behaviour of  na  hence finally we can 

enumerate all possible cases regarding  .naAAR  

In the second part of the paper, we turn our attention to 

accumulation points instead of limit points. We investigate what sets we 

can get as the accumulation points of the averages of rearrangements of 

the original sequence. 

For more details, see Subsection 1.2. 

1.1. Basic notions and notations 

For easier readability we copy the basic notations from [6]. 

Throughout this paper function    will denote the arithmetic mean 

of any number of variables. We will also use the notation 

 niai 1:  for  .,,1 naa   If H  is a finite set, then  H  

denotes the arithmetic mean of its distinct points. 

Let us use the notation  ,     and consider   as a 2 

point compactification of ,  i.e., a neighbourhood base of   is 

  .:,  cc  

Definition 1.1. Let  na  be a sequence. We say that na  tends to 

    in average if 

  .lim,,lim 1
1 




 n

a

aa
i

n

i
nnn

  

We denote it by an .na  We also use the expression that   is the 

limit in average of  .na  
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With this notation if a series na  is Cesaro summable with sum c 

then we may say that ,csn
  where .

1
i

n

i
n as 


  

Definition 1.2. Let  na  be a sequence, .    We say that   is 

accessible in average by rearrangement of  na  if there exists a 

rearrangement of ,na  i.e., a bijection  :p  such that   .npa  

The set of all such accessible points will be denoted by  .naAAR  

Definition 1.3. If    nn ba ,  are two sequences, then let 

     nnn bac   be the sequence defined by  ., 122   nacbc nnnn  

Definition 1.4. If      nnn cba ,,  are three sequences, then we write 

     nnn bac   if    nn ba ,  are distinct subsequences of  nc  and they 

altogether cover all elements in  .nc  

1.2. Brief summary of the main results 

We just enumerate some of the most interesting results to give a taste 

of the topic. 

Theorem 1.5. Let      ,nnn cba   where  nn cbb ,lim   

and  nc  is increasing. If bc   is accessible in average by rearrangement 

of  ,na  then 
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Theorem 1.6. Let      ,nnn cba   where .,lim  nn cbb   

If 
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and bc   then c is accessible in average by rearrangement of  .na  

Theorem 1.7. Let       .,,  nnnnn cbcba  Then   ,
naAARa   

a  if and only if 0lim 
n
bn  and .0lim 

n
cn  

Theorem 1.8. Let  na  be a sequence bounded from below or above, 

 na  be one of its rearrangements. Let .1
n

a

c
i

n

i
n





  Then the set of 

accumulation points of  nc  is .]lim,lim[ nn cc  

Theorem 1.9. Let  na  be a sequence such that it has at least 4 

accumulation points:  .,,,,, bababa    Let  baZ ,  be a 

closed set. Then there is a rearrangement  na  of  na  such that the 

accumulation points of the sequence  np  is exactly ,Z  where 

 .,,1 nn aap    

2. More on the Basic Concept 

We introduce terminology for the most frequently used property of 
sequences. 

Definition 2.1. Let  nc  be a sequence such that .nc  We say 

that  nc  is balanced if 
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We present an equivalent form. 
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Proposition 2.2.  nc  is balanced if and only if 

.lim 121  
 n

n

nnn c
c

c
c

c
c      

Let us use the notation   .121

n

n

nn c
c

c
c

c
cc

nA  k  

Proposition 2.3. Removing or adding finitely many elements to a 

sequence does not change the property of being balanced.   

Proposition 2.4. Let    nn dc ,  be balanced sequences, .K  Then 

     nnnn dcKccK  ,,  are all balanced as well. 

Proof.  ncK   is balanced: 
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 Kcn   is balanced: 

   
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 nn dc   is balanced: 

 
,
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since this is a weighted average of 
n
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  of which both tend 

to infinity.    

Proposition 2.5. Let  nc  be a balanced sequence. Then .1lim 1 
n

n
c

c   

Proof. Suppose indirectly that .1lim 1  q
n

n
c

c  Let .1 pq  

Then there is N  such that Nn   implies that .1 p
n

n
c

c   Take such 

.n  If ,11  nN k  then 
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Then 

11111   Nn
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which is a contradiction.   

Example 2.6.  nc  being balanced does not imply that ,11 
n

n
c

c  i.e., 

.1lim 1 
n

n
c

c  
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Proof. Let  nc  be the following sequence: ,8,8,8,8,4,4,4,2,2,1  

.,i.e,  we have 1k  pieces of k2  in  .nc  

We show that  nc  is balanced. Let .21
k nn cc  Then 

  .
22
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11 kk k
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If nn cc 1  then clearly 
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which together with the previous statement gives that  nc  is balanced. 

Obviously .11 

n

n
c
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   

Proposition 2.7. If nc  and ,11 

n

n
c

c
 then  nc  is balanced. 

Proof. We can assume that .0nc  

Let M  be given. Choose 10  p  such that .
2
12 Mp  Find 

N  such that Nn   implies that .1 p
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Proposition 2.8. If   kc
nA  increasing and   ,lim 


kc

nn
A  then 
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Proof. Obvious calculation shows that 
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which implies that 


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hence 011 
n

n
c

c  and 11 
n

n
c

c  and finally .11 
n

n
c

c    

Example 2.9.   


kc
nn

Alim  and 11 

n

n
c

c
 do not imply that 

 )( kc
nA  is increasing. 

Proof. Let  nc  be the following sequence: ,,3,3,3,3,2,2,2,1,1   

where there are 1n  pieces from n  in the sequence. 

Obviously  nn cc ,  is increasing and .11 
n

n
c

c  
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We show that   .lim 


kc
nn

A  If ,1 nn cc  then clearly    .1
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If ,1, 11   knnn ccc  then     .1
11 kk k
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We finally show that   )( kc
nA  is not increasing. Let .1, 1   kk nn cc  

Then    kk c
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and all terms in the latter are smaller than in the former, except the last 
terms which are equal.   

Example 2.10.  nc  being balanced does not imply that )( 2
nc  is 

balanced as well. 

Proof. Let  nc  be the following sequence: 4 pieces of 1 then 9 pieces 

of 2 then 16 pieces of 6 and so on; generally there are  21n  pieces of !n  

in the sequence. 

We show that  nc  is balanced. If ,1 nn cc  then clearly 
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These two statements gives the claim. 

We show that )( 2
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showing that )( 2
nc  is not balanced.   
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3. Generalizing Previous Results 

First let us present a generalized form of [6, Theorem 3.1]. 

Theorem 3.1. Let  na  be a sequence and   baba ,  are two of 

its accumulation points. Then    .,
naAARba   

Proof. The proof can copy the proof of [6, Theorem 3.1] remarking 

that we have not used that  nd  is bounded.   

Theorem 3.2. Let      ,nnn cba   where  nn cbb ,lim   

and  nc  is increasing. If bc   is accessible in average by rearrangement 

of  ,na  then 
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Proof. We can assume that 0c  (i.e., )0b  because otherwise 

consider sequences    ., bcbb nn   If the statement is true for these 

sequences then by 2.4 it is true for the original sequences as well. 

Let  nd  be a rearrangement such that .cdn
  This rearrangement 

defines a rearrangement of  ,nc  namely take the elements from  nc  

exactly in the same order as they come in  .nd  Let us denote that 

rearranged sequence with  nc  and .
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Let n  be chosen such that .1 Nmn   Set i
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.,,
11 nmdd   We get that 

,
11

1

1  











 c
m

ws
m

d

c
n

nn

n

i

m

i

n

  (1) 

.1  




 c

m
cws

m

d

c
n

nnn

n

i

m

i

n

  (2) 
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By multiplying with the denominator and using (1) we get that 

 
nn

n

n

n

nn

n

n

n
ws

c
m

m
ws

m
c

m
m

c
c
















 1

1
1

1



  

   ,
11

1













n

n

n

n

nn

n
m

m
c
c

m
m

ws
m

c

  

and clearly both sides tend to 1 when .0  

It gives that .0



nn

n
ws

c
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We show that it implies that .0


n

n
s
c

 Let the number of terms in nw  

be ,nmnn k  the number of terms in ns  be .1 nln  Clearly 

.
1

n

n

n

n

nn

n

s
w

s
c

ws
c









 

Therefore it is enough to prove that 
n

n
s
w

 is bounded. Assume the contrary 

and assume first that .lim 
n

n
s
w  Let N  such that Nn   implies 

that 

2
bc

l
ws

nn

nn 


k  and .

3
2bcw

n

n k  

Let K  such that 

.
23

21 bcbc
K

K   

Now choose Nn   such that .K
s
w

n

n   Then 

,nn Ksw   

   ,1 nnn wsKwK   

n

nw
K

Kbc
K

Kbc
k

 1
3

21
2

 

,
2

bc
l

ws
l

wsl

nn

nn

nn

nn

n

nn 










 kkk
k

 

which is a contradiction. 
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Assume now that .lim 
n

n
s
w

 Let N  such that Nn   implies 

that 

0
2



 c

l
ws

nn

nn
k  and .0

n

n
l
s

 

For 2K  choose Nn   such that 

,2
n

n
s
w

 

,2 nn sw   

,0
2












n

n

nn

n

nn

nn

nn

nn
l
s

l
l

l
ss

l
ws

kkk  

– a contradiction again. 

Finally we got that .0


n

n
s
c

 Now [6, Corollary 4.2] yields the 

statement.   

Theorem 3.3. Let      ,nnn cba   where .,lim  nn cbb   

If 

,0
1

1







i

n

i

n

c

c
 

and bc   then c is accessible in average by rearrangement of  .na  

Proof. Set .1
bc

v


  Set .
1

i

n

i
n cs 


  Note that ns  moreover 

.
n
sn  With that notation the assumption gets the form: .0

1


n

n
s

c
 

Take a subsequence  nb  from  nb  such that .bbn   
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We can assume that nc  is increasing (by [6, Corollary 4.2]) and 

  .2,1max bccn   Then let .
1 











 


i

n

i
n cvm  The previous 

assumption on nc  gives that  nm  is a strictly increasing sequence of 

integers. 

If ,k  then let 

 







 ,,if

,if

1nnn

nn

mmb

mc
d

k
k

k
k  

i.e., on the nm  position put ,nc  on the other positions put elements from 

 .nb   

We show that .cd k  Let .1 nn mm  k  Obviously 

 

   

.,,

1

1

1

1

1

1

1

1
1 kkk

kk

k

i

n

i
i

n

i
i

n

i
i

n

i

cbcb

dd















 







  

Let us investigate the two terms. For the first one we get that 

   

 
 

.
1

1

1

1

1

1
k

k
kk

kk








 






 n
n

bb i

n

i
i

n

i  

Clearly 

 

  b
n

bi

n

i 






1

1

1
k

k

 

because .bbi   Regarding the second factor we have 

.01
1

111

1
1

1
11 1










 

nn
snn nvvs

n
m
nn

k  
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Hence 

 

.

1

1 b

bi

n

i 





k

k

 

Now let us analyze the second term. 

  k

i

n

i

n

n

nn

n
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c

c

m
s

csv
s

vv
nn

n








 







1
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1

1
1 1
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 .1
1

1
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1

1

1
















nsn
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n

n

vvs
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m
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Evidently both sides tends to bc
v

1  using that 0
1


n

n
s
c  by 

assumption. 

Therefore 

,

1

1 bc

ci

n

i 




k  

which gives that   .,,lim 1 cdd 
 kk

  

By [6, Corollary 2.4], we can add the remaining elements from  na  

(that are not in    nn cb  to  nd  such that the limit in average does not 

change.   

4. Sequences Composed of Two Sequences, One Tending to ,  

the Other Tending to   

We are going to investigate the case when a sequence does not have 

finite accumulation point but it has both   as accumulation points. 
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Theorem 4.1. Let       .,,  nnnnn cbcba  If there is 

  ,,  aAARa
na  then 0lim 

n
bn  and .0lim 

n
cn  

Proof. Suppose indirectly that  nn
c bpn 02lim   can be handled 

similarly). Then there is N  such that Nn   implies that .p
n
cn   

Let .0
9

 p  If  ,naAARa   then there is a rearrangement of 

 na  say )( kna  such that .aan
k  Which yields that there is M  

such that Mv   implies that  

.1 

 a

v

an

v

k
k  

Let M  be chosen such that   }:{: MaNnc nn  kk  moreover 

.
1
1 



M
a  Find a nc  such that Nn   and 

1


vnn ac  and Mv   and 

.121  nv  It can be done because let 

Mml  k(:{max  such that )knm ab   or Mk(  such that })knm ac   

and let .},:min{1 lmcawv mnw
  

Let us estimate how much the new element 
1vna  modifies the 

average. 

  .
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Clearly  

  ,
1
1

11
1  
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
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




M
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and 
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



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
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which gives that  

,2
1

1

11 







v

a

v

a n

v

n

v

kk
kk  

which is a contradiction. 

Theorem 4.2. Let       .,,  nnnnn cbcba  If 0lim 
n
bn  

and ,0lim 
n
cn  then  .naAAR  

Proof. If enough to prove that  naAAR0  because    acab nn   

satisfies the conditions of the theorem and if ,0 aan  then 

.aan
  

Let .0  

First assume that 0
n
bn  and .0

n
cn  We define a rearrangement 

of  .na  First take elements from  nc  in the order as they are in  nc  

such that the average would be .0  It can be done as .nc  Then 

add elements from  nb  in the order as they are in  nb  such that the 

average of all selected elements (the previous ones and the just added 
ones) would be .0  It can be done as .nb  Then add not used 
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elements from  nc  in the order as they are in  nc  such that the average 

of all selected elements (the previous ones and the just added ones) would 
be 0  and so on. Let us denote the constructed sequence by .)( kna  

We show that the rearranged sequence tends to 0  in average. Let 

N such that Nn   implies that .,
22
 

n
c

n
b nn  

Choose V  such that   .}:{:, VaNncb nnn  kk  Let 

.1
V

a

s
n

V

k
k

  

Suppose that 0s  (the other case is similar). 

First we show that there is Vv   such that 

 .,1 

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v

k
k  

If ,s  then we are done. If not then suppose .1 



v
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v

k
k  Then clearly 
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for .
1 nn ba

v



 But 

0
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1 






v
v

v

an

v

k
k  and ,

21


 n
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v
b nn  

hence ,
21

1

1 






v

an

v

k
k  i.e., sooner or later we will step into  ,  referring 

also to the definition of .)( kna  
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Now suppose that  ,1 



v

an

v

k
k  and let us examine how much the 

average changes if we add a new element. If nnn bcaVv (,
1


k  is 

similar), then 

  111
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 .
221

1 1  






n
c

v
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v
n

n

v

k
k  

Which means that by the definition of )( kna  we will always remain in the 

interval  ,,   i.e., we showed that .0kna  

Let us turn to the general case and let )(,)( kk mn cb  subsequences of 

   nn cb ,  respectively such that .0,0  kk mn cb  Apply the previous 

assertion for sequence   )()( kk mnn cbd   which gives that  .ndAAR  

Now [6, Corollary 2.4] gives the statement.   

We can summarize the previous two theorems in the following way. 

Theorem 4.3. Let       .,,  nnnnn cbcba  Then  ,naAARa   

a  if and only if 0lim 
n
bn  and .0lim 

n
cn    
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5. Summary of all Cases 

We are now in the position that we can describe all possible cases 

regarding  .naAAR  Let us denote the accumulation points of  na  by 

  .na  

(1) There is no finite accumulation point of  .na  

(a) If    ,na  then    .
naAAR  

(b) If    ,na  then    .
naAAR  

(c) If    na  let       .,,  nnnnn cbcba  

Then  naAAR    if and only if 0lim 
n
bn  and .0lim 

n
cn  Otherwise 

   .
naAAR  

(2) If   , na  then let  .,lim,lim  babaaa nn  In this 

case    ., baAAR
na   

(3) There are also finite and infinite accumulation points of  .na  Let 

       lim , lim , min , maxn n n na a a a a                

.b    Obviously either   or .  

Then we can decompose  na  in the following way:      nnn cba   

   nnnn dcbd ,,,   is the rest of the sequence (if needed). This 

decomposition is not unique in general. However if ,,  a  then 

 nb  is unique up to finitely many elements and if ,,  b  then 

 nc  is unique up to finitely many elements. 

(a) If a  or ,b  then      .,,  baAAR
na  

(b) If , ba  then we have the following cases: 
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(i) Let .,   If  nb  is balanced then    ., bAAR
na   If 

 nb  is not balanced then      .,  baAAR
na  

(ii) Let .,   If  nc  is balanced then    .,  aAAR
na  

If  nc  is not balanced then      .,  baAAR
na  

(iii) Let .,   If    nn cb ,  are both balanced then 

  .
naAAR    If  nb  is balanced,  nc  is not balanced then   naAAR  

   .,  b  If  nb  is not balanced,  nc  is balanced then   naAAR  

   .,  a  If none of    nn cb ,  is balanced then    baAAR
na ,  

 .,   

6. On Accumulation Points 

Theorem 6.1. Let  na  be a sequence bounded from below or above, 

 na  be one of its rearrangements. Let .1
n

a

c
i

n

i
n





  Then the set of 

accumulation points of  nc  is .]lim,lim[ nn cc  

Proof. If nn cc limlim   then there is nothing to prove. Assume that 

.limlim nn cc   Assume that  na  is bounded from below and .Kan   

The other case is similar. 

Let .limlim nn cpc   Obviously it true for infinitely many n  that 

.1 nn cpc  Then 

,1 p
n

aa n 
 
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which gives that 

.
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1 
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 n
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Then we get that 
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cc nnn
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11111
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Kp
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n
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nn
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n
p nnn  

if n  is big enough.   

Lemma 6.2. Let  nb  be a sequence, .c  Assume that  nbb ,,1   

 ba,  if  .,,  babaNn  Then 0  we can create a new 

sequence  nd  with    Nibdcdibd iiii   kk k 1,,  such 

that kn  implies that    .,,,1   badd n  

Proof. Choose k  such that 1 kn  implies that 

(1) ,
2


n
c  

(2) .1
2 n

naa    

If ,km  then 

    ,1,,,, 11

1

1
1 m

m
dd

m
c

m

bc

dd m

i

m

i
m





 






   

hence   .,,1   bdda m    
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Lemma 6.3. Let  nb  be a bounded sequence, ,lim,lim nn bbba   

 .,,  baba  Let dc,  such that .bdca   Then there is a 

rearrangement  nb  of  nb  and there is N  such that Nn   implies 

that    .,,,1 dcbb n    

Proof. It is an obvious consequence of [6, Proposition 2.6].   

Theorem 6.4. Let  na  be a sequence such that it has at least 4 

accumulation points:  .,,,,, bababa    Let  baz ,  be a 

closed set. Then there is a rearrangement  na  of  na  such that the 

accumulation points of the sequence  np  is exactly Z  where 

 .,,1 nn aap    

Proof. Let            ,nnnnnn fedcba   where ,, bcab nn   

 nn ed ,  and  nf  is the rest of the elements in  .na  Assume 

that .1,1  bcban nn  Let .}1,1max{  baK  

First let us note that there is a sequence  nt  such that the 

accumulation points of  nt  is exactly .Z  We know that Z  is separable 

because   is hereditary separable, hence let ZZ 0  such that 

  ZZcl 0  and .00 Z  Let   nwZ n :0  and then the sequence 

 ,,,,,,,,, 432132121 wwwwwwwww  satisfies the requirement. 

We are going to create a rearrangement  na  of  na  such that there 

is a sequence  kn  such that  kk nn ,  is increasing and 

1 kk nnn  implies that an .,( 11
kkkk  ttan  It is easy to see 

that  na  fulfills the requirements. 

Let us generalize the problem slightly. We have a sequence of disjoint 

finite open intervals  iI  with  baIi ,  and want to create a 

rearrangement  na  of  na  such that there is a sequence  kn  such that 

1 kk nnn  implies that .kIan   



POINTS ACCESSIBLE IN AVERAGE BY REARRANGEMENT … 85 

We define sequences by recursion. By Lemma 6.3 we can find a 

rearrangement )( 1
nr  of    nn cb  and 1N  such that 1Nn   implies 

that .),,( 1
11

1 Irr n   We can also assume that .1
1
1 ar   

Assume that for 1,  kk   there are a sequence )( k
nr  and positive 

integers kk nnnn  121   such that 

(0) if knn   then k
nr  is an element of    ,nn cb  

(1) if 1 knn  then ,1 kk
nn rr   

(2) if 11  ki  and 1 ii nnn  then ,),,( 1 i
i
n

i Irr   

(3) if nn k  then ,),,( 1 k
kk Irr n   

(4) there is kni   such that .k
k ari   

We will see that knn ,,1   can be chosen independently of .k  

Assume that sup .inf 1 kk II  (The other inequality can be handled 

similarly). 

If 1ka  is already in ,)( k
nr  say ,1 k

k ari  then let  .,max kk ni  

If not, then let       baIbaI ab ,,,,
4k  and apply 

Lemma 6.2 for .,,,,)( 1 kk
k acnNIrn   Hence in that way we can 

merge 1ka  into )( k
nr  in a way that all conditions          4,3,2,1,0  

remain valid (maybe we have to modify .)kn  Let us keep the notation 

)( k
nr  for this new sequence too. Let kN  be the index of 1ka  in .)( k

nr  
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Let h  be the length of .1kI  Let   .},,{max 1189
h

ab
h
KNM  k          

If ,Mm   then  
12

19 2


 

m
mm

h
ab  which gives that 

    ,11 2
9

mmab h  i.e., if we take intervals   2
9

,1 mmab h  

for all such ,m  then those intervals will overlap. Hence there are a 

MP   and an unused element e from  ne  such that 

  2
9

1 PePab h  and .11  aa
P

P  

First note that ),,,( 11 errb P
kk
   because 

 
.1),,(1

),,,( 11
1 b

P
e

a
P

P
P

errAP
err P

P 


 
kk

kk   

If Pm   then let .,
1

1

kk
mi

m

i
rzrs  




 Then 

1
),,,(),,,( 111 

 m
ezs

m
eserrerr mm

kkkk    

     1
),,(

1
1

1 11 






  mm

err
mm

m
mm

mzes
m
kk   

.
39

3
1 2

hh
m
K

P

e
m
K

m
z




  

Now there is a sufficiently large m such that Pm   and 

,),,,,,,( 111   k
kkkk Irrerr mPP   

because berr P ),,,( 1
kk   and 

,infsup),,,,,,(lim 111 
 kk

kkkk IIrrerr mPPm
  

and by .),,,(),,,(
3111
h

mm errerr 
kkkk    Fix such .m  
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Let 








.if

,if1

mne

mnrr n
n

k
k  

If ,mn   then choose not-used elements from    nn cb  such that 

.),,( 1
11

1 
  k

kk Irr n  

We show that this can be done (we apply a similar argument as above). 

We go by induction. It is true for .mn   Assume that we are done till n  

and looking for .1
1



k
nr  Let  .1,1,1

1

1
 




 bazrs i

n

i

k  

 11
),,,(),,( 11

1
11

1 



 

nn
nzs

n
zs

n
szrrrr nn

kkkk    

.
29

2
1

),,(
1

1 11
1

hh
n
K

n
K

n
z

rr
n n 





  kk   

If ,),,( 1
11

1 
  k

kk Irr n  say ,
2

inf),,( 1
11

1
hIrr n  


k

kk   then 

we can choose 1
1



k
nr  from  nc  such that ),,( 11

1
1
1


  kkk

nn rrr   and 

that will satisfy .),,( 1
11

1 
  k

kk Irr n  The other case is similar. 

Let now .1 mn k  We show that all conditions          4,3,2,1,0  

will be valid for  0.)( 1k
nr  and (1) are obvious by definition. (2) is valid 

because we keep all previous  k ini 1  and by (3) for .)( k
nr  (3) holds 

by definition. The first step was to include 1ka  hence (4) is valid too. 

Let k
nn ra   if .1 kk nnn  Clearly the accumulation points of 

 nn aap  ,,1   is exactly .Z    

Remark 6.5. In Theorem 6.4 if we want to weaken the condition then 

by Theorem 6.1 we cannot abandon neither   nor .  
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Remark 6.6. In Theorem 6.4 we cannot say more in general in a way 

that any closed sets Z  outside  ba,  could be the accumulation points of 

the averages of a rearranged sequence. 

Proof. Let       .)2(11)2( nn
na   By Theorems 3.2 and 3.1, 

  naAAR     .,1,1      
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