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Abstract 

Let ( )dX ,  be a boundedly compact metric space. Let T  be a Kannan 

type contractive selfmap of .X  That is, T  fulfills the following 

property:  

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  for all .Xyx ∈=/   (K-S) 

The condition (K-S) is not sufficient to ensure fixed point for .T  The 

aim of this paper is to investigate necessary and sufficient conditions 

making T  be a Picard operator. This work is motivated by some recent 

papers published by Górnicki, Garai, Senapati and Dey. Our work has 
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relationships with other recent aricles on Kannan type contractive 

selfmaps. We propose here some new results and complements. Also, we 

provide examples to support our investigations. 

1. Introduction and Preliminaries 

Let ( )dX ,  be a metric space and XXT →:  be a selfmapping. 

Throughout this paper, we shall use the following notations, 

definitions and recalls. 

( ) { } ( )TxTxXxT Fix(.::Fix =∈=  is the fixed point set of ).T  

For all ,N∈n  we set X
nn ITTTT ==

+ 01 ,: �  (the identity map of )X  

and .:1 TT =  

Definition 1.1. Let ( )dX ,  be a metric space and T  be a selfmapping 

on .X  Then the orbit of T  at Xx ∈  is defined as ( ) { ,,, 2xTTxxxOT =  

}.,3
…xT  

In 1968, Kannan [11] established the following fixed point result. 

Theorem 1.2 ([11]). Let ( )dX ,  be a complete metric space and T  be a 

selfmapping of X  satisfying 

( ) ( ) ( ){ },,,, TyydTxxdTyTxd +≤ k  

for all Xyx ∈,  and [ ).
2

1
,0∈k  

Then T  has a unique fixed point ,Xz ∈  and for any Xx ∈  the 

sequence of iterates ( )xT n  converges to .z  

The importance of this theorem is due to two facts. First, it does not 

require continuity of the selfmap .T  The second is that we can 

characterize the completeness of the underlying space X  in terms of 

fixed point of .T  Indeed, in 1975, Subrahmanyam [15] proved that a 

metric space ( )dX ,  is complete if and only if every Kannan mapping has 

a unique fixed point in .X  
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Let ( )dX ,  be a metric space and T  be a selfmapping of X  satisfying 

the following condition: 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  for all .Xyx ∈=/   (K-S) 

Such a map will be called a Kannan contractive selfmap of .X  

The value 
2

1
 can not be taken in Theorem 1.2. Indeed, consider the 

following example: Take { }1,1: −=X  equipped with the usual distance 

and define the selfmapping T  by setting ( ) 11 =−T  and ( ) .11 −=T  

Then we have 

( ) ( ) ( ( ) ( ) ) .21111
2

1
211 =−−−+−≤=−− TTTT  

This example shows that there exists a continuous on a compact metric 

space ( )dX ,  satisfying the following condition: 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +≤  for all ,, Xyx ∈   (K-L)  

but without having fixed point. 

We observe that if T  is a selfmapping of X  satisfies the condition   

(K-S), then it satisfies also the condition (K-L). The example just above 

says that the condition (K-L) is not strong enough to guarantee the 

existence of fixed points. 

In this paper, we are interested with the condition (K-S). 

It is clear that if a selfmap T  of X  satisfies the following condition: 

( ) ( ) ( )( ) ,,,, 2
1

TyydTxxdTyTxd <  for all ,Xyx ∈=/  

is a Kannan contractive selfmap of .X  
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In 1978, Fisher [7] and Khan [13] simultaneously proved two fixed 

point results related to Kannan contractive type mappings. They proved 

that a continuous mapping on a compact metric space ( )dX ,  has a 

unique fixed point if T  satisfies 

( ) ( ) ( ){ },,,
2

1
, TxydTyxdTyTxd +<  

or 

( ) ( ) ( )( ) ,,,, 2
1

TyydTxxdTyTxd <  

for all Xyx ∈,  with yx =/  respectively. 

In 1980, Chen and Yeh [3] extended the above two results in a more 

general way. 

In 2017, Górnicki [10] has made some new contributions to 

selfmappings of a metric space ( )dX ,  satisfying the condition:  

( ) ( ) ( ){ },,,, TyydTxxdTyTxd +< k  for all ,Xyx ∈=/   (K-G)  

where [ ].1,0∈k  Also, in [10] one can find a new proof of Theorem 1.2 

and a new proof to the following (known) result. 

Theorem 1.3 ([10]). Let ( )dX ,  be a compact metric space and 

XXT →:  be a continuous mapping satisfying 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  

for all Xyx ∈,  with .yx =/  Then T  has a unique fixed point and for 

every ,Xx ∈  the sequence ( )xT n  converges to the fixed point. 

We notice that a Kannan type contractive mapping does not have 

fixed point without additional conditions. Usually, in many fixed point 

results, the continuity of the map T  and the compactness of X  were 

required. 
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To weaken the compactness condition of the underlying spaces, we 

make use of the so called boundedly compact metric spaces. 

Definition 1.4 ([6]). A metric space ( )dX ,  is said to be boundedly 

compact if every bounded sequence in X  has a convergent subsequence. 

It is clear from definition that every compact metric space is 

boundedly compact, but a boundedly compact metric space need not be 

compact, for example, the set of real numbers R  with usual metric is not 

compact but boundedly compact. 

Suppose that the metric space ( )dX ,  is boundedly compact. Then it is 

easy to see that for any subset Y  of ,X  we have the following 

equivalence: 

Y  is compact, if and only if, Y  is closed and bounded. 

In particular, every (non-trivial) finite dimensional (real or complex) 

normed linear space is boundedly compact (but certainly not compact). 

In 2017, Garai et al. (see [8] and [9]) have proved the following result. 

Theorem 1.5 ([8]). Let ( )dX ,  be a boundedly compact metric space 

and XXT →:  be a mapping such that 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  

for all Xyx ∈,  with .yx =/  Then T  will be a Picard operator. 

In the lines of proof of Theorem 1.5, the authors of [8] have used, 

without saying it, a kind of continuity. Precisely, we prove in Lemma 2.1 

that, if Theorem 1.5 is true, then the selfmap T must be T-orbitally 

continuous in the following sense: 
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Definition 1.6 ([4]). Let ( )dX ,  be a metric space and T  be a 

selfmapping on .X  A selfmapping T  of X  is said to be T-orbitally 

continuous on ,X  if for all Xux ∈,  satisfying ,lim uxT
n

=∞→
k

k  then 

we have ( ) .lim TuxTT
n

=∞→
k

k  

We point out that the concept of orbitally continuous maps was 

introduced by Ćirić in [4]. Also, we recall the concept of T-orbitally 

completeness for metric spaces was introduced, in 1971, by Ćirić in the 

same paper [4] (see also [5]). 

Definition 1.7. Let ( )dX ,  be a metric space and T  be a selfmapping 

on .X  X  is said to be T-orbitally complete, if for any ,Xx ∈  every 

Cauchy sequence of the orbit ( ) { }…,,,: 2xTTxxxOT =  is convergent in .X  

In 1966, the concept of asymptotically regular mappings in metric 

spaces was introduced by Browder and Petryshyn (see [2]). 

Definition 1.8 ([2]). Let T be a selfmapping of a b-metric space 

( )., dX  Then, T  is said to be asymptotically regular at a point x in ,X  if 

( ) ,0,lim =∞→ TxTxTd nn
n  where xT n  denotes the n-th iterate of T  at .x  

T  is said to be asymptotically regular on X  if it is asymptotically 

regular at any point x  in .X  

We recall the following notions from [14] due to Rus. 

Definition 1.9. Let ( )dX ,  be a metric space and XXT →:  a 

selfmapping. We say that T  is weakly Picard operator (WPO) if the 

sequence ( ( ))
N∈n

n xT  converges, for all ,Xx ∈  and the limit (which may 

depend on x) is a fixed point of .T  

If the operator T  is WPO and ( ) { }xT =Fix  (for some ),Xx ∈  then 

T  is said to be a Picard operator (PO). 
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After this introduction and preliminaries, we expose in the second 

section our results. 

In Lemma 2.1, we prove that (in any metric space) any Picard 

operator is orbitally continuous. 

In the first main result (see Theorem 2.2, we give necessary and 

sufficient conditions for a Kanann contractive selfmap of a boundedly 

compact metric space to be a Picard operator. 

The second main result (see Theorem 2.3), deals with the same 

problem but in complete metric spaces. 

In the third section, we provide examples to support our main results. 

2. The Results 

Before giving our first main result, we prove the following lemma, 

which is a general result concerning Picard operators in metric spaces. 

Lemma 2.1. Let ( )dM ,  be a metric space and let MMT →:  be a 

selfmapping. If T  is a Picard operator on ,M  then T  is orbitally 

continuous on .M  

Proof. Since T  is supposed to be a Picard operator, there exists a 

unique fixed point Mz ∈  such that xTz n
n +∞→= lim  for all .Mx ∈  

Let Mu ∈  and let ( )
k

k xT
n

 be a subsequence of ( )n
nxT  such that 

.lim xTu
nk

k +∞→=  Then, necessarily, we have .zu =  Moreover, the 

sequence ( ( )) ( )
kk

kk xTxTT
nn 1+

=  is also a subsequence of ( ) ,n
nxT  

therefore we have 

( ) .lim TuTzzxTT
n

===
+∞→

k

k
 

Thus we have proved that T  is orbitally continuous on .M  This ends the 

proof.  � 
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Now, we give our first main result, in which we present two weakest 

(and equivalent) conditions (required) for a selfmap in order to be a 

Picard operator. 

Precisely, we have the following theorem: 

Theorem 2.2. Let ( )dX ,  be a boundedly compact metric space and 

XXT →:  be a mapping such that 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  for all Xyx ∈,  with .yx =/  

Then the following assertions are equivalent: 

(A) T  is a Picard operator; 

(B) For all Xux ∈,  satisfying ,lim uxT n
=∞→

k
k  then we have 

;)(lim uxTT n
=∞→

k
k  

(C) T  is asymptotically regular on .X  

Proof. ( ) ( )BA ⇒  Since T  is a Picard operator, there exists a unique 

fixed point Xz ∈  such that xTz n
n +∞→= lim  for all .Xx ∈  Let Xu ∈  

and let ( )
k

k xT n
 be a subsequence of ( )n

nxT  such that .lim xTu nk
k +∞→=  

Then we have .zu =  Moreover, the sequence ( ( )) ( )
kk

kk xTxTT nn 1+
=  is 

also a subsequence of ( ) ,n
nxT  therefore we have 

( ) .lim uzxTT
n

==
+∞→

k

k
 

Thus we have proved that T  satisfies the condition (B). 

( ) ( )CB ⇒  Let Xx ∈0  be arbitrary but fixed and consider the 

iterated sequence ( ),nx  where 0xTx n
n =  for each .N∈n  We set 

( )1, += nnn xxdτ  for each { }.0∪N∈n  Then we have 
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( )0
1

0 , xTxTd nn
n

+
=τ  

 ( ( ) ( )00
1 , xTTxTTd nn−

=  

 { ( ) ( )}0
1

000
1 ,,

2

1
xTxTdxTxTd nnnn +−

+≤  

 ( )nn ττ += −12

1
 

 .1−≤⇒ nn ττ  

This shows that ( )nτ  is a non-increasing sequence of nonnegative real 

numbers, so it must be a convergent sequence. Let us denote 

.lim: nn ττ +∞→=  We must show that .0=τ  

From the inequalities above, we know that for all ,, N∈mn  we have 

  ( ) ( )00 ,, xTxTdxxd mn
mn =  

( ( ) ( )0
1

0
1 , xTTxTTd mn −−

=  

{ ( ) ( )}00
1

00
1 ,,

2

1
xTxTdxTxTd mmnn −−

+≤  

( )112

1
−− += mn ττ  

( ) ., 0τ≤⇒ mn xxd  

Therefore, ( )nx  is a bounded sequence in .X  By the boundedly 

compactness property of ,X  the sequence ( )nx  has a convergent 

subsequence, say ( )
kn

x  which converges to some .Xz ∈  Since T  

satisfies the condition (B), we infer that .)(lim zxTT n
=+∞→

k
k  
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Therefore, by the continuity of the distance function, we obtain 

( ) ( ) ( ) .0,lim,lim,lim 11 === +
∞→∞→

+
∞→

zzdxxdxxd nnnn kkkk kkk
 

Hence, the subsequence ( )
kkn

τ  converges to zero. Since the whole 

sequence ( )nτ  converges to ,τ  we must have .0=τ  So we have proved 

that T  is asymptotically regular on .X  

( ) ( )AC ⇒  We suppose that T  is asymptotically regular on .X  Let 

Xx ∈0  be arbitrary but fixed and consider the iterated sequence ( )nx  

where 0xTx n
n =  for each .N∈n  As above, we denote ( )1, += nnn xxdτ  

for each { }.0∪N∈n  

By assumption we know that .0lim =∞→ nn τ  Then for all integers 

,, N∈mn  we have 

  ( ) ( )00 ,, xTxTdxxd mn
mn =  

( ( ) ( )0
1

0
1 , xTTxTTd mn −−

=  

{ ( ) ( )}00
1

00
1 ,,

2

1
xTxTdxTxTd mmnn −−

+≤  

( )112

1
−− += mn ττ  

( ) .0,lim
,

=⇒
∞→

mn
mn

xxd  

This says that ( )nx  is a Cauchy sequence. 

Since every boundedly compact space is complete, then the sequence 

( )nx  converges to a point (say) 
0xzz =  which may depend on .0x  Also, 

we have 
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 ( ) ( ) ( )TzxTdxTzdTzzd nn ,,, 0
1

0
1 ++

+≤  

( ) { ( ) ( )}TzzdxTxTdxTzd nnn ,,
2

1
, 0

1
00

1
++<

++  

( ) ( ) ( ) 0,
2

1
,,

2

1
0

1
00

1
→+<⇒ ++ xTxTdxTzdTzzd nnn  as .∞→n  

This implies that ,Tzz =  i.e., z  is a fixed point of .T  

Next, we prove the uniqueness of .z  We argue by contradiction, let 

∗z  be another (different) fixed point of ,T  then 

( ) ( )∗∗
= TzTzdzzd ,,  

 { ( ) ( )}∗∗
+< TzzdTzzd ,,

2

1
 

 ( ) ,0, <⇒ ∗zzd  

which leads to a contradiction. Hence, our assumption was wrong. 

Therefore, z  must be the unique fixed point .T  

Let Xy ∈0  be arbitrary but fixed and consider the iterated sequence 

( ),ny  where 0yTy n
n =  for each .N∈n  We denote ( )1, +=σ nnn yyd  for 

each { }.0∪N∈n  By assumption we know that ==∞→ 0lim nn τ  

.lim nn σ∞→  Then for all integer ,N∈n  we have 

( ) ( )00 ,, yTxTdyxd nn
nn =  

( ( ) ( )0
1

0
1 , yTTxTTd nn −−

=  

{ ( ) ( )}00
1

00
1 ,,

2

1
yTyTdxTxTd nnnn −−

+≤  

( )112

1
−− σ+= nnτ  

 ( ) ( ) .0,lim,
00

==⇒
∞→

mn
n

yx yxdzzd  
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This says that the fixed point does not depend on the initial value 0x  for 

any arbitrary point, so for every ,Xx ∈  the iterated sequence ( )xT n  

converges to the unique fixed point of ,T  i.e., T  is a Picard operator. This 

ends the proof.  � 

We observe that if a selfmapping T  satisfies the condition (B) (in any 

metric space), then it is orbitally continuous. 

From the lines of proof of the Theorem 2.2, one can establish the 

following general result for complete metric spaces. 

Theorem 2.3. Let ( )dX ,  be a complete metric space and XXT →:  

be a mapping such that 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  for all Xyx ∈,  with .yx =/  

Then the following assertions are equivalent: 

(A) T  is a Picard operator; 

(C) T  is asymptotically regular on .X  

Theorem 2.3 is our second main result. It will infer that the condition 

(C) is the minimal condition to be added to the condition (K-S) allowing a 

Kannan type contractive ,T  on a complete metric space ,X  to be a Picard 

operator. 

3. Examples 

To support our first main result, we provide the following example. 

Example 3.1. Let [ ] ( ]0,2,1 −∞= ∪X  and define XXT →:  by 

( )






=/

=−

=

.20

;21

x

x

xT  
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Now, for ,2=/x  we have 

( ) ,11022, =+=−= TTxTTxd  

whereas 

{ ( ) ( )} { } .1
2

3
12

2

1
2,2,

2

1
>≥++=+ xTdTxxd  

So, 

( ) { ( ) ( )}.2,2,
2

1
2, TdTxxdTTxd +<  

Again, for Xyx ∈,  with 2, =/yx  and ,yx =/  we have ( ) 0, =TyTxd  but 

{ ( ) ( )} { } .0
2

1
,,

2

1
>+=+ yxTyydTxxd  

Therefore, we have ( ) { ( ) ( )}.,,
2

1
, TyydTxxdTyTxd +<  

Thus, T  is a Kannan contractive selfmap of the metric space X  

which is boundedly compact, without being compact. The selfmap T  is 

asymptotically regular on .X  Indeed, for each ,0 Xx ∈  we have 

( ) 00 =xT n  for every integer 2≥n  hence, the condition (C) of Theorem 

2.2 is satisfied, therefore T  is a Picard operator with ( ) { }.0Fix =T  

To support our second main result, we provide the following example: 

Example 3.2. Let us choose N=X  and we define R→× XXd :  by 

( )








=

=/−+
=

.if,0

,if,
2

1

2

1

2

1

,

yx

yx
yxyxd  

Clearly d is a metric on .X  Note that every Cauchy sequence in X  is 

eventually constant and hence ( )dX ,  is a complete metric space. 
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We define a function XXT →:  by setting 

,2xTx =  

for all .Xx ∈  It is easy to verify that T  is continuous and a fixed point 

free map. 

Now, it remains to show that T  satisfies the Kannan type contractive 

condition. In order to do this, we choose Xyx ∈,  with ,yx <  then 

( )
yx

TyTxd
4

1

4

1

2

1
, −+=  

 ,
4

1

2

1

4

1

4

1

2

1

xyx
+<−+=  

whereas, 

{ ( ) ( )}




−++−+




=+
yyxx

TyydTxxd
4

1

2

1

2

1

4

1

2

1

2

1

2

1
,,

2

1
 

.
4

1

2

1

4

1

4

1

2

1

xyx
+>++=  

Therefore, 

( ) { ( ) ( )},,,
2

1
, TyydTxxdTyTxd +<  

for all yx,  in X  with .yx <  

Similarly, one can prove it for the case Xyx ∈,  with .yx >   

Now from the above analysis, we can say that 

( ) ( ) ( ){ },,,
2

1
, TyydTxxdTyTxd +<  

for all yx,  in X  with .yx =/  Thus, T  is a Kannan type contractive map 

but it is fixed point free map. Because, here the condition (C) is not 

satisfied. Indeed, for ,1:0 =x  for every positive integer ,n  we have 

( ) .
2

1

2

1
,

21 ++ +=
nnn xxd  

which never tends to zero, when n tend to infinity. 
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So we may conclude that the condition (C) is the minimal condition to 

be added to the contractive condition (K-S) allowing a Kannan operator to 

be a Picard operator in a complete metric space. 

We point out that Suzuki investigated in [16] the weakest contractive 

conditions for Edelstein’s mappings to have a fixed point in complete 

metric spaces. 

In [12], the authors introduced the Górnicki-Proinov type contractions 

and studied the uniqueness and existence of their fixed points in the 

framework of complete metric spaces. Górnicki-Proinov type contractions 

extends Kannan type contractive maps and many others. Their study 

used asymptotic regularity. It is interesting to know whether our results 

could be extended to the Górnicki-Proinov type contractions. 
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