Research and Communications in Mathematics and Mathematical Sciences
Vol. 11, Issue 1, 2019, Pages 1-21

ISSN 2319-6939

Published Online on March 02, 2019

© 2019 Jyoti Academic Press

http://jyotiacademicpress.org

EXISTENCE OF SOLUTIONS FOR A CLASS
OF NONLINEAR MULTI-TERM FRACTIONAL
DIFFERENTIAL EQUATIONS WITH IMPULSIVE
AND INTEGRAL BOUNDARY CONDITIONS

KWANGHYOK KIM?!, MIGYONG RI!, KINAM SIN1,
KYONGJIN SOK? and SUNGRYOL SO3

1Faculty of Mathematics
Kim Il Sung University
Pyongyang
D. P. R. of Korea
e-mail: 18348668513@163.com

2Information Technology Institute
University of Sciences
Pyongyang
D. P. R. of Korea

3Institute of Advanced Science
Kim Il Sung University
Pyongyang
D. P. R. of Korea

2010 Mathematics Subject Classification: 26A33, 34A37, 34K10.

Keywords and phrases: impulsive fractional differential equation, integral boundary value
condition.

Communicated by Suayip Yuzbasi.

Received January 21, 2019



2 KWANGHYOK KIM et al.

Abstract

In this paper, we investigate the uniqueness and existence of solution for
nonlinear multi-term fractional differential equations with impulsive and
fractional integral boundary conditions by means of the standard fixed point
theorems and nonlinear alternative theorem. To illustrate our results, we give

two examples.

1. Introduction

Fractional differential equations appear widely in various fields of
science and engineering such as physics, the polymer rheology, regular

variation in thermodynamics and so on [1]-[5].

On the other hand, impulsive differential equations provide an exact
description of the observed evolution processes and they are regarded as
important mathematical tools for the better understanding of several real

world problems in applied sciences [6]-[10].

In recent years, many scientists have studied the existence and
uniqueness of the solution for fractional differential equations by using

analytic and numerical methods.

In fact, the theory of impulsive differential equations is much richer
than that of ordinary differential equations without impulse effects since
a simple impulsive differential equation may enough exhibit several new
phenomena such as rhythmical beating [11]-[14]. Thus impulsive

fractional differential equations are widely studied recently [6, 15-22].

The investigation for impulsive multi-term fractional differential
equation with the integral boundary conditions has not been appreciated
well enough. The integral boundary conditions arise from many
applications such as blood flow problems, chemical engineering, thermo-

elasticity, underground water flow, and so on [23]-[25].

Additionally, it is well known that the integral boundary conditions

include two-point, multi-point, and nonlocal boundary condition.
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Guezane-Lakoud et al. [26] proved the existence of solutions for the
following fractional differential equation with fractional integral

condition
CD%%(t) = f(t, x(t), *DPx(t)),t €[0,1],1<a <2, 0<p <1,
x(0) = 0, IPx(1) = '(1).
Fu et al. [27] considered the impulsive fractional differential equation
‘Dix(t) = ft, x(t),t e =[0,1], ¢t = ¢}, k=1,2,---, m,

Ax(ty,) = I (x4 ), Ax'(ty) = J(x(¢;)),
x(0) = 0, al"x(1) + bx'(1) = c.
According above mentioned paper, in this article, we will investigate
uniqueness and existence theorems of solution for the following nonlinear

multi-term fractional differential equations with impulsive and fractional

integral boundary conditions
“Dyx(t) = f(¢, x(2), CDgx(t)), tel=[0,1,t#t,k=1,2 -, m,

Ax(ty) = I (x(ty ), Ax'(y) = I (x(2;,), @

x(0) = 0, al"x(1) + bx'(1) = ¢,

where °“Dgx(¢t) and CDg’x(t) are the Caputo fractional derivatives,
1<a<20<B<]l and 1<y<2,f:IxRxR —> R is a continuous,
I,,J, e CR,R),0<ty <t; <<ty <tmi =1, a, b, ¢ceR are such
that a a # —bI'(y + 2), I" is the Riemann-Liouville fractional integral of
order y, Ax(t;) = x(t; ) — (¢, ), x(¢} ) and x(¢; ) denote the right and the
left limits of x(¢) at ¢ = ¢,(k = 1, 2, ---, m), respectively and Ax'(¢;,) have

a similar meaning for x'(z).
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The paper is organized as follows. First, we give some preliminary
results and present two classical fixed point theorems. In Section 3, we
present and prove our results which consist of uniqueness and existence
theorems for solutions of the Equation (1). In Section 4, two examples are
presented to illustrate our results. The conclusions are given in Section 5.

2. Preliminaries

Definition 1 ([28]). The Riemann-Liouville fractional integral of order

q € R" of a function f € L;[a, b] is given by
If(t) = 1 Jt(t - T)q_lf(’r)d’r, a<t<b.
I(q)Ja

Definition 2 ([28]). The Caputo’s fractional derivative of order oo € R*

of a function fis given by

")
a)'[ (t T)G n+1

,oo=n €N,

‘Dgf(t) = I “[D"f(t)] =

where n -1 < a < n and f® e L;[a, b].
Lemma 3 ([27]). If o > 0, then the differential equation
Dgh(t) =0
has the solutions h(t) = co + ¢t + cgt? + -+ + ¢,y 1t" " and
IS CDER(E) = h(t) + ¢o + 1t + cot? + -+ + ¢ 1t T,
where ¢; e R,i1=0,1,--,n—-1and n = [a]+1

We introduce the following notations:

I =0, 1), 4 = (t1, o), s Loy = ety b s Ly = (> 1], L = [0, 1],
U'=1IN\{t,tg, -, ty}, PC(, R):={y: 1 > R|y € C(§;, R), (0 +0), y(1-0),
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y(ty +0) and y(t - 0) exist and y(t; - 0) = y(t;,), k = 1, p}, PC'(, R)
={y € PC(L, R)|y € C'(};,R), y'(0+0), y(1-0), y'(t;, +0) and y'(t; - 0)
exist, k = L_p}

Lemma 4 ([27]). For any y € PC(l, R), the impulsive boundary value

problem
‘Dix(t) = y(t),t el =[0,1],t #t, k=12, m
Ax(ty,) = I (x(ty ), Ax'(ty) = J (x(t;), @)

x(0) = 0, al"x(1) + bx'(1) = ¢,

has a solution x < PCl(l, R) which is given by

15300+ L= ND =M Sy o), ¢ 1,
ey 0 =
I§3(0) + Ty (x(05)) ~ 1y x(ap )+ €= VR MK ZJ(x(t Dt e,
e T 0
x(t) = c— x
ont)+ZI(x i)~ ZtJ(x 7))+ =N J‘Z( e _ Z Ji(x(t7)
+ i=k+1
t e(gk,zl)c =23 -, m-1,
I§3(0) + jlei(x(t;))— 2tiJ,~(x(t;)) #leo N( () - ).
v i r(y+2)
3)
where
_ [ta-s*rt )
N(y) = ajowy(s)ds +b o Tla-1) y(s)ds,
[Zux(t ) - ZtJ(x(t ))]
M(x) = —=L

T(y + 1)
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Theorem 5 (Nonlinear alternative of Leray-Schauder type [16]).

Let X be a Banach space, C a nonempty convex subset of X, U a

nonempty open subset of C with 0 € U. Suppose that P :U — C is a

continuous and compact map. Then either (a) P has a fixed point in U, or

(b) there exist an x € 0U (the boundary of U) and A € (0,1) with
x = APx.

Theorem 6 (Schaefer fixed point theorem [16]).

Let X be a normed space and P : X — X be a continuous mapping
which is compact on each bounded subset B of X. Then either (a) the

equation x = APx has a solution for A =1, or (b) the set of all such

solutions of x = APx is unbounded for 0 < A < 1.
3. Main Results
Let
X = {x|x € PC(l, R), “DBx € PC(I, R)}, X = (X, | -|).
[+l = supjs(o)] + sup|* Dfx(t).

Obviously, X is a complete space [29].

We define the operator 7' : X — X by

a-1 k k
(#0)0) = [ L2 fs, 500, “Dfs(o)ds + Y Lx(6) - Y i ol )
=1 i=1

(e~ N(x) - M(x)y i J; (x (2,

[0
ez T O ikl

tel, k=012, m (4

Then the existence of the solutions for the Equation (1) is equivalent to

the existence of the fixed point of the operator 7.



EXISTENCE OF SOLUTIONS FOR A CLASS OF ... 7
Let denote W(x, y) := f(s, x(s), “Dhx(s)) - f(s, ¥(s), “Dy(s)),x,y € X

Theorem 7. Let f € C(IxR xR, R) and suppose that there exist
constants k € R, L € R* and L € R" such that for any x, y € X, the

following inequality holds:

|£(t, x(t), “Dfx(t) - £(2, 3(t), “Dfy(2))| < k{lx() - y0)] +|° Dfx(z) - “Dfy(0)]},

®)
and for any u, v € R,
|1, (w) - I.(v)] < Llu - v|, |J;(w) - J; ()| < Lu - v|. (6)
If
1 lal 1o
max < 2[k(
ORIV | gy + oI+ v +1) | gy + blN(@)
+mL(1+ o )+ L (m + Zti + | ZL =1
| NeT)] +2 +b[0(y +1) e | S T)] +2) +br(y +1) 7
1 lal
2[k( +
Tla—-B+1) | oty +bIM@ = B ( +7 + 1)
|b| lajmL
| & Iy +2) +b0(2 - Bl () | TG+2) +2) +b|0(2 - B)T(y +1)
a m t;
+L'(m + | |Zl 1 )N =

| T e +2) +b|0(y + 1)I(2 - B)

then the Equation (1) has a unique solution x € X on .
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Proof. By Equations (5) and (6), we have

V) - N < | S e, s i e i, s
S k-l e -, ™

lal

[M(x) = MG < £ D i(x(t ) - Li((t) +%Zti|Ji(x(ti))
i=1 i=1

() < JAmE

T(y+1)

+1)Z l"'x_y" (8)

Then by Equations (7) and (8), we obtain the following estimation:

d
ITx(t) - Ty(2)] < [K( i v |
I(a +1) | fgy + oI+ v +1) | gy + 0lN(@)
+ mL(1 + i )+ L*(m + Zt + lz‘ -1 ||x -
| r(ya+2) + blr(y + 1 + b|F
)

Next, let estimate |CDng(t) - cDgTy(t)|.

c—N(x)—M(x) t1P
b TE P Y Sy r(z B)

F(y+2) i=k+1

“DETx(t) = IS PF +

tel, k=012 ,m
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| DETx(t) - DETy(2)|

1
|F(2 -B)l| T * b|

gy ] WG s

oty o-2
] O i s« ) e e

ol

F(M)le (e(t) = L+ I)Zt 1T (x(t )

=~ (3 D]+ Yl () = Ti(v(8))]
i=1

< [x( |al
ACh B +1) 7] Fogy + OIN2 —P)(e + v +1)
4 )+ lajm L
| (y+2) +b[(2 - B)(a) | F(Y+2) +b0(2 - B)I(y +1)
|al m L
+ L (m + Zl:l )N = .- (10)

| r(ya+2) + blr('\/ + 1)F(2 - B)

Hence by Equations (9) and (10), we have

|Tx - Ty| = r?gx|Tx(t) = Ty()| + ntlglx|cDOBTx(t) —<DBTy(2)| < dx - y],

and since 0 < d <1, T 1is a contractive on X. By Banach’s fixed point
theorem, the Equation (1) has a unique solution x € X on [/ and this

completes the proof.

Lemma 8. The operator T defined in Equation (4) is completely

continuous on X.
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Proof. Since f, I;, J; are continuous, we know that 7' is continuous

on X. Let B « X be a bounded set. Then there exist positive numbers
k1, ko, and kg such that

vVt el, x € B, |f(t, x(¢), cDgx(t))| < Ky, [ Lp(x(t )] < ko, |1 (x(2))] < ks,

(Tx) (t)] < Tor ™ kg(zt m)+ el + NGl + M ()]
| C(y+2)+b |
laly [blfey
IN(x)| < ey ) + (@)’ (11)
la| (mky + Zm tiks)
1=1
|M(x)| < Ty +2) . (12)
So for any x € B and ¢t € [, we have
by la| o]
()0 = g + iy [+
(v 2)
+ mk2 1+ |a| + |C|
o oM +2) ) g + 0
+ kg (Zti+m)+ | |Zl 1!
i1 | Ty + Oy + 2) |

which shows that T'(B) is uniformly bounded.

(7)) - (1) ()] 5 20D ['C' e ) mL*J & 1),

(o +1) |1_(y+2)+b|

13)
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| DETx(ty) - *DETx(t,)|

tZ—(t2 —s)" f(s, x(s), CDBx(s))ds—J (- f(S x(s), CDBx(S))dS

o Ile-p) r(a [3)
e + IV (x)l M) (57 -47P) s 1 1p 1p
+ | . +2) o r@- B) +mL T@op) (t, ) (14)
P 7)1+ IN@)| + [M(x)) P
= Tla-p+1) [| Figy +bINE2 - B) - ml F(2 B) 7 =67

Hence by Equations (11), (12), (13), and (14), we have

ITx(ty) — Tx(t)| — Oty — ;).

That is to say, T(B) is equi-continuous and the operator 7' is completely

continuous. This completes the proof.

Theorem 9. Assume that

(1) there exist h(t) e L”(I, R") and a ¢ : [0, +) — (0, +©) continuous,

nondecreasing function such that forany t € l and x € X,
|f(t, x, °Dfx)| < ho(|° DEx|).
(2) f e CIxRxR, R).

Also let assume that there exist v, p* : [0, + ©) — (0, + ®) continuous,

nondecreasing functions such that

[T @) < p(lel), [ ()] < 0" ()

Let h* := sup{|h(t)| : t € I}, U = {x € PC(I, R)||x|| < M}.
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Suppose that there exists M > 0 such that

min{ M M }<1
2(Po(M) + Qu(M) + Ro* (M) + H) 2(P'o(M)+ Quv(M)+ Rv"(M))

where

_ h* N h* ( |a,| |b| \J,H =¢,
Mla+1) |- 5+ bl Moty +1)  Ta) | Fgy + 0l

(v
Zz =1"

+b|0(y + 2)

m
:m(1+| |a| J = Zti+m+|
i=1

o O +2) o)

h h” ( lal 4 j

= F((X—l?)"'l) +b|1_,(2 B) F(a+y+1) F(OC)

T052)

d ] o lalZ oy m
|

- ”’{1 | Ty + 0@ =BTy + 1) ;+b[0(2 - ) Te-p)

1"(

Then the Equation (1) has at least one solution x in U.

Proof. We will show that the operator T satisfies the assumptions of

the nonlinear alternative of Leray-Schauder type.

First, we know that T is completely continuous by Lemma 8.

Let x € X be such that x(¢) = A(Tx) () for some A € (0, 1).

Similarly to the proof of Lemma 8,

4, wellD
+ b

ITe@)] < 2 o) gy + moel) + v (IIxII)Zt + —

i=1 T(y+2) + | | F(y+2

lalmo(lal) + alo” ()"t

lal [d 1
(F(a+v+1) F(a)] | Fzy + 0 Iy +1)

+my ,

(16)
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and
Il 1

+ + .
0=Br) |l + 002 -P) | gy +OINE - B)

[DETO < Aol 1

Rrolallal  Aolalel AmelD) + b G 6 |y g
Ta+y+1) ) Ty +1) "Te-p)"
()
By Equations (16) and (17), we have

loll = 7] = max|Tx(z)] + max|* DETx(z)] < max{2(Po(lx]) + Qu(lxc]) + Bv"(lx]) + H),

2(P'o(x]) + @u(lx]) + R'v" (|x[)))}-
That 1s,

B .
masx{2(Po(je]) + Qu(lx]) + o’ (]) + H), 2(Pil) + @ulle]) + B ()}

Since Equation (15), we have

[

max{2(Po(|x[) + @u(lx]) + Ry”(lx]) + H), 2(P'o(lx]) + Qv(lx]) + R'v™ (Ixl]))}

. M M
min , )
{Z(PQ(M) +Qu(M)+ Ro"(M)+ H) 2(P'o(M)+Qu(M)+ R'W*(M))}
Hence |x| # M and consequently, 7 : U — X is completely continuous.

From the choice of the set U, there is no x € oU such that x = ATx
for some 0 < A < 1. Therefore by the nonlinear alternative of Leray-

Schauder type Theorem 5, we know that there exists at least one fixed

point in U and this completes the proof.
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Theorem 10. Let h e L”(J, R") and H; and H, be positive

constants.

If the following inequalities hold for any t €l and x € X, k =1, 2,

, m, then Equation (1) has at least one solution in X.
f(t, x, “DBx(t))| < h(t), |I;(x)| < Hy, |J)(x)] < Hy.

Proof. Obviously, T : X — X is completely continuous.

Now we show that V = {v € V : v = ATv, 0 < A < 1} is a bounded set.

Let x € V be such that x = ATx for some 0 < A < 1. Similarly to

the proof of Theorem 9, for any ¢ € JJ, we have

| = |Tx| = max|xTx(t)| + max|® DPTx(t)).
ted ted

Then
o1 1 laf (g

(&)l < 7 Ha+D+|w b Ty D) " T

+mH(1+ id i<

| T(+2) +2) +b|C(y +2) | T(+2) +2) + bl
+ Hy (Zti +m)+ | lzl 1 (18)
i=1 | (y+2) +b|T(y + 2) |
and
°DBx(t) < n* 1 1 o o]
O e e e Te e D T
mla|

+ Hl
| vty r(y+2) +b|0(2 - B)l(y +1)
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m
2t
i=1 m

+
il Folgy + b0~ PIr(y +1) TE-p)
lc 19
| F(y+2 + b|F(2 B)
By Equations (18) and (19), we have
_ |1 1 o, B
M .—Zmax{h [F(a+1)+| ( +b|(l"((x+y+1) o) +mH;
Y+
t.
1+ o + Zt +m)+ lalzl =1
| F(y+2) + blr(y +2) | F(y+2) + bl | F(y+2) + blr(y + 2)
Bt 1 1 ( le] o] j
o — B+ 1) | F( - +b|F(2 - B) Mo+ 7 + 1) (o)
+ H, mla| +H ZL 1t' L_m
| Tosgy * bIC@ = B)C(y + 1) | 7ty + blr@ - priy +1)  T2-P)

. i
| F(y+2 + blr(Z B)

Hence there exists some M > 0 such that |x| < M for all x e V, ie,

Vis a bounded set.
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Thus, by Theorem 6, T has at least one fixed point in X. This
completes the proof.

4. Examples
Example 11.
a 1 1
“D4x(t) = f(t, x@t), *D2x(t))t € [0, 1], ¢ = =,
(3 ) w(37)
2 2

M(5) = L (3 = L
‘10+x(% )‘ 20 + |x( & )‘
2 1

x(0) = 0, I3x(1) + §x’(1) =2,

7 5 1 1
whereoc—Z,y—g,ﬁ—g,m—l,a—l,b—E,c—Z and
i 1
f(t, x(t), “D2x(t)) = T

40(e" ) (1 + 3x(t)| + 5x2(2)])
Since

1£(t, %), “D7x(0)) - £(t, (0, “DZ3(0)

1 1
< [3ly] + 5]y*| - 3jx] —5lx |

. 40(e" ) (1 + 3lx(t)| + 5|x%(t)|)(1 + 3|y(t)| + 5|y%(t)|)

L 52 [~ |y2])] = L 33
=20 | 20 =D+ 52 [ = [y2]) ] = g | e = ol +[x* = 52]],
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we can take k = % Then since

1 1 1

dp = 2= ( + + )
8 (i) (F(%ﬁ%)ﬂ%) (r(%)+%)F(%)
1 1 L1, 1
+—(1+ )+ =1+ )p=0.94 <1,
10 (@%)F(%) 200 "2 (1 11) +5)0(%)
1, 1 1 1
dog = 2¢=( + )
ST MG+ T (g5
0 1
+ 10 ( )=0.751 <1,
r(ﬁ)(r(u) +5)r($) 20 2 r(ll_l)%)F(%)

and d = max{d;, dy}, there exists a unique solution by Theorem 7.

Example 12.

L)

3
‘D2x(t) =5 + el arctan(jx(¢)|), t € [0, 1], ¢ = %,
(1) ]
3
Ax(l):—, Ax'(l): 2cosx(1—)+3,
3/ [l )‘ 3 3
3

x(0) = 0, I3x(1)+ x'(1) =

30
Here |f(t, x(t), DPx(t))| =|t> + el arctan(|x(t)|)|< 2 +%, t €0, 1],

x € X. Since [[;(x)<3| and |J.(x)<5| for x € X, we can take
h(t) = 2 + , Hl = 3 and Hy = 5. Then by Theorem 10, the problem has

at least one solution on [0, 1].
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5. Conclusion

By using the standard fixed point theorems and nonlinear alternative

theorem, we obtained the uniqueness and existence of the solution for

nonlinear multi-term fractional differential equations with impulsive and

fractional integral boundary conditions. We generalized the results given
in [6], [20], [21], [26], [27].
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