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Abstract 

In this paper, some sharp maximal function inequalities for the Toeplitz type 
operator related to the fractional and singular integral operators satisfying a 
variant of Hörmander’s condition are proved. As an application, we obtain the 
boundedness of the operator on Lebesgue, Morrey and Triebel-Lizorkin spaces. 

1. Introduction 

As the development of singular integral operators (see [18, 19]), their 
commutators have been well studied. In [3, 18, 19], the authors prove 
that the commutators generated by the singular integral operators and 
BMO functions are bounded on ( )np RL  for .1 ∞<< p  Chanillo (see [1]) 
proves a similar result when singular integral operators are replaced by 
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the fractional integral operators. In [8, 15], the boundedness for the 
commutators generated by the singular integral operators and Lipschitz 
functions on Triebel-Lizorkin and ( ) ( )∞<< pRL np 1  spaces are 
obtained. In [9, 10], some Toeplitz type operators related to the singular 
integral operators and strongly singular integral operators are 
introduced, and the boundedness for the operators generated by BMO 
and Lipschitz functions are obtained. In [7], some singular integral 
operators satisfying a variant of Hörmander’s condition are introduced, 
and the boundedness for the operators are obtained (see [7, 22]). The 
purpose of this paper is to prove the sharp maximal function inequalities 
for the Toeplitz type operator related to some singular integral operators 
satisfying a variant of Hörmander’s condition. As an application, we 
obtain the boundedness of the Toeplitz type operator on Lebesgue, 
Morrey and Triebel-Lizorkin spaces. 

2. Preliminaries 

First, let us introduce some notations. Throughout this paper, Q will 
denote a cube of nR  with sides parallel to the axes. For any locally 
integrable function f, the sharp maximal function of f is defined by 

( ) ( ) ( ) ,1sup# dyfyfQxfM Q
QxQ

−= ∫
 

where, and in what follows, ( ) .1 dxxfQf
QQ ∫−=  We say that f belongs to 

( )nRBMO  if ( )fM #  belongs to ( )nRL∞  and define ( ) .#
∞= LBMO fMf  

It has been known that (see [20]) 

.2 BMOBMOQ fCff kk ≤−  

Let 

( ) ( ) ( ) .1sup dyyfQxfM
QxQ ∫=


 

For ,0>η  let ( ) ( ) ( ) ( ).1 xfMxfM ηη
η =  
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For n<η<0  and ,0 η<< nr  set 

( ) ( ) ( ) .1sup
1

1,

r
r

QnrxQ
r dyyf

Q
xfM 










= ∫η−η


 

The pA  weight is defined by (see [6]) 

( ) ( ) ( ) ( ) ,11sup:
1

111
loc













∞<














∈=
−

−−∫∫
p

p
QQQ

n
p dxxwQdxxwQRLwA  

,1 ∞<< p  

{ ( ) ( )( ) ( ) },.a.e,:loc1 xCwxwMRLwA np ≤∈=  

and 

.
1

p
p

AA ∪
≥

∞ =  

For 0>β  and ,1>p  let ( )n
p RF ∞β,�  be the homogeneous Triebel-

Lizorkin space (see [15]).  

For ,0>β  the Lipschitz space ( )nRLipβ  is the space of functions f 

such that 

( ) ( ) .sup
,

∞<
−

−
=

β

≠
∈

β yx
yfxff

yx
Ryx

Lip n
 

Definition 1. Let { }lφφ=Φ ,,1 …  be a finite family of bounded 

functions in .nR  For any locally integrable function f, the Φ  sharp 
maximal function of f is defined by 

( ) ( )
{ }

( ) ( ) ,1infsup
1

,,
#

1
dyyxcyfQxfM Qii

l

iQccxQ l
−φ−= ∑∫

=
Φ …

 

where the infimum is taken over all l-tuples { }lcc ,,1 …  of complex 

numbers and Qx  is the center of Q. 
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Remark. We note that ## MM ≈Φ  if 1=l  and .11 =φ  

Definition 2. Given a positive and locally integrable function f in 

,nR  we say that f satisfies the reverse Hölder’s condition (write this as 

( )),nRRHf ∞∈  if for any cube Q centered at the origin we have 

( ) ( ) .1sup0 dyyfQCxf
QQx ∫≤<

∈
 

Definition 3. Let ϕ  be a positive, increasing function on +R  and 

there exists a constant 0>D  such that 

( ) ( ) .0for2 ≥ϕ≤ϕ ttDt  

Let f be a locally integrable function on .nR  Set, for n<η≤0  and 

,1 η<≤ np  

( ) ( )
( ) ,1sup

1

,0,
,

p
p

dxQdRx
L dyyfdf

n
p 








ϕ

= ∫
>∈

ϕ  

where ( ) { }.:, dyxRydxQ n <−∈=  The generalized fractional Morrey 

space is defined by 

( ) { ( ) }.: ,,1
loc

,, ∞<∈= ϕη
ϕη pL

nnp fRLfRL  

We write ( ) ( )npnp RLRL ϕϕη = ,,,  if ,0=η  which is the generalized 

Morrey space. If ( ) ,0, >η=ϕ ndd  then ( ) ( ),,, npnp RLRL ηϕ =  which is the 

classical Morrey spaces (see [16, 17]). If ( ) ,1=ϕ d  then ( ) ( ),, npnp RLRL =ϕ  

which is the Lebesgue spaces (see [6]). 

As the Morrey space may be considered as an extension of the 
Lebesgue space, it is natural and important to study the boundedness of 
the operator on the Morrey spaces (see [2, 4, 5, 11, 14]). 
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In this paper, we will study some singular integral operators as 
following (see [22]). 

Definition 4. Let ( )nRLK 2∈  and satisfy 

,ˆ CK L ≤∞  

( ) ,nxCxK −≤  

there exist functions ( { })0,, 1
loc1 −∈ n

l RLBB …  and { } ( )n
l RL∞⊂φφ=Φ ,,1 …  

such that [ ( )] ( ),det 2 nl
ij RRHy ∞∈φ  and for a fixed 0>δ  and any 

,02 >> yx  

( ) ( ) ( ) .
1

δ+

δ

= −
≤φ−− ∑ nii

l

i yx
yCyxByxK  

For ,0
∞∈ Cf  we define the singular integral operator related to the 

kernel K by 

( ) ( ) ( ) ( ) .dyyfyxKxfT nR
−= ∫  

Moreover, let b be a locally integrable function on .nR  The Toeplitz 
type operator related to T is defined by 

( ),4,3,2,1,

1

j
b

jj
b

j
m

j

b TMITTIMTT αα
=

+= ∑  

where 1,jT  are T or I±  (the identity operator), 2,jT  and 4,jT  are the 

bounded linear operators on ( )np RL  for ,,1 3, ITp j ±=∞<<  

( ) bffMmj b == ,,,1 …  and αI  is the fractional integral operator 

( )n<α<0  (see [2]). 
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Remark. Note that the classical Calderón-Zygmund singular 
integral operator satisfies Definition 4 (see [20, 21]). Also note that the 
commutator [ ] ( )fTb,  ( ) ( )bfTfbT −=  is a particular operator of the 

Toeplitz type operator .bT  The Toeplitz type operator bT  is the non-
trivial generalizations of the commutator. It is well known that 
commutators are of great interest in harmonic analysis and have been 
widely studied by many authors (see [18, 19]). The main purpose of this 
paper is to prove the sharp maximal inequalities for the Toeplitz type 

operator .bT  As the application, we obtain the norm-pL  inequality, 

Morrey and Triebel-Lizorkin spaces boundedness for the Toeplitz type 

operators .bT  

3. Theorems and Lemmas 

We shall prove the following theorems. 

Theorem 1. Let T be the singular integral operator as Definition 4, 

( )β+α<<<α<<β< nsn 1,0,10  and ( ).nRLipb β∈  If ( ) 01 =gT  

for any ( ) ( ),1 ∞<<∈ uRLg nu  then there exists a constant 0>C  such 

that, for any ( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ( ( )) ( ) ( ( )) ( )).~~~ 4,
,

2,
,

1

# xfTMxfTIMbCxfTM j
s

j
s

m

j
Lip

b
α+βαβ

=
Φ +≤ ∑β  

Theorem 2. Let T be the singular integral operator as Definition 4, 

( ) α<<<α<δ<β< nsn 1,0,,1min0  and ( ).nRLipb β∈  If ( ) 01 =gT  

for any ( ) ( ),1 ∞<<∈ uRLg nu  then there exists a constant 0>C  such 

that, for any ( )nRCf ∞∈ 0  and ,~ nRx ∈  
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{ }
( ) ( ) ( )dxxxccxfT

Q
ii

l

i

b
QncccxQ l

−φ−− ∑∫
=

β+ 0
1

01,,,~
1infsup

10 …
 

( ( ( )) ( ) ( ( )) ( )),~~ 4,
,

2,

1
xfTMxfTIMbC j

s
j

s

m

j
Lip αα

=

+≤ ∑β  

where the infimum is taken over all ( ) { }lccctuplesl ,,,-1 10 …+  of 

complex numbers and 0x  is the center of Q. 

Theorem 3. Let T be the singular integral operator as Definition 4, 

ns <α<∞<< 0,1  and ( ).nRBMOb ∈  If ( ) 01 =gT  for any ( )nu RLg ∈  

( ),1 ∞<< u  then there exists a constant 0>C  such that, for any 

( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ( ( )) ( ) ( ( )) ( )).~~~ 4,
,

2,

1

# xfTMxfTIMbCxfTM j
s

j
s

m

j
BMO

b
αα

=
Φ +≤ ∑  

Theorem 4. Let T be the singular integral operator as Definition 4, 
( ) ( ) npqnpn β+α−=β+α<<<α<<β< 11,1,0,10  and 

( ).nRLipb β∈  If ( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then bT  is 

bounded from ( )np RL  to ( ).nq RL  

Theorem 5. Let T be the singular integral operator as Definition 4, 

( ) ( ) nDnpqnpn 20,11,1,0,10 <<β+α−=β+α<<<α<<β<  

and ( ).nRLipb β∈  If ( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then 

bT  is bounded from ( )np RL ϕβ+α ,,  to ( )., nq RL ϕ  

 

 



QIONG CHEN 42

Theorem 6. Let T be the singular integral operator as Definition 4, 
( ) npqnpn α−=α<<<α<δ<β< 11,1,0,,1min0  and  

( ).nRLipb β∈  If ( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then bT  is 

bounded from ( )np RL  to ( )., n
p RF ∞β�  

Theorem 7. Let T be the singular integral operator as Definition 4, 

npqnpn α−=α<<<α< 11,1,0  and ( ).nRBMOb ∈  If 

( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then bT  is bounded from 

( )np RL  to ( ).nq RL  

Theorem 8. Let T be the singular integral operator as Definition 4, 
nDnpqnpn 20,11,1,0 <<α−=α<<<α<  and ( ).nRBMOb ∈  

If ( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then bT  is bounded from 

( )np RL ϕα,,  to ( )., nq RL ϕ  

Corollary. Let [ ] ( ) ( ) ( )bfTfbTfTb −=,  be the commutator generated 

by the singular integral operator T as Definition 4 and b. Then Theorems 
1-8 hold for [ ]., Tb  

To prove the theorems, we need the following lemmas. 

Lemma 1 (see [22]). Let T be the singular integral operator as 

Definition 4 and .1 ∞<< p  Then T is bounded on ( ).np RL  

Lemma 2 (see [22]). Let ∞∈∞<< Awp ,1  and { } ⊂φφ=Φ l,,1 …  

( )nRL∞  such that [ ( )] ( ).det 2 nl
ij RRHy ∞∈φ  Then 

( ) ( ) ( ) ( ) ( ) ( ) ,# dxxwxfMCdxxwxfM p
R

p
R nn Φ∫∫ ≤  

for any smooth function f for which the left-hand side is finite. 
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Lemma 3 (see [15]). For 10 <β<  and ,1 ∞<< p  we have 

( ) ( ) .1infsup1sup 1.1.
,

ppp
LQncQL

Q
QnQF dxcxf

Q
dxfxf

Q
f −≈−≈ ∫∫ β+β+

∞β


�  

Lemma 4 (see [2, 6]). Suppose that α<<≤<α< npsn 1,0  and 

.11 npr α−=  Then 

( ) ,pr LL fCfI ≤α  

and 

( ) ., pr LLs fCfM ≤α  

Lemma 5. Let nDp 20,1 <<∞<<  and { } ( )n
l RL∞⊂φφ=Φ ,,1 …  

such that [ ( )] ( ).det 2 nl
ij RRHy ∞∈φ  Then, for any smooth function f for 

which the left-hand side is finite, 

( ) ( ) .,, #
ϕϕ Φ≤ pp LL fMCfM  

Proof. For any cube ( )dxQQ ,0=  in ,nR  we know ( ) 1AM Q ∈χ  for 

any cube ( )dxQQ ,=  by [6]. Noticing that ( ) 1≤χQM  and ( ) ( ) ≤χ xM Q  

( )nn dxxd −− 0  if ,cQx ∈  by Lemma 2, we have, for ( ),, np RLf ϕ∈  

( ) ( ) ( ) ( ) ( )dxxxfMdxxfM Q
p

R
p

Q n χ= ∫∫  

( ) ( ) ( )( )dxxMxfM Q
p

Rn χ≤ ∫  

( ) ( ) ( ) ( )dxxMxfMC Q
p

Rn χ≤ Φ∫ #  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 












χ+χ= Φ

∞

=
Φ ∫∑∫ +

dxxMxfMdxxMxfMC Q
p

QQ
Q

p
Q

#
2\20

#
1 kk

k
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( ) ( ) ( ) ( ) 












+≤

+Φ

∞

=
Φ ∫∑∫ +

dx
Q

QxfMdxxfMC p
QQ

p
Q 1

#
2\20

#
21 k

k
kk

 

( ) ( ) ( ) ( ) 












+≤ −

Φ

∞

=
Φ ∫∑∫ +

dyxfMdxxfMC np
Q

p
Q

k

k
k

2#
20

#
1  

( ) ( )dfMC np
Lp

1

0

# 22,
+−

∞

=
Φ ϕ≤ ∑ϕ kk

k

 

( ) ( ) ( )dDfMC np
Lp ϕ≤ −

∞

=
Φ ∑ϕ k

k

2
0

#
,  

( ) ( ),,
# dfMC p

Lp ϕ≤ ϕΦ  

thus 

( ) ( ) ( ) ( ) ( ) ( ) ,11 1
#

1 p
p

Q

p
p

Q
dxxfMdCdxxfMd 








ϕ

≤







ϕ Φ∫∫  

and 

( ) ( ) .,, #
ϕϕ Φ≤ pp LL fMCfM  

This finishes the proof. 

Lemma 6. Let α<<≤<<<α< npsDn n 1,20,0  and =r1  

.1 np α−  Then 

( ) ,,,, ϕαϕ ≤α pr LL fCfI  

and 

( ) .,,,, ϕαϕ ≤α pr LLs fCfM  
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Lemma 7. Let T be the singular integral operator as Definition 4. 

Then, for ,20,1 nDp <<∞<<  

( ) .,, ϕϕ ≤ pp LL fCfT  

The proofs of two Lemmas are similar to that of Lemma 5 by Lemmas 
1 and 4, we omit the details. 

4. Proofs of Theorems 

Proof of Theorem 1. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,QC  the following inequality holds: 

( ) ( ) ( ( ( )) ( )xfTIMbCdxCxfTQ
j

s

m

j
LipQ

b
Q

~1 2,
,

1
αβ

=
∑∫ β

≤−  

( ( )) ( )).~4,
, xfTM j
sα+β+  

Without loss of generality, we may assume 1,jT  are ( ).,,1 mjT …=  Fix 

a cube ( )dxQQ ,0=  and .~ Qx ∈  We write, by ( ) ,01 =gT  

( ) ( ) ( ) ( ) ( ) ( ) ( )xAxfTMITxfTIMTxfT b
j

b
j

m

j

j
b

j
m

j

b =+= α
=

α
=

∑∑ 4,3,

1

2,1,

1
 

 ( ) ( ) ( ),xBxAxB QQ bbbbb −− +=+  

where 

( ) ( ) ( ) ( ) ( ) ( )cbb
j

m

j

j
bb

j
m

j
bb QQQQQ MTxfTIMTxA 22

1,

1

2,1,

1
χ−

=
αχ−

=
− ∑∑ +=  

( ) ( ) ( ) ( ),21
2, xAxAxfTI j +=× α  
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and 

( ) ( ) ( ) ( ) ( ) ( )cbb
j

m

j

j
bb

j
m

j
bb QQQQQ MITxfTMITxB 22

3,

1

4,3,

1
χ−α

=
χ−α

=
− ∑∑ +=  

( ) ( ) ( ) ( ).21
4, xBxBxfT j +=×  

Then 

( ) ( ) ( )dxxAQdxCxfAQ Q
bb

Q Q 10
11 ∫∫ ≤−−  

( ) ,1
2102 IIdxCxAQ Q

+=−+ ∫  

and 

( ) ( ) ( ) ( )dxxBQdxxBxfBQ Q
bb

Q Q 102
11 ∫∫ ≤−−  

( ) ( ) ,1
43022 IIdxxBxBQ Q

+=−+ ∫  

where Q is any a cube centered at ( )xxgCx i
i
j

l
i

m
j −φ= ∑∑ == 01100,  and 

( ) ( ) ( ) ( ) ( ) .2,
0 2 dyyfTIMyxBg j

cbbiR
i
j QQn αχ−−= ∫  

For ,1I  by sboundednes-sL  of T (see Lemma 1) and Hölder’s 

inequality, we obtain 

( ) ( ) ( )dxxfTIMTQ
j

bb
j

Q QQ
2,1,

2
1

αχ−∫  
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s

sj
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j
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dxxfTIMTQ QQn

1
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2
1







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s
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R
s dxxfTIMQC QQn
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2,1

2 






≤ αχ−
− ∫  
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( ( ) ( ) ( ) )
s

sj
Q

Q
s dxxfTIbxbQC

1
2,

2
1 







 −≤ α
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s
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Qns

nsn
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s dxxfTI
Q
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2
122 







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β−β− ∫β
 

( ( )) ( ),~2,
, xfTIMbC j
sLip αββ

≤  

thus 

( ) ( ) ( )dxxfTIMTQI j
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j
R

m

j
QQn

2,1,

1
1 2

1
αχ−

=
∫∑≤  

( ( )) ( ).~2,
,

1
xfTIMbC j

s

m

j
Lip αβ

=
∑β≤  

For ,2I  we get, for ,Qx ∈  

( ) ( ) ( ) ( ) 0
2,1,

2 CxfTIMT j
cbb

j
QQ −αχ−  

( ) ( ) ( ) ( ) ( )xxgxfTIMT i
i
j

l

i

j
cbb

j
QQ −φ−= ∑

=
αχ− 0

1

2,1,
2  

( ( ) ( ) ( )) ( ( ) ) ( ) ( ) ( ) ( )dyyfTIybybxxyxByxK j
QQii

m

iR
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2,
2200

1
α

=
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( ) ( ) ( ) ( ) Qii

l

idxyd
bybxxyxByxK 200

1221
1

0
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∞

=
+kk
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( ) ( )dyyfTI j 2,
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( ) ( ) ( )dyyfTIbyb
xy
xxC j

Qndxyd
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( )
( ) ( ) β−β

δ+

δ∞

=
β∑≤ n

Lipn dbd
d
dC kk
k

k
22

21
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s
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211 12
1
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


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
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( ( )) ( ) δ−
∞

=
αβ ∑β

≤ k

k
2~

1

2,
, xfTIMbC j
sLip  

( ( )) ( ),~2,
, xfTIMbC j
sLip αββ

≤  

thus 

( ) ( ) ( ) ( ) dxCxfTMTQI j
cbb

j
m

jQ QQ 0
2,1,

1
2 2

1 −≤ χ−
=
∑∫  

( ( )) ( ).~2,
,

1
xfTMbC j

s

m

j
Lip β

=
∑β≤  

Similarly, by ( ) sboundednes-, rs LL  of αI  with α<< ns1  and =r1  

ns α−1  (see Lemma 4), we get 
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r

rj
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R

m

j
dxxfTMIQI QQn

1
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1
3 2

1





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sj
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Q
r

m
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
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( ) nsnr
m

j
Lip QQQbC α+β−β−
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1
22  
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( ( )) ( ),~4,
,

1
xfTMbC j

s

m

j
Lip α+β

=
∑β≤  

( )
( )

α−α−
= −

−
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QQ

m

j yxyx
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0
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21
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1
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These complete the proof of Theorem 1. 

Proof of Theorem 2. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,QC  the following inequality holds: 
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Without loss of generality, we may assume 1,jT  are ( ).,,1 mjT …=  Fix 
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By using the same argument as in the proof of Theorem 1, we get, for 
,11 nsr α−=  

( ) ( ) ( )
s

sj
bb

j
R

m

j

n dxxfTIMTQQI QQn

1
2,1,

1
5 2

1







≤ αχ−
=

β− ∫∑  

( ( ) ( ) ( ) )
s

sj
Q

Q
s

m

j

n dxxfTIbxbQQC
1

2,
2

1

1







 −≤ α
−

=

β− ∫∑  

sn
Lip

s
m

j

n QQbQQC 11

1
2 β−

=

β−
β∑≤  

( ) ( )
s

sj
Q

dxxfTIQ

1
2,

22
1








× α∫  

( ( )) ( ),~2,

1
xfTIMbC j

s

m

j
Lip α

=
∑β≤  



BOUNDEDNESS OF TOEPLITZ TYPE OPERATOR … 51

( ) ( )yxByxKQQI i

m

idxydQ

m

j

n
j −−−≤ ∑∫∑∫∑

=<−≤

∞

==

β−
+ 0

12211
6 1

0

1
k

k
 

( ) ( ) ( ) ( ) dydxyfTIbybxx j
Qi

2,
20 α−×−φ×  

( ) Qndxyd

m
n byb

xy
xxQC 2
0

0
221

1
0

−
−

−
≤

δ+

δ

<−≤=

β− ∫∑ +kk
k

 

( ) ( ) dyyfTI j 2,
α×  

( )
( ) ( )nLipn

n dbd
d
dQC kk
k

k

22
21

β
β

δ+

δ∞

=

β− ∑≤  

( ) ( )
s

sj
Q

dyyfTI
Q

1
2,

21 12
1











× α+ ∫ +kk

 

( ( )) ( ) ( )δ−β
∞

=
α ∑β

≤ k

k

2~
1

2, xfTIMbC j
sLip  

( ( )) ( ),~2, xfTIMbC j
sLip αβ

≤  

( ) ( ) ( )
r

rj
bb

R

m

j

n dxxfTMIQQI QQn

1
4,

1
7 2

1







≤ χ−α
=

β− ∫∑  

( ( ) ( ) ( ) )
s

sj
Q

Q

m

j

rn dxxfTbxbQC
1

4,
21

1 






 −≤ ∫∑
=

−β−  

nsnrn
m

j
Lip QQQbC α−β−β−

=
∑β≤ 11

1
22  

( ) ( )
s

sj
Qns dxxfT

Q

1
4,

212
1











× ∫α−

 



QIONG CHEN 52
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These complete the proof of Theorem 2. 

Proof of Theorem 3. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,QC  the following inequality holds: 
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where Q is any a cube centered at ( )xxgCx i
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This completes the proof of Theorem 3. 

Proof of Theorem 4. Choose ps <<1  in Theorem 1 and set 

,11 npv α−=  we have, by Lemmas 2 and 4, 
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This completes the proof of Theorem 4. 

Proof of Theorem 5. Choose ps <<1  in Theorem 1 and set 
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This completes the proof of Theorem 5. 
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Proof of Theorem 6. Choose ps <<1  in Theorem 2, we have, by 

Lemmas 2 and 3, 
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This completes the proof of Theorem 6. 

Proof of Theorem 7. Choose ps <<1  in Theorem 3, we have, by 
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This completes the proof of Theorem 7. 
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Proof of Theorem 8. Choose ps <<1  in Theorem 3, we have, by 

Lemmas 5, 6 and 7, 
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This completes the proof of Theorem 8. 
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