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Abstract

In this paper, we develop Schouten-Van Kampen and Vranceanu
connections for the warped product Finsler manifolds by applying the

warped Levi-Civita connection to tangent bundle. Also, necessary and

sufficient conditions are obtained for *G (warped Sasaki-Matsumoto

metric) to be totally geodesic and bundle like.

1. Introduction

The Schouten-Van Kampen connection and the Vranceanu

connections have been introduced for a study of non-holonomic manifolds

(cf. [7, 8]). In this paper, we present some properties of these connections

in the warped product Finsler manifolds. Let M; and M, be two real
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smooth manifolds of dimensions n; and ny, respectively, and

M = M; x My. Then a coordinate system on M = M; x My is denoted
by (x', u®), where (x') and (u®) are coordinate systems in M; and
M, respectively.

We know that TM =TM; ® TM, and the coordinate system
(xi, u”) on M, defines a coordinate system (xi, u®; v*) on
TM =TM; ® TMy. We consider another coordinate system (ii, a%) on

M = M; x My, then the local coordinates (x, u, y, v) and (%, &, ¥, 0) on
TM = TM; ® TM, are related by (cf. [3])

=F(xh L, x™),

i :ﬁa(ul, e u'),

5O (1)
ox’

0% = ou” P
ouP

If u=(xu y,v)eT™M =TM, ® TMy; we denote by T, (TM) the
tangent space at u to TM. This is a 2(n; + ny)-dimensional vector space

and natural basis induced by a local chart (xi, u®; yt, v*) at u is

o o o8 0
8xi’6u°"6yi’6va

}. After a change of coordinates (1) on

TM = TM; ® TM5, the natural basis change as follows (cf. [1])
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o ol o & o
oxt  oxt oxl  axt oy
o o o a® o
= —+ _—,
ou*  ou* o ou* ooP
o % o
oyl oxt oyl @
o o o
o ou* ooP’
aaz; 0
rank | % =n; +ng.
oii*
0
GuB

Let (TMy, =y, M;) and (TMsy, g, M5) be tangent bundles of M; and
M, respectively, and (TM, n, M) tangent bundle of M = M; x My,
where n = (ny, ng). Then for each u; € TM; and ug € TM, the linear
maps 7y, y, Ty TMy > Th)yM1 and mp , @ Ty, TMy — Ty (uy) Mo
induced by the canonical submersions n; and mg are epimorphisms of

linear spaces, respectively. Hence the kernels determines regular and

integrable distributions V; 1wy € TM;y =V, TM; = Ker(ny, ,, ) < Ty,
TM; and Vy :ug € TMy =V, , TM 5 = Ker(ng, ., ) < T, TM3, respectively,
which are called the vertical distributions. If u = (u;, ug) then
Tay = (nl*,ul, ﬁz*,uQ) and so
Ker(m. , ) = Ker(ny, ,, ) ® Ker(ny, ,, ), (3)
that is,
V=V @YV, 4)

where V, )V, and V, are vertical sub-bundle of M, M; and M,
respectively.  For every u = (uj, ug)eTM =TM, ® TM,, set
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0 0 . . 0 0 0
{glul, av—alu2} is a basis of VuTM, where {a ups glul, glul,
0 i1s the natural basis of T, TM induced by a local chart.

o ‘U2 u
ov

According to (2), the natural frame fields { 6. ,i., 0 ,i} and
ox' oyt ou®* ov®

{i., i., i, i} are related by (cf. [1])
ox! oy anP  av®

oxl ot oxl  ox o5

o o o aP o
= + —_—,

ou*  ou* o ou* oP

v 5
o _oF o oy @

o oxl o ®
o o o
o o o
5_6%}‘%'

Proposition 1.1. There exists a complementary distribution H to
V=V ®Vy in TTM if and only if on the domain of each local chart on

M = My x My, there exists 4nyng smooth functions Né., ij, N;?‘ and

N§ satisfies

N O g ¥ a7t ©)
' ox’ T ot oxt
~h 5 ~j
NP O R %)
L ooub ! ot
. a"h ~ a”B
N 8 g 0 ®
ox’ ou*
9 AR A

ouP ou*  ou*
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The distribution H is called the warped distribution or warped non-

linear connection on M = M x M,.

Proof. First suppose that H is a complementary distribution to

V=V, ®Vy in TM, and take a local frame fields {E;, E, i.,
oyt ov®
: 0 0
M such that {Ei, Ea} e I'(H) and {—, —} e ['(V). So
oyt ov*
O _AfE +0rE, +NF-L N
ox’ oy k azﬂ (10)
8 h h 0
=B Eh+D“E +Ng — + NE —
ou® ay ot

where AJ B, CB Db, NJ NB N/, and NP are smooth functions on a

coordinate neighborhood in Mj; x My. Hence the matrix of transition

from {Ei,Ea,i, 0 } to 6., 0 i 0 is
oyt ov* oxt  ou® ay' av*
k k
Ab BE 0 0
cY D! 0 0
A=| L Z . ) (11)
NFONE S 0
N? N7 0 5P

Since the matrix A is non-singular, then matrix

k k
{‘g; E‘;], 12
i a

also is non-singular. As a consequently it follows that H is also locally

spanned by

L .
S*Xi Ai Ek + C;{Ey,

(13)
BYE, + DLE,.
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Thus by using (10) and (13), we have

8" b

= NS NP 0
&*x! oxt Oy k avP’ (14)
§" 0 k p 0
- -NEF_Z _ NP
su®  ou® 6yk “ooh

Moreover by wusing (5) and (14) for two coordinate systems

(«%, ¥, u*, v*) and (%7, 5/, P, 5P) with overlapping domains, we
obtain
¥ o 0 o o o 0 poi o
§'xt oxt axF ax' o toxd o5F ' auP oo
~k * . . k
_ & [ LS SN ] 5 o
oxt \8'x oy oot ) oxt oy
. Ak Y
- N/ 6x' 9 Nﬁ ou’ o
oxl o5t " ouP e

oy . Azh Cask oAk
_at 3 +[N’;1 ox" i oEt o Ji
o

oxt 5*xF ol axt) oy
Y
L[Ny o _poit) o (15)
oxt ' oub ) avY
3 _oa* o  o* @ N (%Zk_ Np 08 0
su®  ou® on" | oud 5" oxt o5F % ouP oot
_aﬁ“( 8 N0 N0 }aau 0
= 0 n
ou® |8 a" Pk ") ou* oot

NJ %8 NP 07 ou’ o

(16)
“oxd o7 ouP oo
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T —u AnT A ~
_ait 8 +[N¢ o _ i 00 &0 ] ?
ou® §ut ou® ou" ou® ) oot
—k AnY =k
: [Nﬁ AN G_JL a7
ou® ox" ) oy
Hence we obtain (6), (7), (8), and (9) for the functions N{ , N?, N&, and
B 5" 5" .
Ny from (13) and the {——, ——} given by (14), (15), and (16)
&'xt §'u”
satisfies
5 ozl &
x 1 oAl skoj
ox ox” &Xx (18)
5 o &
su®*  ou* 'aP
Conversely, similarly proof. O

Corollary 1.2. Let F* = (My, Fy) and Fy? = (Mg, Fy) be two
Finsler manifolds, and f: M; > R, be a smooth function. Then

FM*"2 + (M; x My, F) is a warped product Finsler manifold and
denoted by F = (M1 xr My, F), where
F2(x, u, y, v) = F2(x, y) + (f o 1 (%, 9)F3 (w, v), (19)
for any (x, y) € TM; and (u, v) € TM,.
Proof. For details and proof, see [1, 5]. O
5" 5"

§*x' §*u”
M = M; x My, then the following new operators can be defined (cf [6]):

Let H = span{

} be a warped non-linear connection on
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¢ 2Nt 2 (20)
o'yt oyt ovP
GRS N7 21)
o'v® oyl ov®
and
*VTM = span{ (3 : ,f—}, (22)
o'yt o'v®

can be put forward. It follows that *VTM° = VITM"°. Thus the tangent

bundle of TM° admits the composition
TTM® = HTM® & *VTM°, (23)

8" 8"

*_ 17 o% :
8'xt §u”

where HTM® = span{

Corollary 1.3 (cf [6]). By using (20), (21), (6), (7), (8), (9) for two

coordinate systems (xi, yiu®, v*) and (oij, 5, @, GB), we obtain

o _oaxl &
6*yi ot a*yj7

(24)

o o o

v ou® v

(25)
Using decomposition (23), the warped vertical morphism
*v:T(TM°) - "VTM" is defined as follows (cf [6])

v o= i ® 8yt + 0 ® 8" v, (26)
oy' ov®

where

§*yl = dyt + Nj.dxf' + NpduP, (27)



THE WARPED SCHOUTEN-VAN KAMPEN AND ...

&'v® == dv* + N(;dxj + NgduB.

Therefore
o2y NI Ne O
ox’ I oyt I ov®
* 0 ;0 0
v(——) = N — + Ng ,
ubP P oy' P v
« 0 o
U(_) = . )
63’] 0 yJ
* 0 "
U(—) = ’
P o*vh
(i) w(-2) =0, (i) "u(—2—) = 0.
5*x/ 5 ub

93

(28)

(29)

(30)

(31)

Thus using (30) and (31) the following can be inferred that *v2 =*v and

ker(*v) = H(TM®). This mapping is called the warped vertical projective.
Similarly the warped horizontal projective *h : T(TM°) - H(TM°) is

defined as follows:

*h=id - "v,
or
* 8" i - o
h = —® dx” + ” ® du”.
§*x* 5 u®
Thus
¥ 0 5*
h(—) = )
ox’ o*xt
¥ 0 5*
h(_) = ’
ouP 5*uP
w2y =0,
o'y’
h-L)=0
o*vh

(32)

(33)

(34)
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Using (33) and (34), *h® = *h and ker(*h) = V*(TM°) can be inferred
(cf. [1]).

2. Some Geometry Objects of the Warped Product
Finsler Manifolds

Let " = (My, Fy) and F;? = (My, Fy) be two Finsler manifolds.

The functions

. 1 02F X,

Q) pyler. y) = LA,
5

1 0°Fy (u, v)

() oap v) = 5= s

define a Finsler tensor field of type (0, 2) on TM{ and TM,, respectively.
Let F™*"2 = (M) x; My, F),x € M and y € T, M, where x = (x, u),
y=(0,v), M = M; x Mg and TyM =T, M; ® T,M,. Then using (19)
and (35) it can be inferred that (see [5])

1 %F% [Py 0
(gab) - (E ayaayb ) - |: 0 fZ(X)GO_ﬁ:|, (36)

where y% = (yi, v*) and yb = (yj, vﬁ) and i, j,...e{l, ..., n},

a,B,...e{l,...,ng} and a, b, ... € {1, ..., n; + ny}. Suppose that

2 2 2
A 1 ih a F’1 . aF'l
G'(x, y)=—p"(x, ¥ -y - x, ¥), (37)
9= 10" Dy T )
2 122 2
- F. F.
G*(u, v) :=lp°w(u, v){ ) of - o8 } (W, v), (38)
4 avlouP  au
*F* . oF*

GO (x, )= (% ) H(x, 9). (39)

oyPox’ ox?
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Then using (19), (35), (37), (38) and (39)

, it can be deduced by
straightforward calculation as follows

(G%)=(d", %), (40)

where

G (x u, y, v) = Gl (x, y)——plh(x y)F2 (w, )af (x)

(41)

o ol 1 1 o 8F (u U) 8f2(x) h
6 s Uy Yy :G ) YN P ’ 2
(x, u, y, v) (u v)+4 f2(x)6 (u, v) P "

The following is considered

N; N¢
(Ng(x’ u, y, U)) — J(xy u,y, U) j (x, u, y, U)

) j L @)
Nﬁ(x, u,y, U) NB (x7 u, y, U)

where N° = ag N
J ay

o o
g N°L —%—.,anng _ %%
J ouP

B = 0 . Then
ovP oy

i _ A 1 of* (x) ap™ (x, y)
Nii(x, u, y, v)=Gj(x, ) 1 Fy (u, v) " 2

of 2 (x) 6F22 (u, v)
Ni(x, u, y, v) = —=p (x, y ’
B( - ) o ooP
2 2
N%(x, u, , U):+Gay (0, 1) T2 V) (%)
4f%(x) ov” ox’

(43)

N (x, u, v, v) = G§ (u, v) + 2f1()a,; (]x)y 5.

. Al . Ao
where G} zﬁ and Gg _ oG .

oy’ ouP




96 Y. ALIPOUR FAKHRI

In the continuation of this section, some geometry objects of warped

product Finsler manifold type on TM 0 can be defined as follows (cf. [1])

Bl e P
Lo'x" 8%/ v oy" Y vt
OIE ﬁ}: Rl Rp 2
X u v
B * P (44)
(c) 5 6 |_ gk 0 L wgr O
o'u® §*x’ * oyk 9 v
B ik O s 0
d)|——, }: RYy —+ "RY, —,
L o*u®  §*uP P ok P oy
and
3" 0 p 0 0
@ 2] - ey 2
ox oy oy ov
3" o p 0 o
w2 ] - w2
ox" ov oy ov (45)
8 0 |_NH. O L Nv O
(C) |:8*uot ’ ayj:| B Na] ayk + aj ouvY ’
5" 0 p O 0
(d) { , —} =NVsg —+ NV, —
5 u® auP P ok T B gy
where (cf [2])
Capp _ONEOSNE L &'NF SN
(1) Rl] = *— - *—l 5 (11) RI’B = *—ﬁ - *—l’ (46)
8'x! 8 8"'u 8'x
. S*NF 5Nk . §*N¥ SNk
(1) Rl&j = ;, (i1) RI&B = g‘——* 5; 47
8'x!  8'u 8"'u 5'u
. §*'NY  &'N’ . §*N? 8N}
O Ryt @ Rh= g @9
8"x/ é'x d'u o'x
(1) Ra- = T T o (11) RO‘B = *——*—, (49)
S 8% st §'uP  5*u®
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and

N¥
NE = Ne (50)
1] j Jjl
dy

ONj 1 0Ff o ™ oNk

Nbg = —P = _ - = N§ ;, (51)
‘P oy’ 4 oP oxh gyt ovP '
k.
k ONg k
OLB:?;:NBQ’ (52)
ON7Y
N/, = —L =N, (53)
y

ON{ 2 ONY
Ny = L0 g TNy (54)

ot 2f2axt P aB BV

N ONL

p =~ " Nw (55)

It is obvious, the warped horizontal distribution H7TM is integrable if
and only if the functions *R;k, e *REY and *R?k, e *RB‘Y are
vanish identically on M = (Ml X M2) for all i, j, ke {l, -, n} and

a, B,y efl, -, ny} (see [4] p. 32).

Let FC* := ((N§), (Ff.), (C{.)) be the Cartan connection on

M = M, x; My, where (cf ([1]))
(Fgc) = (flkj, fi ]’ fzk[}’ fé_[}’ %;/]a gg_ J’ ‘g;},ﬁ’ 3’2; B)> (56)
(Che)=(Ch s Chus Ch s Chys €5 €F ks €9, €F ), (57)

and
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i _ 1 il 8e
Fin=3gP [S*Xk .

8P 8"p i
&'x/ &'k |

FE = 10_00» 5 Oip 5 Sy 5 Opy
Pr =2 8 u’ suP  §*u?
1 1 h a*p]k
(a) c’ E L * ’
i 1 p 0Pnj i
(b)Cjﬁ.—E _— 'Cﬁj’
: 1 i 0 f opy
(€) Cpy =5p"
By 2 a>|<yh
1 3"pjy
(@) e, = o
1 d'c
(e) gy, = §Gay pe ka = g,
1 a*GBY
f o — o
( ) Q:B Y 2 a*vx

From the previous observation, we have the following

detailed see [1, 6]).

(58)

(59)

(60)

(61)

(62)

(63)

(64)

corollaries (for
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Corollary 2.1. By direct calculations using (58), (59), and (63), it is

deduced that
(a) fi-k = ﬁ'}k,
; 1 ihqt OPhj
(b) F.  =-=p""G ,
Ja 2 a ayl
. 1 . a 2 80
(€) Fop = —§Plh(—fh Gap — 26} —O;BJ,
ox ov (65)
(d) gyk _ _ 1 Gykg& ap]k ,
g 2f* y
1 afof? 2.n OB
8y = oty o Lo - 0t T
PB g2 ot P Lot

where Fi = Loin[OPh 8o Pk} e L e (59, 0
7k 2 oxF o osx! &x” 2

) 5&]
su™

Corollary 2.2. Using Corollary 2.1, we obtain

(a) ]—'; kyk = é;,

(b) 7 v* =G% -G,
(c) Fi ¥ =0,

(@) 7o o = 6o,
(e) 31" =0

(f) §) go” =&,

(&) 3 1" = 8} -G},
(h) 57, g =G .

(66)
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Corollary 2.3. By direct calculations using (64), we have

() €% = Ch
(b) C% 5 = GRCY, = Cf .,
@y = 2o E gy
& ©7)
@ e, :-#2’; ¢,
(e) € = BLC§y = g,
(f) ey = é[(%xv’

where Ci L= lpih ). and Cg g Oopy .
J 2 ayh Y P oot

Proposition 2.4. Let (M1 xr My, F) be a warped product Finsler
manifold and the f: M; —> R, is not constant, then according to
Corollary 2.3, (M1 xr My, F) is a Riemannian manifold, if and only if
(M, Fy) and (Ms, F5) are Riemannian manifolds.

Proof. According to (67) if f: M; — R, is not constant, then

é; ; = 0 if and only if @? ; = 0. Then by using (67) the proof is complete.

O

3. The Warped Sasaki-Matsumoto Lift

Let F™*™2 = (M = My x; My, F) and gy = pjj + [0, be the
warped metric on M = M; x; My. Then, the Sasaki-Matsumoto lift of

the g, can be introduced as follows (see [1]):
* I 1 1 2 B3 * 7
G = p;jdx" ® dx’ +E(pij - f GGBN?N[; ¥y ® 8y’

1

+ [Poopdu® © dub + = (- NGNJ py + 200 )87ve @ 5'vF, (69)
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where
a=1-N'NENTNY. (69)

Corollary 3.1. Let F = (Ml xr My, F) be a warped product Finsler

manifold and let f: M; —> R, is not constant. Then the warped
horizontal HTM is orthogonal to the warped vertical *VTM with respect

to the warped Sasaki-Matsumoto metric *G.

Proof. From (14), (20), (21) and (68), we have

R e R e e R
§'x! o'y’ §*x! o*vP

*G:(S ,f.J:Q*G:(f |0 ]:Q
§*u® o'y’ *u®  o*vP

O

Let (TM°, *G) and let *V be the Levi-Civita connection on
(TM°, *G), thatis, *V is given by
2*°G("VxY, Z)= X("G(Y, 2))+ Y("G(Z, X)) - Z("G(X, Y))
+ "G([X, Y], 2)- *&([Y, Z], X)+ *G([Z, X], Y), (70)
forany X,Y e [(TM").

Proposition 3.2 ([1]). Let F = (Ml xr My, F) be warped product

Finsler manifold. Then the Levi-Civita connection *V on (TM°, *G) is

locally expressed as follows:

* * *
*V 5* §—=—(ij+1*]£§ fk,“'fikj fk
*jﬁxl 2 oy” o'x
d'x
1. o 3"
— (¢ + = "RV )—— T, 71
(€5 RY S+ 8 (71)
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* 8* 8*
VS* S*Xi:_(CLB+ ) *k zB
s*uP
6*
_.(c 2 ) LB sl
s 5" K k
\Y% 5" P (C R(l ) + f‘l J
S*Xj
Y Y
- (QU. 3(X, ] 8* %
s 8" k k
VS* S*ua:_(CaB+ RGB) +‘7:(l[3
5*u
e 0" P00 1 hk O
Vo oy =(Ci; _a*y’“ =5 Pijl,nP 5k
a*yj
* * *
*V a* a(’?yl = ;cﬁ afyk + @l B af ” = o
8*v[5 6*yi
.S o SO L | *
v 6* a*v(l - 0'[3 a*yk Ecam*hp 8* k
6*VB
o* 2 5
Y Y

(72)

(73)

(74)

(75)

(76)

(77)
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s 0" p o 0 lksphy O
Vo ——=7F| +(CEj+ 2 pyp *RE :
ooy Tyt T T e
X
o* 2 anh gy O
y vy o1 . Y
+ 31 pra +(€¢]; + 5 Pinh R;.c )8* ”
S §" P 0" y 0
="V o , J+g” Tk 61] e
.~ o'x ay v
oy
~ 0" 0" )
V . _ = Fb +(C + 5P p
) P B % 1 i B ih l
o oy o'y
o* 12 Ay ok O
Y - "R
+&5a -WQ3+2PmG m)yw
e 8 P o , 0
B O 5*ub +Gip o*y* LByt
'yt
~ S T 2 iy O
\ 5* a* o .7:0_] a +(COL] +7Gaxp Rl] S*X/C
S*Xj y
Y Y L Br *pA
+ B *y+(€aj+2csaxc RB]
= 5" k o* o*
_ *V . i ] Y
7 §'x/ T ogi O e
ov*
= 0" k K z Ik *
\Y% 5" Jeae =S aB & +(COLB+%G(XKP
8 uP
* 1
+3’(ZB (QOLB+—GMG B)
* 8* k a* a*
= * g ‘ @‘/ )
0 a*u[} af 6*yk af a*

103

(78)

(79)
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where

*

5 pij k k
Pijlh = k™ PiiFin = PikFj hs
X

8*(50_[3
Cablh = Sk S0 h ~ CaySp 4>

S*GOLB
Oapl,r = 5 - GYB% AT Gw&gw

4. The Schouten-Van Kampen and the Vranceanu Connections
on Warped Product Finsler Manifold

In this section, we consider two linear connections on
M = M, x; My with respect to which both distributions HTM and

*VTM are parallel. They were introduced in the first half of the last
century by Schouten and Van Kampen [7] and Vranceanu [8] for studying
the Riemannian geometry of a non-holonomic spaces. In the modern
terminology, a non-holonomic space is a manifold endowed with a non-
integrable distribution.

Definition 4.1. Let M = M; xy My, and (TM°, "G) be the

Riemannian manifold, where “G is the warped Sasaki-Matsumoto
metric on TM° by given (68). Also, *V be the Levi-Civita connection on
(TM°, *G) and *v and *h be the warped vertical projective and the
warped horizontal projective, respectively. So the warped Schouten-

Van Kampen V° and the warped Vranceanu connections V are

given by as follows respectively,
Vi Y ="v(*Vx 0Y)+ *W(*Vyx *hY), (82)
Vx Y ="0("Vyy YY)+ "h("V,,x “hY)
+ "[*hX, Y]+ "A["vX, AY], (83)

forany X,Y e [(TM; ® TM,).



THE WARPED SCHOUTEN-VAN KAMPEN AND ... 105

Now, by using Proposition 3.2 and (82) and (83), we can prove the
following:

Proposition 4.2. The warped Schouten-Van Kampen connection V°

on (TM*, *G) is locally expressed as follows:

o 8y ¥ y
VB* S*Xj—]:ijs*k‘i‘gijs*yy (84)
5%t
o 8k . 5" y &
Vo g Teiga TR #
5 u*
o 5* _ k 8* Y 8*
Vo b Fip oy + 5 Barar (86)
&' x!
o P y &
Vo b T PR ey o0
5" u®
* * *
voa* f = Cfi *a & Clyj *5 J (88)
— 0 y/ 0 o v
oy
v, O _er 0 e & (89)
fa o*vi aJ a*yk o j v ’
o'v
o 0" g 0 y 0
V° o« =C: ! , 90
¢ otvP Cop gt T ©0
oy
. 0" p o 0" y 0
\% o a*VB = C(xﬁ a* ke + o B a*vY ’ (91)
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1 h N 5"
Y Y
(C 2 fz plh R ] S*uy )
o 5" k 1 8"
\% 5 P (C(X] +§f OLXR js*xk
o' v®
1 h 5"
Y il wy
+(€aj+26XRWG )S*uY’
v° 5" ck R% ok 5"
o S*uB =ltigty g Pih TP 5
6*yi
1 Y 8"
ut —P n Rypo y]
( ﬁ 2 f2 12 B S*UY
. 8 k 1,9 AN
\Y% 5" S*uB = (C(x B + §f G RZB )S*Xk
o'v*
(Qﬁy 1 5 Oa ‘R% cs“y) i
P od T s u’
* * *
V. 0 - = .7:5] 0 + SY 0 ,
d a*y] a* k 1] a* Y
5%t
o 0" o 0 y 0
v 5" 6* j aJ 6* k + 5()L J 6*Vy ’
5 u®
. ot Ly O y 0
Vi b T g T ey
5*x!
. a* k * a*
V * = f + %’Y ’
S *VB a B a* k af a*v'Y
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X

ck

1

Lj+§Pih

AN
lep j_éi*

Xk'

92)

(93)

(94)

(95)

(96)

97)

(98)

(99)
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Proposition 4.3. The warped Vranceanu connection V on (TM°, *G)
is locally expressed as follows:

o o o
Ve ——=Ch el ——, (100)
_ 0y’ oy o v
o'y’
o g 0" o
V . —=C ;i ——+¢7 . , (101)
f a*y] aj a*yk o j a*VY
o'v*
0" 0" 0"
V . =C? + e , (102)
f _o*vP ‘P o*y" LB oty
o'yt
a* 5 * a*
V . =C + e’ , (103)
T o*vP P o*y" *PB oy
o'v®
8" 8 8"
vV o I LR , 104
8 §*x/ it 8" x” 3 §*u’ (104
5 xt
8" po o y &
vV - ; . s 105
8 §'xl M srxh S s §*u’ (109
5 u®
8* f 8* v 6*
V . : ! , 106
S ' 8*11[3 '7:[ B % k SL B S*uy ( )
5*x!
6* 5 * y 8*
V . = , 107
5 grab @Bk TSap (aon
' u®
v, N0 N O (108)
3 * V] A%k 1] A%
o'y’ o'y o'vT
5*xt
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* * *
Ve o =Nh SNy (109)
Fowry o'y o'y ov
v AN A Nk (110)
ila*VB P ogrgh LB oyt
d'x
o* k o* o*
V . = + , 111
S a*VB afp a*yk afp a* Y ( )
5" u®
and
5" 5" 5" 5"
Va* *.:Va* *.:Va* *a=va* *B:O' (112)
Y 8" x/ _ 8" u
o'y’ o'v o'y’ v

Corollary 4.4. (1) By using Propositions 4.2 and 4.3, we can define

the horizontal and vertical covariant derivatives of T = (T]zﬁ[i) induced

by the Schouten-Van Kampen connection are defined by

*rmijof
jop  _ kv ljop i ilaB ~j TP ~a liat ~B
Tkhkp\"t = ot T 16+ T T 10+ TinapS vt + Tppay S ¢
ljop 1 ijop 1 it it
=TTkt = T F it = TeprpSrt = TpparSu ¢ (113)
*mijof
jop _ khip ljoB —i ilop ~j B ~a ot ~B
Tlfhku\"y - s*u’ + Tkh?»u]:l Y + Tkh?»u]:l Y + Tkhku Ty T Tkh?»ug”r Y
_ ljop 1 _ yop 1 _ B ~1 _ B ~T
Tlhkll}—k ¥ TkDij:h Y Tkh'rugk Y Tkh?ﬂ'gl«l Y’ (114)
and
*mijof
ijop khp

_ ljoB Hi tlaf »j B ya ljor 1B
W oyl + TionCre + TenanCr e + Tipa L ¢ + T ln
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Lo »1 ijap ~l G v G g
- Tlhkuck t T/ff)»uch ¢t ’I‘kh”ruL7L t Tkh?ﬂ' pt (115)
a*T/gS»ﬁ 1} I itp I}
o _ p jo ~i tlaP ~j JjT o [jot
TkhkuH"y T T + D€y + TonaCry + Tl v + Tinalr y
ljap »1 jap ol _mbtByT  _mbt gy
- Tlhkpck YT Tklkuch Y 'I‘/chn-uL7L t TkhMLH Y’ (116)
k k 1 h Ik k 1 *m
where Ll] :Cij +§pih*lep ,...,L«&B ZQQB_FEGOO\ RMBGHY.

(1) Similarly, the horizontal and vertical covariant derivatives

induced by the Vranceanu connection are given by

. s miop . . . . . .
jop khu LB Ni ilaf nyJ B ~a ljat ~B
Tkhxu\t T o + Tipaa N1 ¢+ TN ¢+ TepaSr ¢ + Tiga S
LB nyl ijopagl B ~T B ~7
- Tthka’t - TkzxuNht - TkthSKt = TihiaSu o> (117)
*mijofl
i _ 5 Tkhk“ L TheB N 4 mieBNJ 4 lTB 2o pliat SB
khiply — 5*u’ khip~ 1y khap "1y khap P 1y EhapP Ty
liaBny! Pyl B w1 mplB ~1
= TNk y = T Ny = T Sa vy = TSy (118)
and
*rpijof
yjop khip ljoB i iloB ~j GmB ya ljot B
T = oyt + TipanCro + T Cio + T Cr ¢ + Tigp€r e (119)
*mijof
yjop khu ljoB Hi iloB »j B s ljor 4B
Ty = PO TiomCoy * TeonCry *+ TipipCr v + T & - (120)
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According to Proposition 3.2, we put

k o1 «pk
Gij=-(Cij+5 Rij)

1 «
G}/j = - (EZ} +§ R}/j),
1
Y _ _ (Y 1 *py
Gop = (Qimﬁ+2 R p)-
Now let
¥ 8" 5"
gi=G , -,
v (S*Xl S*X]j
" 5" 5"
gop = G , ,
of (S*uOL S*uﬁJ
w| O 5"
g - G ’ B
P (a*xl 5 uP
and

(121)

(122)

(123)

Lemma 4.5. (1) The vertical covariant derivatives g;;, op> 8ip> gij,

gaﬁ, and giﬁ with respect to the Schouten-Van Kampen connection are

given by

(a) ggjjor = 0, (b) gyjjoy = O,

(124)
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(@) gopjor = 0, (b) gappey = O, (125)
(a) gigjor = 0, (b) gigjey =0, (126)
(@) Ejjex = 0, (b) Ejjey = O, (127

(@) Eapjer, = 0, (b) opjey = O, (128)
(@) gipjer. =0, (b) Eipjoy = 0. (129)

Similarly, with respect to the Vranceanu connection are given by

(@) gjjjur = {gkh(G?J + G i)+ gkk(Gk + Gk )} (130)
(b) ijjey = 5 (En(GP + Gh D+ @ (Gh 4 Gx D)
{(a) Sop|sk = %{gkh(Ga g+ Gl o)+ 8 (Gl g + G a)} (131)
(b) gopjsy = %{gyh(G hp+ Gl o)+ & (Ghp +Gh (x)}
{@) Eiper = LB (Gl + Gl )+ 8 (G, + GE ) )
)\’ >
(b) giBH*y = %{gyh(Gl B + GB ,)"" gyk(Gl B + GB z)}
and
(@) €jjsx = 0, (b) Ejjjuy = O, (133)
() Eapjet = 0, (b) Eqpfey = O, (134)
(a) Eipjer = 0, (b) By = 0. (135)

(1) The horizontal covariant derivatives of gij» 8ap> Sip> gij, éaﬁ and

giB with respect to the Schouten-Van Kampen connection are given by
(@) gjjjor =0, (b) gjjoy = 0, (136)

(a) gaplok = 0, (b) Sapley = 0, (137)
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(a) giplox =0, (b) gipjoy =0, (138)
(@) gjjpor =0, (b) gy =0, (139)
(@) 8opjer = 0, (b) 8oppey =0, (140)
(a) giplox =0, (b) Eipjoy =0, (141)

and similarly with respect to the Vranceanu connection we have

(@) gjjjsr = 0, (b) &ijley =0, (142)
(@) gappsr =0, (b) Eopjsy = O, (143)
(a) gipjsr = 0, (b) gipjey =0, (144)
(@) 8 = 2Pihjghk7 (b) Ejjuy = 2Pikjgkya (145)
@) Bopprr = 2P penr. (b) Eoppry = 2Py p&iys (146)
(a) 8 = ZPihp,ghk’ (b) gipjsy = ZPL‘kth{’ (147)
where Pikj = ij + pih*R?jplk, o Pl = gt Gon RY P’

Proof. First (127), (128), (129), (133), (134) and (135) follow from

X("G(Y, 2)) ="G(Vx Y, Z)+ 'G(Y,Vx Z) on taking (X = ——,
Jy
-8 7o gy x=Cy-0 z- % ) andix -2,
o'y o'y’ ov’ o'yt o'y’ o'’
0" 0" . : "
Y = > Z = " }, respectively, and using (122), (123), Proposition
o'v® o'’

3.2 and Corollary 4.4. In a similar way obtain (124), (125), (126), (136),
and (144). Finally, (130), (131), (132), (145), (146) and (147) is a

consequence of Proposition 3.2 and (121). O
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Remark 4.6. By using Lemma 4, we infer that the warped Schouten-

Van Kampen connection V° is a metric connection, but the warped

Vrdceanu connection V is not metric.

Corollary 4.7. If

ijj«t = 0, Zijjey = 0, (148)
aplrk = 00 Eaplry = 0, (149)
gipjek =0, &ipjsy =0, (150)

then the Vranceanu connection V is a vertical metric connection. Also if

gaﬁ‘*k = 09 gqﬁ‘*y = 05 (152)
gigjsx =0, Eippey =0, (153)

then V is a horizontal metric connection.
5. Main Results

Suppose that M = (M1 xr My, F), then according to (46), (47), (48)
and (49), we define
'R=(Rj,)= (K]

*11 *11 *1 49 O
it Rjy Rpp Rpy Ry,

"R¢ . Rf . “RY,).
(154)

and called the warped curvature tensor.

Theorem 5.1. Let M = (M; x; My, F) and f: M; — R, be non-
constant C* function. If M is a Riemannian manifold, then M has the
warped curvature *R = 0 if and only if, the Schouten-Van Kampen and

Vranceanu connections V° and V defined by the Levi-Civita connection

on (TM°, *G) are coincide, that is, V° = V.
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Proof. By using Proposition 2.4, M = (M1 X Mz) is a Riemannian

manifold, if and only if (M;, F;) and (M,, Fy) are Riemannian

manifolds. Hence, according to (57) and (67), we infer that C = 0, if and

only if Ci- ; =0 and @gy = 0. Then by using Propositions 4.2 and 4.3

the proof is complete.

O

Now we consider (7M°, “G) as the Riemannian manifold, here

M = M, x; My and *F, is the vertical foliation (see [1, 3]) on it. Then

from Proposition 3.2, we deduced that *F, is totally geodesic if and only

if,

koo._
K} =

hk
=5 Pilnp" =0,
k hk
K(l B = _%Gaﬁ\hp = O,
— _1 1 M
K&B = —EGQBM f—zG ¥ = O

(155)

Similarly, by using Proposition 3.2 and (122), *G is bundle-like for *F,

if and only

Using relations (155) and (156), the following theorem is obtained.

o'g;j _o
o'yt
y

a*gaﬁ _0

oyt
y

gip _
oyt
y

o*vY
o*vY -

o*vY

=0,

0,

0.

(156)

Theorem 5.2. Let (M = M, xf My, F) be a warped Finsler

manifold and let *F, be the vertical foliation on M. Then we have the

following assertions:
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() *G is bundle-like for * F,, if and only if the Vranceanu connection

s a vertical metric connection.

(i) *F, is totally geodesic if and only if the Vranceanu connection is a

horizontal metric connection.
Corollary 5.3. Let (M = M; x; My, F) be a warped Finsler
manifold and let *F, be the vertical foliation on M. Let us consider Gy

and Gg are the Sasaki-Matsumoto metric on T°M; and T°M,,
respectively. Let F| and Fy be the vertical foliations on M7 and M,

respectively.

() If *G is bundle-like for *F,, then Gy and Gy is not of necessity
bundle-like for F| and Fy. Conversely, if G; and Gg are bundle-like for

F, and F,, respectively, then *G is not of necessity bundle-like for * F,,.

(i) If *F, is totally geodesic, then G, and Gy are not of necessity

totally geodesics. Conversely, if G; and Gg are totally geodesics, then

*F, is not of necessity totally geodesic.
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