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Abstract 

In this paper, we develop Schouten-Van Kampen and Vranceanu 
connections for the warped product Finsler manifolds by applying the 
warped Levi-Civita connection to tangent bundle. Also, necessary and 

sufficient conditions are obtained for G∗  (warped Sasaki-Matsumoto 

metric) to be totally geodesic and bundle like. 

1. Introduction 

The Schouten-Van Kampen connection and the Vranceanu 
connections have been introduced for a study of non-holonomic manifolds 
(cf. [7, 8]). In this paper, we present some properties of these connections 
in the warped product Finsler manifolds. Let 1M  and 2M  be two real 
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smooth manifolds of dimensions 1n  and ,2n  respectively, and 

.21 MMM ×=  Then a coordinate system on 21 MMM ×=  is denoted 

by ( ),, αuxi  where ( )ix  and ( )αu  are coordinate systems in 1M  and 

,2M  respectively. 

We know that 21 TMTMTM ⊕=  and the coordinate system 

( )αuxi ,  on ,M  defines a coordinate system ( )αα vyux ii ,;,  on 

.21~ TMTMTM ⊕−  We consider another coordinate system ( ),ix uα� �  on 

,21 MMM ×=  then the local coordinates ( )vyux ,,,  and ( ), , ,x u y v� � ��  on 

21 TMTMTM ⊕=  are related by (cf. [3]) 
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If ( ) 21,,, TMTMTMvyux ⊕=∈=u  we denote by ( )TMTu  the 

tangent space at u  to .TM  This is a ( ) ldimensiona-2 21 nn +  vector space 

and natural basis induced by a local chart ( )αα vyux ii ,;,  at u  is 

{ }.,,,
αα ∂

∂

∂

∂

∂

∂

∂

∂

vyux ii  After a change of coordinates (1) on 

,21 TMTMTM ⊕=  the natural basis change as follows (cf. [1]) 
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Let ( )111 ,, MTM π  and ( )222 ,, MTM π  be tangent bundles of 1M  and 

,2M  respectively, and ( )MTM ,, π  tangent bundle of ,21 MMM ×=  

where ( )., 21 ππ=π  Then for each 11 TM∈u  and 22 TM∈u  the linear 

maps ( ) 11,1 1111 : MTTMT uuu π→π
∗

 and ( ) 22,2 2222 : MTTMT uuu π→π
∗

 

induced by the canonical submersions 1π  and 2π  are epimorphisms of 

linear spaces, respectively. Hence the kernels determines regular and 
integrable distributions ( ) 111 ,11111 Ker:: uuuu TTMTM ⊂π=∈

∗
VV 6  

1TM  and ( ) ,Ker:: 2,22222 222 TMTTMTM uuuu ⊂π=∈
∗

VV 6  respectively, 

which are called the vertical distributions. If ( )21, uuu =  then 

( )21 ,2,1, , uuu ∗∗
ππ=π∗  and so 

( ) ( ) ( ),KerKerKer 21 ,2,1, uuu ∗∗
π⊕π=π∗  (3) 

that is, 

,21 VVV ⊕=   (4) 

where 1, VV  and 2V  are vertical sub-bundle of 1, MM  and ,2M  
respectively. For every ( ) ,, 2121 TMTMTM ⊕=∈= uuu  set 
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{ }21, uu
α∂

∂

∂

∂

vyi  is a basis of ,TMuV  where { ,,,
111 uuu iii uyx ∂

∂

∂

∂

∂

∂  

}
2uα∂

∂

v
 is the natural basis of TMTu  induced by a local chart. 

According to (2), the natural frame fields { }
αα ∂
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∂

∂

∂

∂

∂

vuyx ii ,,,  and 

{ , ,j jx y
∂ ∂

∂ ∂� �
 },

u vβ α
∂ ∂

∂ ∂ ��
 are related by (cf. [1]) 
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Proposition 1.1. There exists a complementary distribution H  to 
21 VVV ⊕≅  in TTM if and only if on the domain of each local chart on 

,21 MMM ×=  there exists 214 nn  smooth functions α
β j
ii

j NNN ,,  and 

α
βN  satisfies 

,
h j h

j h
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α ββ α α
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N N �� ��   (9) 
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The distribution H  is called the warped distribution or warped non-
linear connection on .21 MMM ×=  

Proof. First suppose that H  is a complementary distribution to 

21 VV ⊕≅ V  in ,TM  and take a local frame fields { }
αα

∂

∂

∂

∂

vy
EE ii ,, �  on 

M such that { } ( )HΓ∈αEEi
�,  and { } ( )., VΓ∈

∂

∂

∂

∂
αvyi  So 
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where ,,,,D,C,B,A j
i

j
ii

jj
i α

ββ
α

β
α NNN  and β

αN  are smooth functions on a 

coordinate neighborhood in .21 MM ×  Hence the matrix of transition 

from { }
αα

∂

∂

∂

∂
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EE ii ,,, �  to { }

αα ∂
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vyux ii ,,,  is 
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Since the matrix Λ  is non-singular, then matrix 

,
DC
BA
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 (12) 

also is non-singular. As a consequently it follows that H  is also locally 
spanned by 
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Thus by using (10) and (13), we have 
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Moreover by using (5) and (14) for two coordinate systems 

( )αα vuyx ii ,,,  and ( )ββ vuyx jj ~,~,~,~  with overlapping domains, we 

obtain 
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Hence we obtain (6), (7), (8), and (9) for the functions ,,, j
i

j
i α

β NNN  and 

β
αN  from (13) and the { }

α∗
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∗

∗

δ

δ
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δ

ux
,i  given by (14), (15), and (16) 

satisfies 

,

.

j

i i j
x
x
u
u

∗ ∗

∗ ∗

∗ β ∗

∗ α α ∗ β

 δ ∂ δ=
δ ∂ δ


δ ∂ δ =δ ∂ δ

x x

u u

�
�

�
�

  (18) 

Conversely, similarly proof.   

Corollary 1.2. Let ( )111 ,1 FMn =F  and ( )222 ,2 FMn =F  be two 

Finsler manifolds, and +→ R1: Mf  be a smooth function. Then 

( )FMMnn ,2121 ×++F  is a warped product Finsler manifold and 

denoted by ( ),,21 FMM f×=F  where 

( ) ( ) ( ) ( ) ( ),,,,,,, 2
2

2
1

2
1

2 vuFyxfyxFvyuxF π+= D  (19) 

for any ( ) 1, TMyx ∈  and ( ) ., 2TMvu ∈  

Proof. For details and proof, see [1, 5].   

Let { }
α∗

∗

∗

∗

δ

δ

δ

δ=
ux

,span iH  be a warped non-linear connection on 

,21 MMM ×=  then the following new operators can be defined (cf [6]): 
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∂

∂

∂
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vyiTMV   (22) 

can be put forward. It follows that .DD TMTM VV ≅∗  Thus the tangent 

bundle of DTM  admits the composition 

,DDD TMTMTTM VH ∗⊕=   (23) 

where { }.,span
α∗

∗

∗

∗

δ

δ

δ

δ=
uxiTM DH  

Corollary 1.3 (cf [6]). By using (20), (21), (6), (7), (8), (9) for two 

coordinate systems ( )αα vuyx ii ,,,  and ( ), , , ,j jx y u vβ β� � ��  we obtain 

,
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�   (25) 

Using decomposition (23), the warped vertical morphism 

( ) DD TMTMTv V∗∗ →:  is defined as follows (cf [6]) 

,: α∗
α

∗∗ δ⊗
∂

∂+δ⊗
∂
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v i
i  (26) 

where 
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∗ ++=δ uxy iji
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.ddd: βα
β

ααα∗ ++=δ uxv j
j NNv   (28) 

Therefore  
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Thus using (30) and (31) the following can be inferred that vv ∗∗ =2  and 

( ) ( ).ker 0TMv H=∗  This mapping is called the warped vertical projective. 

Similarly the warped horizontal projective ( ) ( )00: TMTMTh H→∗  is 
defined as follows: 
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Using (33) and (34), hh ∗∗ =2  and ( ) ( )0ker TMh ∗∗ = V  can be inferred 
(cf. [1]). 

2. Some Geometry Objects of the Warped Product  
Finsler Manifolds 

Let ( )111 ,1 FMn =F  and ( )222 ,2 FMn =F  be two Finsler manifolds. 

The functions 

( ) ( ) ( )
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∂∂

∂
=σ

∂∂

∂
=ρ

βααβ ,,
2
1,ii

,,
2
1,i

2
2

2

2
1

2

vv
vuFvu

yy
yxFyx jiij

  (35) 

define a Finsler tensor field of type (0, 2) on D
1TM  and ,2

DTM  respectively. 

Let ( ) MFMM f
nn ∈×=+ x,,2121F  and ,MTxy ∈  where ( ),, ux=x  

( ) 21,, MMMvy ×==y  and .21 MTMTMT ux ⊕=x  Then using (19) 

and (35) it can be inferred that (see [5]) 
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Then using (19), (35), (37), (38) and (39), it can be deduced by 
straightforward calculation as follows 

( ) ( ), ,a i α=G GG  (40) 
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In the continuation of this section, some geometry objects of warped 

product Finsler manifold type on 0TM  can be defined as follows (cf. [1]) 
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where (cf [2]) 
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δ

δ
=

δ

δ
−

δ

δ
=   (48) 

( ) ( ) ;:ii,:i
α∗

γ
β

∗

β∗

γ
α

∗
γ
αβ

∗
α∗

γ∗

∗

γ
α

∗
γ
α

∗

δ

δ
−

δ

δ
=

δ

δ
−

δ

δ
=

u

N

u
NR

u

N

x
NR j

jj   (49) 
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and 

,k
k

k
ijj

i
ji

y
NNN =

∂

∂
=   (50) 

,4
1 22

2 k
kkk

k
i

i
i

h

hii
vyx

f
v
F

y
βββ

β
β =

∂

∂
=

∂

ρ∂

∂

∂

∂

∂
−=

∂

∂
= NNN

N   (51) 

,k
k

k
αββ

α
βα =

∂

∂
= NNN

v
  (52) 

,γ
γ

γ =
∂

∂
= ijj

i
ji y

N
N

N   (53) 

,
2
1 2

2
γ
ββ

γ
γ
β

γ
βγ

β =
∂

∂
=δ

∂

∂=
∂

∂
= i

i
iii vx

f
fy

N
NN

N   (54) 

.γ
αββ

γ
αγ

βα =
∂

∂
= NNN

v
  (55) 

It is obvious, the warped horizontal distribution TMH  is integrable if 

and only if the functions ii
j γβ

∗∗ RR ,, …k   and α
γβ

∗α∗ RR ,, …kj  are 

vanish identically on ( )21 MMM f×=  for all { }1,,1,, nji "∈k  and 

{ }2,,1,, n"∈γβα  (see [4] p. 32). 

Let (( ) ( ) ( ))aaa
cbcbbFC CFN ,,:=∗  be the Cartan connection on 

,21 MMM f×=  where (cf ([1])) 

( ) ( ),,,,,,,, γ
βα

γ
β

γ
α

γ
βαβα= FFFF ijjiijjicb
kkkka FFFFF   (56) 

( ) ( ),,,,,,,, α
γβ

α
γ

α
β

α
γβγβ= CCCC jj

ii
j

ii
jcb kkkk

a CCCCC   (57) 

and 
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,2
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+
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ρδ
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∗
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j
hhjihi

j xxx
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kkF   (58) 
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1: ihihi

ββ∗
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δ
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ρ= k

k
k FF
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  (59) 
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δ

σδ
ρ−=

∗
βγ

∗

γβ h
ihi

x
F   (60) 
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2
1: 2 














δ
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∗
αλα

u
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j f
F  (61) 
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2
α
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λβ
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αλα
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σ= kkk FF
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  (62) 

,2
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δ
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+

δ
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γλ
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λβ

∗
αλα

γβ
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F   (63) 
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∂
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=
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σ∂
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∂
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∂
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∂
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∗
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.
v2

1:f
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y2

1:e

,
v2

1:d

,
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1:c

,:
v2

1:b

 ,
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k

k
k

j
j

h
ihi

i
j

jhihi
j

h
jihi

j

f

f
C

CC

C

  (64) 

From the previous observation, we have the following corollaries (for 
detailed see [1, 6]). 
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Corollary 2.1. By direct calculations using (58), (59), and (63), it is 
deduced that 
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( )

( )
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f
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  (65) 

where 








δ
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δ
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j
j
hhjihi

jF
xxx2

1:ˆ kk
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δ
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β
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γ
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.
u 





δ
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−

λ
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Corollary 2.2. Using Corollary 2.1, we obtain 
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 (66) 
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Corollary 2.3. By direct calculations using (64), we have 
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  (67) 

where h
jihi

j y
C

∂

ρ∂
ρ= k

k 2
1ˆ  and .2

1
µ
βγαµα

γβ
∂

σ∂
σ=

v
C  

Proposition 2.4. Let ( )FMM f ,21 ×  be a warped product Finsler 

manifold and the +→ R1: Mf  is not constant, then according to 

Corollary 2.3, ( )FMM f ,21 ×  is a Riemannian manifold, if and only if 

( )11, FM  and ( )22, FM  are Riemannian manifolds. 

Proof. According to (67) if +→ R1: Mf  is not constant, then 

0ˆ =i
jC k  if and only if .0=α

kjC  Then by using (67) the proof is complete. 

 

3. The Warped Sasaki-Matsumoto Lift 

Let ( )FMMM f
nn ,2121 ×==+F  and αβσ+ρ= 2fg ijab  be the 

warped metric on .21 MMM f×=  Then, the Sasaki-Matsumoto lift of 

the abg  can be introduced as follows (see [1]): 

( ) ji
jiij

ji
ij faxx yyNNG ∗∗βα

αβ
∗ δ⊗δσ−ρ+⊗ρ= 21dd:  

( ) ,1dd 22 β∗α∗
αββα

βα
αβ δ⊗δσ+ρ−+⊗σ+ vvNN fauuf ij

ji   (68) 
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where 

.1: µγ
µγ−= k
k NNNN h

ha  (69) 

Corollary 3.1. Let ( )FMM f ,21 ×=F  be a warped product Finsler 

manifold and let +→ R1: Mf  is not constant. Then the warped 

horizontal TMH  is orthogonal to the warped vertical TMV∗  with respect 

to the warped Sasaki-Matsumoto metric .G∗  

Proof. From (14), (20), (21) and (68), we have 

,0,,0, =








∂

∂

δ

δ==








∂

∂

δ

δ=
β∗

∗
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∗
∗

∗

∗

∗

∗
∗
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yx
G iji  

.0,,0, =
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δ==








∂

∂

δ

δ=
β∗

∗

α∗

∗
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∗

∗

α∗

∗
∗

vu
G

yu
G j  

 

Let ( )G∗,DTM  and let ∇∗~  be the Levi-Civita connection on 

( ),, G∗DTM  that is, ∇∗~  is given by 

( ) ( ( )) ( ( )) ( ( ))YXZXZYZYXZYX ,,,,~2 GGGG ∗∗∗∗∗ −+=∇  

([ ] ) ([ ] ) ([ ] ),,,,,,, YXZXZYZYX GGG ∗∗∗ +−+   (70) 

for any ( )., DTMYX Γ∈  

Proposition 3.2 ([1]). Let ( )FMM f ,21 ×=F  be warped product 

Finsler manifold. Then the Levi-Civita connection ∇∗~  on ( )G∗,DTM  is 

locally expressed as follows: 

( )
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R jiijji FC   (71) 
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( ,
v2

1
yy

~

y
γ∗

∗
γ

∗

∗

∗

∗

∗

∗

∂

∂
∗

∂

∂+
δ

δρρ−
∂

∂=
∂

∂∇
∗

∗

∗ ji
hk

hijjii
j

C
kk

k

x
C   (75) 

,
v

~
vyy

~

yv
β∗

∗

∂

∂
∗

γ∗

∗
γ
β∗

∗

β∗

∗

∂

∂
∗

∂

∂∇=
∂

∂+
∂

∂=
∂

∂∇
∗

∗

β∗

∗

i
iii C

k
kC   (76) 

k
k

k
k

x∗
∗

αβ∗

∗

βαα∗

∗

∂

∂
∗

δ

δρσ−
∂

∂=
∂

∂∇
∗

β∗

∗
h

h2
1

yv
~

v

C  

,2v

2

γ∗

∗
λγ

λαβγ∗

∗
γ
βα

δ

δσσ−
∂

∂+
∗ u

f
C   (77) 
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where 
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∗ x
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σδ
=σ

∗
FF

u
 

4. The Schouten-Van Kampen and the Vranceanu Connections  
on Warped Product Finsler Manifold 

In this section, we consider two linear connections on 
21 MMM f×=  with respect to which both distributions TMH  and 

TMV∗  are parallel. They were introduced in the first half of the last 
century by Schouten and Van Kampen [7] and Vranceanu [8] for studying 
the Riemannian geometry of a non-holonomic spaces. In the modern 
terminology, a non-holonomic space is a manifold endowed with a non-
integrable distribution. 

Definition 4.1. Let ,21 MMM f×=  and ( )G∗,DTM  be the 

Riemannian manifold, where G∗  is the warped Sasaki-Matsumoto 

metric on DTM  by given (68). Also, ∇∗~  be the Levi-Civita connection on 

( )G∗,DTM  and v∗  and h∗  be the warped vertical projective and the 
warped horizontal projective, respectively. So the warped Schouten-
Van Kampen D∇  and the warped Vranceanu connections ∇  are 
given by as follows respectively, 

( ) ( ),~~ hYhvYvY XXX
∗∗∗∗∗∗ ∇+∇=∇D   (82) 

( ) ( )hYhvYvY hXvXX
∗

∗
∗∗∗

∗
∗∗ ∇+∇=∇ ~~  

[ ] [ ],,, hYvXhvYhXv ∗∗∗∗∗∗ ++   (83) 

for any ( )., 21 TMTMYX ⊕Γ∈  
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Now, by using Proposition 3.2 and (82) and (83), we can prove the 
following: 

Proposition 4.2. The warped Schouten-Van Kampen connection D∇  

on ( )G∗,DTM  is locally expressed as follows: 
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Proposition 4.3. The warped Vranceanu connection ∇  on ( )G∗,DTM  

is locally expressed as follows: 

,
γ∗

∗
γ

∗

∗

∗

∗

∂

∂ ∂

∂+
∂

∂=
∂

∂∇
∗

∗
vyy

y
jijij

i

C
k

kC   (100) 

,
γ∗

∗
γ
α∗

∗

α∗

∗

∂

∂ ∂

∂+
∂

∂=
∂

∂∇
α∗

∗
vyy

v
jjj C

k
kC   (101) 

,
γ∗

∗
γ
β∗

∗

ββ∗

∗

∂

∂ ∂

∂+
∂

∂=
∂

∂∇
∗

∗
vyv

y
ii

i

C
k

kC   (102) 

,
γ∗

∗
γ
βα∗

∗

βαβ∗

∗

∂

∂ ∂

∂+
∂

∂=
∂

∂∇
α∗

∗
vyv

v

C
k

kC   (103) 

,
γ∗

∗
γ

∗

∗

∗

∗

δ

δ δ

δ+
δ

δ=
δ

δ∇
∗

∗
uxx

x
jijij

i

F
k

kF   (104) 

,
γ∗

∗
γ
α∗

∗

α∗

∗

δ

δ δ

δ+
δ

δ=
δ

δ∇
α∗

∗
uxx

u
jjj F

k
kF   (105) 

,
γ∗

∗
γ
β∗

∗

ββ∗

∗

δ

δ δ

δ+
δ

δ=
δ

δ∇
∗

∗
uxu

x
ii

i

F
k

kF   (106) 

,
γ∗

∗
γ
βα∗

∗

βαβ∗

∗

δ

δ δ

δ+
δ

δ=
δ

δ∇
α∗

∗
uxu

u

F
k

kF   (107) 

,
γ∗

∗
γ

∗

∗

∗

∗

δ

δ ∂

∂+
∂

∂=
∂

∂∇
∗

∗
v

N
y

N
y

x
jijij

i
k

k   (108) 
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,
γ∗

∗
γ
α∗

∗

α∗

∗

δ

δ ∂

∂+
∂

∂=
∂

∂∇
α∗

∗
v

N
y

N
y

u
jjj k

k   (109) 

,
γ∗

∗
γ
β∗

∗

ββ∗

∗

δ

δ ∂

∂+
∂

∂=
∂

∂∇
∗

∗
v

N
y

N
v

x
ii

i
k

k   (110) 

,
γ∗

∗
γ
βα∗

∗

βαβ∗

∗

δ

δ ∂

∂+
∂

∂=
∂

∂∇
α∗

∗
v

N
y

N
v

u
k

k   (111) 

and 

.0=
δ

δ∇=
δ

δ∇=
δ

δ∇=
δ

δ∇
β∗

∗

∂

∂α∗

∗

∂

∂∗

∗

∂

∂∗

∗

∂

∂
α∗

∗

∗

∗

β∗

∗

∗

∗
uuxx

vyvy ii
jj   (112) 

Corollary 4.4. (i) By using Propositions 4.2 and 4.3, we can define 

the horizontal and vertical covariant derivatives of ( )αβ
λµ= ij

hkTT  induced 

by the Schouten-Van Kampen connection are defined by 

βα
λµ

αβ
λµ

αβ
λµ

αβ
λµ∗

αβ
λµ

∗
αβ
λµ

++++
δ

δ
= t

lj
ht

lj
h

j
tl

il
h

i
tl

lj
ht

ij
hij

th τ
τ

τ
τ FF kkkk

k

k
TTTT

x

T
T FFD  

,ττ
τ

ττ
τ t

lj
ht

lj
h

l
th

ijl
t

lj
lh µ

β
λλ

β
µ

αβ
λµ

αβ
λµ −−−− FF kkklk TTTT FF   (113) 

β
γ

α
λµ

α
γ

β
λµγ

αβ
λµγ

αβ
λµγ∗

αβ
λµ

∗
αβ

γλµ
++++

δ

δ
= τ

τ
τ

τ FF lj
h

lj
h

j
l

il
h

i
l

lj
h

ij
hij

h kkkk
k

k
TTTT

u

T
T FFD  

,ττ
τ

ττ
τ γµ

β
λγλ

β
µγ

αβ
λµγ

αβ
λµ −−−− FF lj

h
lj
h

l
h

ijllj
lh kkklk TTTT FF   (114) 

and 

βα
λµ

αβ
λµ

αβ
λµ

αβ
λµ∗

αβ
λµ

∗
αβ
λµ

++++
∂

∂
= t

lj
ht

lj
h

j
tl

il
h

i
tl

lj
ht

ij
hij

th τ
τ

τ
τ LTLTTT

y

T
T kkkk

k

k
CCD  
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,ττ
τ

ττ
τ t

lj
ht

lj
h

l
th

ijl
t

lj
lh µ

β
λλ

β
µ

αβ
λµ

αβ
λµ −−−− LTLTTT kklkk CC   (115) 

β
γ

α
λµ

α
γ

β
λµγ

αβ
λµγ

αβ
λµγ∗

αβ
λµ

∗
αβ

γλµ
++++

∂

∂
= τ

τ
τ

τ LTLTTT
v

T
T lj

h
lj
h

j
l

il
h

i
l

lj
h

ij
hij

h kkkk
k

k
CCD  

,ττ
τ

ττ
τ γµ

β
λλ

β
µγ

αβ
λµγ

αβ
λµ −−−− LTLTTT lj

ht
lj
h

l
h

ijllj
lh kklkk CC   (116) 

where .2
1,,2

1 µγλ
µβ

∗
αλβα

γ
βα

∗ σσ+=ρρ+= RLRL kkkk C…lh
ljihjiji C  

(ii) Similarly, the horizontal and vertical covariant derivatives 
induced by the Vranceanu connection are given by 

βα
λµ

αβ
λµ

αβ
λµ

αβ
λµ∗

αβ
λµ

∗
αβ
λµ ++++

δ

δ
= t

lj
ht

lj
h

j
tl

il
h

i
tl

lj
ht

ij
hij

th τ
τ

τ
τ FF kkkk

k
k TTNTNT

x

T
T  

,ττ
τ

ττ
τ t

lj
ht

lj
h

l
th

ijl
t

lj
lh µ

β
λλ

β
µ

αβ
λµ

αβ
λµ −−−− FF kkklk TTNTNT   (117) 

β
γ

α
λµ

α
γ

β
λµγ

αβ
λµγ

αβ
λµγ∗

αβ
λµ

∗
αβ

γλµ ++++
δ

δ
= τ

τ
τ

τ FF lj
h

lj
h

j
l

il
h

i
l

lj
h

ij
hij

h kkkk
k

k TTNTNT
u

T
T  

,ττ
τ

ττ
τ γµ

β
λγλ

β
µγ

αβ
λµγ

αβ
λµ −−−− FF lj

h
lj
h

l
h

ijllj
lh kkklk TTNTNT   (118) 

and 

,βα
λµ

αβ
λµ

αβ
λµ

αβ
λµ∗

αβ
λµ

∗
αβ
λµ ++++

∂

∂
= t

lj
ht

lj
h

j
tl

il
h

i
tl

lj
ht

ij
hij

th τ
τ

τ
τ CC kkkk

k
k TTTT

y

T
T CC   (119) 

.β
γ

α
λµ

α
γ

β
λµγ

αβ
λµγ

αβ
λµγ∗

αβ
λµ

∗
αβ

γλµ ++++
∂

∂
= τ

τ
τ

τ CC lj
h

lj
h

j
l

il
h

i
l

lj
h

ij
hij

h kkkk
k

k TTTT
v

T
T CC   (120) 
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According to Proposition 3.2, we put 
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( )
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  (121) 

Now let  
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  (122) 

and  
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∂=
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∗

∗

∗
∗
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β∗

∗
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∗
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∗

∗

∗

∗
∗
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vy
Gg
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Gg
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Gg

ii
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  (123) 

Lemma 4.5. (i) The vertical covariant derivatives ,~,,, ijiij gggg βαβ  

,~
αβg  and βig~  with respect to the Schouten-Van Kampen connection are 

given by 

( ) ( ) ,0b,0a == γDD ijij gg k   (124) 
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( ) ( ) ,0b,0a == γαβαβ DD gg k   (125) 

( ) ( ) ,0b,0a == γββ DD ii gg k   (126) 

( ) ( ) ,0~b,0~a == γDD ijij gg k   (127) 

( ) ( ) ,0~b,0~a == γαβαβ DD gg k   (128) 

( ) ( ) .0~b,0~a == γββ DD ii gg k   (129) 

Similarly, with respect to the Vranceanu connection are given by 

( ) ( ) ( ){ }
( ) ( ) ( ){ },~~b

~~a

2
1
2
1







+++=

+++=

λλ
λγγγ∗

λλ
λ∗

ijji
h

ij
h

jihij

ijji
h

ij
h

jihij

GGgGGgg

GGgGGgg kkk
  (130) 

( ) ( ) ( ){ }
( ) ( ) ( ){ },~~b

~~a

2
1
2
1







+++=

+++=

λ
αβ

λ
βαλγαββαγγ∗αβ

λ
αβ

λ
βαλαββα∗αβ

GGgGGgg

GGgGGgg
hh

h

hh
h kkk   (131) 

( ) ( ) ( ){ }
( ) ( ) ( ){ },~~b

~~a

2
1
2
1







+++=

+++=

λ
β

λ
βλγββγγ∗β

λ
β

λ
βλββ∗β

ii
h

i
h
ihi

ii
h

i
h
ihi

GGgGGgg

GGgGGgg kkk
  (132) 

and 

( ) ( ) ,0~b,0~a == γ∗∗ ijij gg k   (133) 

( ) ( ) ,0~b,0~a == γ∗αβ∗αβ gg k   (134) 

( ) ( ) .0~b,0~a == γ∗β∗β ii gg k   (135) 

(ii) The horizontal covariant derivatives of αββαβ ggggg ~,~,,, ijiij  and 

βig~  with respect to the Schouten-Van Kampen connection are given by 

( ) ( ) ,0b,0a == γDD ijij gg k   (136) 

( ) ( ) ,0b,0a == γαβαβ DD gg k   (137) 
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( ) ( ) ,0b,0a == γββ DD ii gg k   (138) 

( ) ( ) ,0~b,0~a == γDD ijij gg k   (139) 

( ) ( ) ,0~b,0~a == γαβαβ DD gg k   (140) 

( ) ( ) ,0~b,0~a == γββ DD ii gg k   (141) 

and similarly with respect to the Vranceanu connection we have 

( ) ( ) ,0b,0a == γ∗∗ ijij gg k   (142) 

( ) ( ) ,0b,0a == γ∗αβ∗αβ gg k   (143) 

( ) ( ) ,0b,0a == γ∗β∗β ii gg k   (144) 

( ) ( ) ,2~b,2~a λγ
λ

γ∗∗ == gPggPg jiijh
h

jiij kk   (145) 

( ) ( ) ,2~b,2~a λγ
λ
βαγ∗αββα∗αβ == gPggPg kk h

h   (146) 

( ) ( ) ,2~b,2~a λγ
λ
βγ∗ββ∗β == gPggPg iih

h
ii kk   (147) 

where .:,,: γµ
β

∗
αµ

γ
βα

γ
βα

∗ ρσ+=ρρ+= τ
τRPRP C…kkk lh

jlihjiji C  

Proof. First (127), (128), (129), (133), (134) and (135) follow from 

( ( )) ( ) ( )ZYZYZYX XX ∇+∇= ∗∗∗ ~,,~, GGG  on taking { ,
ky∗

∗

∂

∂=X  

} { } …,,,,, jiji ZYXZY
yyvyy ∗

∗

∗

∗

γ∗

∗

∗

∗

∗

∗

∂

∂=
∂

∂=
∂

∂=
∂

∂=
∂

∂=  and { ,
γ∗

∗

∂

∂=
v

X  

},,
γ∗

∗

α∗

∗

∂

∂=
∂

∂=
vv

ZY  respectively, and using (122), (123), Proposition 

3.2 and Corollary 4.4. In a similar way obtain (124), (125), (126), (136), 
and (144). Finally, (130), (131), (132), (145), (146) and (147) is a 

consequence of Proposition 3.2 and (121).   
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Remark 4.6. By using Lemma 4, we infer that the warped Schouten-

Van Kampen connection D∇  is a metric connection, but the warped 
ceanuVra  connection ∇  is not metric. 

Corollary 4.7. If 

,0,0 == γ∗∗ ijij gg k   (148) 

 ,0,0 == γ∗αβ∗αβ gg k   (149) 

,0,0 == γ∗β∗β ii gg k   (150) 

then the Vranceanu connection ∇  is a vertical metric connection. Also if 

,0~,0~ == γ∗∗ ijij gg k   (151) 

,0~,0~ == γ∗αβ∗αβ gg k   (152) 

,0~,0~ == γ∗β∗β ii gg k   (153) 

then ∇  is a horizontal metric connection. 

5. Main Results 

Suppose that ( ),,21 FMMM f×=  then according to (46), (47), (48) 

and (49), we define 

( ) ( ),,,,,,,, α
γβ

∗α
β

∗α
γ

∗α∗
γβ

∗
β

∗
γ

∗∗∗∗ == RRRRRRRRRR kkkk jj
iii

j
i
j

a
cb  

(154) 

and called the warped curvature tensor. 

Theorem 5.1. Let ( )FMMM f ,21 ×=  and +→ R1: Mf  be non-

constant ∞C  function. If M is a Riemannian manifold, then M has the 

warped curvature 0=∗R  if and only if, the Schouten-Van Kampen and 

Vranceanu connections D∇  and ∇  defined by the Levi-Civita connection 

on ( )G∗,DTM  are coincide, that is, .∇=∇D  
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Proof. By using Proposition 2.4, ( )21 MMM f×=  is a Riemannian 

manifold, if and only if ( )11, FM  and ( )22, FM  are Riemannian 

manifolds. Hence, according to (57) and (67), we infer that ,0=C  if and 

only if 0=i
j kC  and .0=α

γβC  Then by using Propositions 4.2 and 4.3 

the proof is complete.   

Now we consider ( )G∗,DTM  as the Riemannian manifold, here 

21 MMM f×=  and vF
∗  is the vertical foliation (see [1, 3]) on it. Then 

from Proposition 3.2, we deduced that vF
∗  is totally geodesic if and only 

if, 
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  (155) 

Similarly, by using Proposition 3.2 and (122), G∗  is bundle-like for vF
∗  

if and only 
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   (156) 

Using relations (155) and (156), the following theorem is obtained. 

Theorem 5.2. Let ( )FMMM f ,21 ×=  be a warped Finsler 

manifold and let vF
∗  be the vertical foliation on M. Then we have the 

following assertions: 
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(i) G∗  is bundle-like for ,vF
∗  if and only if the Vranceanu connection 

is a vertical metric connection. 

(ii) vF
∗  is totally geodesic if and only if the Vranceanu connection is a 

horizontal metric connection. 

Corollary 5.3. Let ( )FMMM f ,21 ×=  be a warped Finsler 

manifold and let vF
∗  be the vertical foliation on M. Let us consider 1G  

and 2G  are the Sasaki-Matsumoto metric on 1MT D  and ,2MT D  

respectively. Let 1F  and 2F  be the vertical foliations on 1M  and ,2M  

respectively. 

(i) If G∗  is bundle-like for ,vF
∗  then 1G  and 2G  is not of necessity 

bundle-like for 1F  and .2F  Conversely, if 1G  and 2G  are bundle-like for 

1F  and ,2F  respectively, then G∗  is not of necessity bundle-like for .vF
∗  

(ii) If vF
∗  is totally geodesic, then 1G  and 2G  are not of necessity 

totally geodesics. Conversely, if 1G  and 2G  are totally geodesics, then 

vF
∗  is not of necessity totally geodesic. 
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