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Abstract

In this article, we study some sums on primes and obtain asymptotic
expansions for sums of primes, sums of least prime factors, and sum of the
geometric mean of the prime factors of an integer.

1. Generalization of Some Sums on Primes

We have

* 1
9 logt

Li(x) = J'
The following strong form of the prime number theorem is well-known [5].

n(x) = Li(x) + o(ea%gx), (1)
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where a is a positive constant. Note that

1 1
=0 , 2
AT (1og’” xJ @
for all positive number m.

We need the following well-known fundamental lemma.

Lemma 1.1. If f(x) is a function with derivative f'(x) continuous on

the interval [2, ), then the following formula holds:

> )= [ LYt + ) () - i) - [ w0 - LiCo)f @0

= 2 logt 2

Proof (See (2.26) of [6]). The lemma is proved.

Now, we prove some formulas for sums on primes. Some

formulas generalize the following well-known sums on primes.
1 log p
Z2Spr;’ ZQSpgx p_ and ¥(x) = z%pr log p.

Theorem 1.2. If k is a nonnegative integer, then the following
formula holds:

k k+1
(log log p) _ (log log x) £C 40 log x ’
g D k+1 eaxllogx
<p<x

where C}. is a constant depending of k.

Proof. We have (Lemma 1.1 and (1))

Z (log log p)* =J‘x(loglogt)k dt+0((1oglogx)k]

D 3 tlogt avlog x

3<p<x €

x k
. J‘ 0@1) (loglogt) dt
a+logt t

3 e

)k+1

_ (oglogx)™™" _logx
h k+1 +C +0 eaxllogx )
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Note that the integral in the interval [3, <) converges since it is

absolutely convergent (see (2)). On the other hand, we have

0(1) (loglogt)”
e logt t

dt

© 1 (loglogt)”
<
h M.[ ea\/logt t dt,

where M 1is a positive constant and (I'Hospital’s rule)

(e} k:
J‘ 1 (log log ¢) di
a+logt t

. x
lim € = 0.
x—>00 log x

eaxllog x

The theorem is proved.

Theorem 1.3. If k is a positive integer, then the following formula
holds:

3 (logp)* _ (og)*  p. +O((logx)k”]
o5t p k e Jlog x

where E,. is a constant depending of k.

Proof. We have (Lemma 1.1 and (1))

k x k-1 k x k

3 (logp)™ _ j‘ (logt)™ ., o (ogx)” | j‘ o) (ogt)” .,
D 2 t a+log x 9 _alogt t

2<p=zx e e

_ (logx)* (log x) *+*
=0 +E,€+O—ea\/@ .

Note that the integral in the interval [2, =) converges since it is

absolutely convergent (see (2)). On the other hand, we have

Iw o(1) (logt)kdt

o0 k:
log ¢ t < MI TR dt,
pavlog

X @ log ¢ t
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where M 1is a positive constant and (I'Hospital’s rule)

(e} k:
J‘ 1 (log t) di
X gl log ¢ t

lim =
X (log x) **!

ea\/ log x

The theorem is proved.

Theorem 1.4. If k is a positive integer, then the following asymptotic

formula holds:
Z (log p)* = Zk: a;x(logx)F 7 + 0 [MJ 3
2<p<x i=1 ' ea‘/@ ’
where the a; are integer coefficients (see below in the proof ).

Proof. Lemma 1.1 and (1) give

(¥ k-1 x(log x) " * O@)(log¢) "
Z;x(log p) = J.Z (].Og t) dt + 0O [—J + J.Z eaT dt

Now, we have

< MJ' logt dt,
e? log

J’ * 0@)(logt) "™

2 e JVlogt

and

J’x (logt)*™"

2 aylogt
lim € ? = 0.
X o0 x(log x)
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On the other hand, we have (integration by parts)

k—
J.(log x)¥dx = x(log x)* + (=)' k(k =1) - (k = (i — 1))x(log x) 7%

[hy

N
I
—_

+ (DR x +e
The theorem is proved.

Remark 1.5 (On the Cipolla’s expansion). If we put into (3) k=1

then we obtain the well-known result

x log x
Z logp—x+0[ ax/@j

2<p<x

By (2), we have the weaker result

¥x) = Z 1ogp=x+o(1 an J
og™ x

2<p<Lx

If we put x = p,, and use the prime number theorem p, ~ nlogn, then

we obtain

n
logp; = p +0( 1 j 4)
LZ:;‘ ' . log™ n

for all nonnegative integer m. The Cipolla’s expansion for p, is of the

form p, = fm(n)+o[

log” n} where f,,(n) is a function of n depending

of the nonnegative integer m. Therefore, substituting into (4) we obtain

D logp; = fu(n) + ( )
log™ n

=1

That is, 2?21 log p; has the same Cipolla’s asymptotic expansion as p,,.

This fact was proved in [2] by use of the Cipolla’s theorems [1]. This is
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another simple proof. For example, if m =0 then the first Cipolla’s

formula is p, = nlogn +nloglogn —n +o(n) and consequently also we

have 2?21 log p; = nlogn + nloglogn —n + o(n). In this case, fy(n) =n

logn + nloglogn —n.

Theorem 1.6. If o > 0 is a real number, then the following asymptotic

formula holds:
o x40 xoc+1
= —dt+ 0| ———|.
Z;xp J.z log ¢ [eaxllog x

Proof. Lemma (1.1) and (1) gives
o x toc d 0 xoc+1 x 0 toc d
Z L J.z logt b+ ea\/logx * J.z (1) \/@ t

2<p<x e
x toc xoc+1
= —dt+ 0| —|.
Jg logt (eavlogx

Note that
o) — | < m[T g
1 <
J.z ()ea\/logt t J.z eayjlogt 2
and

x s
J' dt
. 9 ea«/logt
hm R
X —>o0 on—l

(0+1)eVlog

The theorem is proved.

(®)
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Remark 1.7. By successive integration by parts of the function

logt
we obtain the following asymptotic expansion for all positive integer m
(see (5) and (2)).

m o+l o+
3 o - (k—1)!x +0( x4t J ©

2<p<x k=1 (o0 + 1)k(10g x)k (log x)m

This asymptotic expansion was obtained by use of a different method in
[4].

Remark 1.8 (Sum of least prime factors and sum of the geometric
mean of the prime factors of an integer). Let a(n) be the least prime
factor of a positive integer n. Note that if n=p is a prime then
a(n) = a(p) = p. In [3] was obtained a asymptotic formula for the sum of
the powers of a(n). Now, we shall prove a better asymptotic formula. If
(as usual) Q(n) is the total number of prime factors of n where

multiplicities are counted then the geometric mean of the prime factors of

1
(") Tet o > 0 be a real number. We have

D am)® = alp)* =" p%,

n<x p<x p<x

n is n%

and

]
2
S
)
IA

3 (nﬁja Y Y [ngﬁmja

n<x n<x pP<x n<x, n#p
o

o 1+=
NGRS ICED WATES

pP<x n<x, pP<x

IN
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Consequently
a o 1+2
Za(n) =Zp +0|x 2|,
n<x pP<x
and then by Equation (6) we find that

m o+l o+l
Za(n)“:Z ((k_lk)!x )k+o((x m]

n<x =1 (e +1)"(log x log x)

In the same way we obtain

1 m 2 2
Lo _ k-1« N [ x ]
Z Z k k 0 ( m

n<x =1 (2)"(log x) log x)

Theorem 1.9. If k is a positive integer, then the following asymptotic

formula hold:

k+1 k+1
k x x"7 log x
E = +0 .
p"logp k+1 [ a+/log x J

2<p=zx e

By Lemma 1.1 and (1), we obtain

x k+1
Zpk’logp=J t"’dt+0[ 1‘)ng I oa tlogtdt
2

a+log x e? 10
2<p=zx g gt

k+1 k+1
_x e E: log x .
kE+1 ea\/@

Note that

x k
I o) 18t 1l <

x 4k
J’ t" logt di
2 eaxllogt

2 ea\/ logt ’




GENERALIZATION OF SOME SUMS ON PRIMES ... 31

and

t" logt
. 9 ea«/logt
X —>00 x"* log x

(k+1)e@log
The theorem is proved.

Theorem 1.10. If k is a positive integer, then the following asymptotic

formula holds:

1 - J'x 1 + O[ X } o
25t Gogp)f 2 (log )t (log x)feloB®

Proof. Lemma 1.1 and (1) give

e .[ X ! + 0[ x J
2<p<x (log p)k 2 (log t)"”rl (log x)kea\/@

dt

x 1
+ o1
.[2 ( ) eaxllogt (log t)k+1

_ J‘x 1 ., 0
2 (logt)"*! (log x ' e@V1og
Note that

1

x 1
o
.[z ( ) eaxllogt (10g t)k+1

X
< MJ dt,
2 eaxllogt (log t)k+1

dt‘

and

X
J' S W
lim 2 ¥ logt(logt)k+1 _

X —>00 X

(log x)k+lea\/10gx

The theorem is proved.



32 RAFAEL JAKIMCZUK

Remark 1.11. By successive integration by parts of the function

1 7 We obtain the asymptotic expansion (see (7) and (2))
(log t)**
1. 1k+l+i(k+1)(k+2)---(k+i—1)—xkﬂ.
9552y (log p) (log x) = (log x)
X
ol ———o|.
((log x) J
Acknowledgement

The author is very grateful to Universidad Nacional de Lujan.

References

[1] M. Cipolla, La determinazione assintotica dell’nimo

Sci. Fis. Mat. Napoli, Ser. 3 8 (1902), 132-166.

numero primo, Rend. Acad.

[2] R. Jakimczuk, An observation on the Cipolla’s expansion, Mathematical Sciences
2(2) (2008), 219-222.

[3] R. Jakimczuk, A note on sums of greatest (least) prime factors, International
Journal of Contemporary Mathematical Sciences 8(9) (2013), 423-432.

DOI: http://dx.doi.org/10.12988/ijcms.2013.13042

[4] R. Jakimczuk, Sums of primes: An asymptotic expansion, International Journal of
Contemporary Mathematical Sciences 9(16) (2014), 761-765.

DOI: http://dx.doi.org/10.12988/ijcms.2014.411115
[6] W.d. LeVeque, Topics in Number Theory, Volume II, Addison-Wesley, 1958.

[6] J. B. Rosser and L. Schoenfeld, Approximate formulas for some functions of prime
numbers, I1linois Journal of Mathematics 6(1) (1962), 64-94.

DOI: http://doi.org/10.1215/ijm/1255631807



