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Abstract

Cauchy integral formula for functions of single complex matrix is introduced.
With this in hand, some specific examples on certain matrix functions are
discussed.

1. Introduction

Throughout the history of pure and applied mathematics, matrix
functions have been used as powerful instruments in the solution of wide
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variety of important problems (see, e.g., [1, 2, 3, 4, 5, 6, 7, 16, 17]). In
[8, 9] studied some properties for analytic functions of square complex
matrices and discussed matrix real integrations, complex integration of
matrix functions and Cauchy’s integral formula for type functions of
single complex matrix. In this paper, we derive a new Cauchy integral
formula for functions of single complex matrix. Using this formula,
applied examples on some complex matrix functions are given.

Let us turn now to some notations and definitions that will help us
navigate through this paper. Let c™N*N' denote the complex space of
complex matrices of common order N and M((CNXN) is the set of
holomorphic matrix functions. The matrices I and 0 stand for the identity
matrix and the null matrix in CN*V , respectively. A matrix X is a
positive stable matrix in CY*V if Re(A) > 0 for all A e o(X), where

o(X) is the set of all eigenvalues of X.

If f(z) and g(z) are holomorphic functions of the complex variable z
which are defined in an open set Q < C and X is a matrix in cNV*N guch
that o(X) < Q, then (see [1, 2, 3])

f(X)g(X) = g(X)f(X).

Hence, if Yin CM*V is a matrix for which o(Y) c Q and if XY = YX,
then

f(X)g(Y) = g(Y)f(X).

Definition 1.1. Let f(X) be a complex matrix function, then its derivative

is defined by (see [8, 9, 10, 11])

_a_

f(X +Ih) - f(X)
d(X) :

7 (1.1)

f(X) = lim

where X 1s a square matrix over the complex field and A is a scalar

complex variable.
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According to [1, pp. 569], the integration of matrix functions. Suppose
f(tA) is defined for all ¢ € [a, b] and that we wish to compute

F = J'b f(tA)dt,

where A is a matrix and the integration is on an element-by-element

basis.

According to Dunford-Schwartz in [1, pp. 556] and [2, pp. 8], the

matrix function via Cauchy’s integral formula defined by for a matrix

A e CV*N then

F(4) = o F@) T - A) ez,

where f is holomorphic function on and inside the closed contour I' that
encloses c(A).

The following result is useful for the coming work:

Theorem 1.1 ([10, 12]). Let f(X) be a matrix function analytic in Q,
where X = [x;;(2)], then

) = 4, - ay
n=0

2. Main Results

o0

Theorem 2.1. Let f(X) = zn=0

a, X" bein M(CYVN); X = [x;(2)],

x;j(2); z € C are analytic functions for all i, j=1,2,3,..., N, X and

% are commutative and [xij(z)] is non-singular. Then for any point
z

= a inside T, we have

f(A) = ﬁ 3 %dx. 2.1)
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In general

f D O B O S (2.2)

f(n)(A) = - A)n+1

2m

where A = [x;;(a)] and (X — A) are non-singular matrices for all z # a

inside and on the closed contour T' and

df(X) _ df(X) dX

dz dX " dz

Proof. Since x;;(z) are analytic functions for all z inside and on T,

Vi, j=1,2,3,..., N, then from Theorem 1.1, we can write

)
xij(z)_z % @ )( ~a)", Vi, j=1,23,..,N.

n=0

© (n)
P il —a)"}

- (-a) {[x;,«a)] ) e AR ]}.

n=2
Then
o b r oy 4X = ) @) )]
from which
1 f(X) _
XA dX = f(A). 2.3)

As for n = 2, we have

1 f(X)
2_7T,i r (X_ A)2 dX

) [y @F + F(A) x5 (@)] x4 (@)
— (A [x5(@)] P (@] [x5(@)] = £1(A).
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Thus,

1 f(X) _ g
2 dr Ay X = f'(A). 2.9

Mathematical induction technique leads for any positive integer n, we

can prove that

f(n)(A) = %fr (Xi(ﬁdX; n=0,1,2, .... (2.5)

O

Remark 2.1. Differentiating both sides in (2.1) n times (n > 1) with

respect to a, we get the results.

f'(A)% = f'(A)[xj(a)] = ZLmi" f(X)%(X _ay? % dz

= oA (X - A) 2 (@) ()=
Hence,
(A) = L f(X)
f(A)=5-9, X AP dx
Now, suppose that
£(4) = %ﬂ ﬁd}g 2.6)

Differentiating both sides of relation (2.6) with respect to a, leads to

f(X)[xij(a)]
(X _ A)n+2

n+l / _(n+1) o
FOD(A) ()] = R dXin =012, ...,

l.e.,

(n+1)( 4y _ (1) f(X) —
FoD(a) = 2 §F(X_A)n+2dX,n_o,1,2,....
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Thus according to mathematical induction, we obtain

FM(a) = %fr ﬁdx; n=0,12, ...

2.1. Examples

This subsection presents some application examples to show the

usability of our approach.

Example 2.1. Evaluate the following matrix functions integrals:

1
eX
j; dX;n=0,1,23, ...,
T Xn+1
where I is |z| =1 and
e -1 3sin z 5 sinh z coshz -1
3sin z e -1 coshz -1 5sinh z
X =
5sinh z coshz -1 e -1 3sin z
coshz -1 5sinh z 3sin z e -1
)

§ _dX) 93,
I'(x-ay

where T is |z| =1 and



results concerning Legendre matrix polynomials,
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Solution: Applying relation (2.2), we obtain

. .
() § L ax-2"rn-012..
k=1 xnt+l n!
2mil; n =1
dX' b ’
@) § -

[o1=1 (X -A) 0, n=23,....

55

Also, applying Cauchy integral formula (2.2), we get the following

Hermite matrix

polynomials, and Laguerre matrix polynomials, respectively, as follows

(cf.

[13, 14, 15]):

2 n
P,(4) = — §r X"-D" ixn-0,12 ..,

2n+1 (X A)n+1

_ n ! A2 —X2
H,(4) = Sl nte :ﬁr d dX;n=0,1,2, ..

n —-X
L,(4)= £ fr Xe” ax;n-=012...

(X A)n+1

2.7

; (2.8)

(2.9

It is clear that the above examples give a direct generalization to the

standard complex case of Cauchy integral formula for matrix functions.

Therefore our result in this section can be exploited to establish further

consequences regarding other several problems in this area.
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