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Abstract 

In this paper, we study the intuitionistic fuzzy I-convergent difference double 

sequence spaces ( )vI ,
2

µ
∆  and ( ).,0

2
vI µ

∆  Also we introduce a new concept, called 

as closed ball in these spaces. Benefiting from these notions, we establish a new 
topological space and investigate some topological properties in intuitionistic 

fuzzy I-convergent difference double sequence spaces ( )vI ,
2

µ
∆  and ( ).,0

2
vI µ

∆  

1. Introduction 

Fuzzy set theory defined by Zadeh [1] has been applied various 
branches of mathematics such as in the theory of functions [2] and in the 
approximation theory [3]. Fuzzy topology plays an essential role in fuzzy 
theory. It deals with such conditions where the classical theories break 
down. The intuitionistic fuzzy normed space and intuitionistic fuzzy           
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n-normed space which were investigated in [4]-[5] are the most 
contemporary improvements in fuzzy topology. Recently, the definition of 
I-convergence in intuitionistic fuzzy zweier I-convergent sequence spaces 
and intuitionistic fuzzy zweier I-convergent double sequence spaces have 
been studied in [10]-[13]. 

The notion of statistical convergence was introduced by Steinhaus 
[14] and Fast [15] has been applied for the convergence problems of 
matrices (double sequences) through the concept of the natural density. 
Some statistical convergence types in intuitionistic fuzzy normed spaces 
and intuitionistic fuzzy n-normed spaces were investigated in [6]-[9]. As 
an extended definition of statistical convergence, definition of                    
I-convergence was introduced by Kostyrko et al. [16] by using the idea of 
I of subsets of the set of natural numbers. Recently, the notion of 
statistical convergence of double sequences ( )ijxx =  has been defined 

and investigated in [25] and [26]. Quite recently, I and econvergenc-∗I  of 

double sequences have been studied by Das et al. [17]. 

Some new sequence spaces were introduced by means of various 
matrix transformations in [21]-[23]. Kızmaz [20] defined the difference 
sequence spaces with the difference matrix as follows: 

( ) { ( ) },: XxxxX ∈∆==∆ k  

for ,,, 0cclX ∞=  where 1+−=∆ kkk xxx  and ∆  denotes the difference 

matrix ( )kn∆=∆  defined by 

( )







<≤

+≤≤−
=∆

−

.0if,0

,1if,1

n

nnn

n
k

kk

k  

In this study, we introduce the intuitionistic fuzzy I-convergent 

difference double sequence spaces ( )vI ,
2

µ
∆  and ( )vI ,0

2
µ

∆  and investigate 

some topological properties of these new spaces. 
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2. Basic Definitions 

In this section, we give some definitions and notations which will be 
used for this investigation. 

Definition 2.1 ([18]). A binary operation [ ] [ ] [ ]1,01,01,0: →×∗  is 

said to be a continuous t-norm if it satisfies the following conditions: 

(i) ∗  is associative and commutative, 

(ii) ∗  is continuous, 

(iii) aa =∗1  for all [ ],1,0∈a  

(iv) dcba ∗≤∗  whenever ca ≤  and db ≤  for each [ ].1,0,,, ∈dcba  

Definition 2.2 ([18]). A binary operation [ ] [ ] [ ]1,01,01,0: →×D  is 

said to be a continuous t-conorm if it satisfies the following conditions: 

(i) D  is associative and commutative, 

(ii) D  is continuous, 

(iii) aa =0D  for all [ ],1,0∈a  

(iv) dcba DD ≤  whenever ca ≤  and db ≤  for each [ ].1,0,,, ∈dcba  

Definition 2.3 ([4]). The five-tuple ( )D,,,, ∗µ vX  is said to be 

intuitionistic fuzzy normed linear space (or shortly IFNLS) where X is a 
linear space over a field ∗,F  is a continuous t-norm, D  is a continuous      

t-conorm, v,µ  are fuzzy sets on ( ) µ∞× ,,0X  denotes the degree of 

membership and v denotes the degree of nonmembership of ( ) ×∈ Xtx,  

( )∞,0  satisfying the following conditions for every Xyx ∈,  and 
:0, >ts  

(i) ( ) ( ) ,1,, ≤+µ txvtx  

(ii) ( ) ,0, >µ tx  

(iii) ( ) 1, =µ tx  if and only if ,0=x  
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(iv) ( ) 







α
µ=αµ txtx ,,  if ,0≠α  

(v) ( ) ( ) ( ),,,, styxsytx ++µ≤µ∗µ  

(vi) ( ) ( ) [ ]1,0,0:., →∞µ x  is continuous, 

(vii) ( ) 1,lim =µ
∞→

tx
t

 and ( ) ,0,lim
0

=µ
→

tx
t

 

(viii) ( ) ,1, <txv  

(ix) ( ) 0, =txv  if and only if ,0=x  

(x) ( ) 







α
=α txvtxv ,,  if ,0≠α  

(xi) ( ) ( ) ( ),,,, tsyxvsyvtxv ++≥D  

(xii) ( ) ( ) [ ]1,0,0:., →∞xv  is continuous, 

(xiii) ( ) 0,lim =
∞→

txv
t

 and ( ) .1,lim
0

=
→

txv
t

 

In this case ( )v,µ  is called intuitionistic fuzzy linear norm. 

Example 2.1 ([4]). Let ( ).,X  be a normed linear space, and let 

abba =∗  and { }1,min baba +=D  for all [ ].1,0, ∈ba  For all Xx ∈  

and every ,0>t  consider 

( ) ( ) .:,and:, xt
xtxvxt

ttx
+

=
+

=µ  

Then ( )D,,,, ∗µ vX  is an IFNLS. 

Definition 2.4 ([4]). Let ( )D,,,, ∗µ vX  be an IFNLS. A sequence 

( )kxx =  in X is convergent to XL ∈  with respect to the intuitionistic 

fuzzy linear norm ( )v,µ  if, for every 0>ε  and ,0>t  there exists 

N∈0k  such that ( ) ε−>−µ 1, tLxk  and ( ) ε<− tLxv ,k  for all 0kk ≥  

where .N∈k  It is denoted by ( ) .lim, Lxv =−µ  



INTUITIONISTIC FUZZY I-CONVERGENT DIFFERENCE … 145

Theorem 2.1 ([19]). Let ( )D,,,, ∗µ vX  be an IFNLS. Then, a sequence 

( )kxx =  in X is convergent to XL ∈  if and only if ( −µ
∞→ kk

xlim  ) 1, =tL  

and ( ) .0,lim =−
∞→

tLxv kk
 

Definition 2.5 ([16]). If X is a non-empty set, then a family of sets 
( )XPI ⊂  is called an ideal in X if and only if 

(i) ,0 I∈/  

(ii) for each IBA ∈,  implies that ,IBA ∈∪  and 

(iii) for each IA ∈  and AB ⊂  we have ,IB ∈  

where ( )XP  is the power set of X. 

Definition 2.6 ([16]). If X is a non-empty set, then a non-empty 
family of sets ( )XPF ⊂  is called a filter on X if and only if 

(i) ,0 F∈//  

(ii) for each FBA ∈,  implies that ,FBA ∈∩  and 

(iii) for each FA ∈  and ,BA ⊃  we have .FB ∈  

An ideal I is called non-trivial if 0/≠I  and .IX ∈/  A non-trivial 

ideal ( )XPI ⊂  is called an admissible ideal in X if and only if 

{ }{ } .: IXxx ⊆∈  

A relation between the concepts of an ideal and a filter is given by the 
following proposition. 

Proposition 2.1 ([16]). Let ( )XPI ⊂  be a non-trivial ideal. Then the 

class ( ) { }IAsomeforAXMXMIFF ∈−=⊂== ,:  is a filter on 

( )IFFX =.  is called the filter associated with the ideal I. 
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Definition 2.8 ([24]). Let I2  be a non-trivial ideal of NN ×  and 

( )D,,,, ∗µ vX  be an IFNLS. A double sequence ( )ijxx =  of elements of X 

is said to be convergent-2 I  to XL ∈  with respect to the intuitionistic 

fuzzy linear norm ( )v,µ  if, for every 0>ε  and ,0>t  the set 

{( ) ( ) ( ) } .,or1,:, ItLxvtLxji ijij ∈ε≥−ε−≤−µ×∈ NN  

In this case, we write ( ) .lim,
2 LxI v =−µ  

3. Main Results 

In this study, we defined a variant of ideal convergent sequence 
spaces called intuitionistic fuzzy ideal difference convergent double 
sequence spaces and investigated some topological properties of these 
spaces. 

Let w2  be the space of all real double sequences. Intuitionistic fuzzy 

I-convergent difference double sequence spaces are defined as: 

( ) {( ) {( ) ( ) ε−≤−∆µ×∈∈=µ
∆ 1,:,:2

,
2 tLxjiwxI ijij

v NN  

( ) } },,or 2ItLxv ij ∈ε≥−∆  

and 

( ) {( ) {( ) ( ) ε−≤∆µ×∈∈=µ
∆ 1,:,:2

,0
2 txjiwxI ijij

v NN  

( ) } }.,or 2Itxv ij ∈ε≥∆  

Moreover, an open ball ( )trBx ,2  with centre ( )vIx ,
2

µ
∆∈  and radius 

( )1,0∈r  with respect to t, is defined as follows: 

( ) { ( ) {( ) ( ) rtyxjiIytrB ijij
v

x −≤∆−∆µ×∈∈= µ
∆ 1,:,:, ,

22 NN  

( ) } }.,or 2Irtyxv ijij ∈≥∆−∆  
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Theorem 3.1. ( )vI ,
2

µ
∆  and ( )vI ,0

2
µ

∆  are linear spaces. 

Proof. We prove the result for ( ).,
2

vI µ
∆  Similarly, it can be proved 

for ( ).,0
2

vI µ
∆  Let ( ) ( ) ( )v

ijij Iyx ,
2, µ

∆∈  and βα,  be scalars. The proof is 

trivial for 0=α  and .0=β  Let 0≠α  and .0≠β  For a given ,0>ε  

choose 0>s  such that ( ) ( ) s−>ε−∗ε− 111  and .s<εε D  Hence, we 

have 

{( ) ( ) ε−≤α−∆µ×∈= 12,:, 11 tLxjiA ijNN  

( ) } ,2,or 21 ItLxv ij ∈ε≥α−∆  

{( ) ( ) ε−≤β−∆µ×∈= 12,:, 22 tLyjiA ijNN  

( ) } ,2,or 21 ItLxv ij ∈ε≥β−∆  

{( ) ( ) ( ,and12,:, 111 LxvtLxjiA ijij
c −∆ε−>α−∆µ×∈= NN  

) } ( ),2 2IFt ∈ε<α  

and 

{( ) ( ) ( ,and12,:, 222 LyvtLyjiA ijij
c −∆ε−>β−∆µ×∈= NN  

) } ( ).2 2IFt ∈ε<β  

Let define the set .213 AAA ∪=  Hence .23 IA ∈  It follows that cA3  is a 

nonempty set in ( ).2IF  We will prove that for every ( ) ( ) ∈ijij yx ,  

( ),,
2

vI µ
∆   

{( ) (( ) ( ) ) stLLyxjiA ijij
c −>β+α−∆β+∆αµ×∈⊂ 1,..:, 213 NN  

and (( ) ( ) ) }.,.. 21 stLLyxv ijij <β+α−∆β+∆α  
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Let ( ) ., 3
cAnm ∈  Then 

( ) ( ) ,2,and12, 11 ε<α−∆ε−>α−∆µ tLxvtLx mnmn  

and 

( ) ( ) .2,and12, 22 ε<β−∆ε−>β−∆µ tLyvtLy mnmn  

In this case, 

(( ) ( ) ) ( ) µ∗α−∆αµ≥β+α−∆β+∆αµ 2,.,.. 121 tLxtLLyx mnmnmn  

( )2,. 2 tLymn β−∆β  

( ) ( ) ( ) ( ) ,1112,2, 21 stLytLx mnmn −>ε−∗ε−>β−∆µ∗α−∆µ=  

and 

(( ) ( ) ) ( ) ( mnmnmnmn yvtLxvtLLyxv ∆βα−∆α≤β+α−∆β+∆α .2,.,.. 121 D  

)2,2 tLβ−  

( ) ( ) .2,2, 21 stLyvtLxv mnmn <εε<β−∆α−∆= DD  

This proves that 

{( ) (( ) ( ) ) stLLyxjiA ijij
c −>β+α−∆β+∆αµ×∈⊂ 1,..:, 213 NN  

and (( ) ( ) ) }.,.. 21 stLLyxv ijij <β+α−∆β+∆α  

Hence ( )vI ,
2

µ
∆  is a linear space. 

Theorem 3.2. Every closed ball ( )trBc
x ,2  is an open set in ( ).,

2
vI µ

∆  

Proof. Let ( )trBx ,2  be an open ball with centre ( )vIx ,
2

µ
∆∈  and 

radius ( )1,0∈r  with respect to t, i.e., 

( ) { ( ) {( ) ( ) rtyxjiIytrB ijij
v

x −≤∆−∆µ×∈∈= µ
∆ 1,:,:, ,

22 NN  

( ) } }.,or 2Irtyxv ijij ∈≥∆−∆  
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Let ( ).,2 trBy c
x∈  Then ( ) rtyx −>∆−∆µ 1,  and ( ) ., rtyxv <∆−∆  

Since ( ) ,1, rtyx −>∆−∆µ  there exists ( )tt ,00 ∈  such that 

( ) rtyx −>∆−∆µ 1, 0  and ( ) ., 0 rtyxv <∆−∆  

Let ( )., 00 tyxr ∆−∆µ=  Since ,10 rr −>  there exists ( )1,0∈s  such 

that rsr −>−> 110  and so there exists ( )1,0, 21 ∈rr  such that 10 rr ∗  

s−> 1  and ( ) ( ) .11 20 srr <−− D  

Let { }.,max 213 rrr =  Then 30101 rrrrs ∗≤∗<−  and ( ) D01 r−  

( ) ( ) ( ) .111 203 srrr <−−≤− D  

Consider the closed balls ( )032 ,1 ttrBc
y −−  and ( ).,2 trBc

x  We prove 

that ( ) ( ).,,1 2032 trBttrB c
x

c
y ⊂−−  Let ( ).,1 032 ttrBz c

y −−∈  Then 

( ) 30, rttzy >−∆−∆µ  and ( ) .1, 30 rttzyv −<−∆−∆  Hence 

( ) ( ) ( ) >∗≥∗>−∆−∆µ∗∆−∆µ≥∆−∆µ 103000 ,,, rrrrttzytyxtzx  

,11 rs −>−  

and 

( ) ( ) ( ) ( ) ( ) .11,,, 3000 rsrrttzyvtyxvtzxv <<−−<−∆−∆∆−∆≤∆−∆ DD  

Thus ( )trBz c
x ,2∈  and hence ( ) ( ).,,1 2032 trBttrB c

x
c
y ⊂−−  

Remark 3.1. It is clear that ( )vI ,
2

µ
∆  is an IFNLS. Define 

( ) ( ){ 0existthereeachfor:,
2

,
2 >∈⊂= µ

∆
µ

∆ tAxIA vvτ  

( ) ( ) }.,thatsuch1,0and 2 AtrBr c
x ⊂∈  

Then ( )v,
2

µ
∆τ  is a topology on ( ).,

2
vI µ

∆  

Theorem 3.3. The topology ( )v,
2

µ
∆τ  on ( )vI ,0

2
µ

∆  is first countable. 
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Proof. It is clear that { ( ) }N∈nnnBc
x :1,1

2  is a local base at 

( ).,
2

vIx µ
∆∈  Then the topology ( )v,

2
µ

∆τ  on ( )vI ,0
2

µ
∆  is first countable. 

Theorem 3.4. ( )vI ,
2

µ
∆  and ( )vI ,0

2
µ

∆  are Hausdorff spaces. 

Proof. Let ( )vIyx ,
2, µ

∆∈  such that .yx ≠  Then ( ) 1,0 <∆−∆µ< tyx  

and ( ) .1,0 <∆−∆< tyxv  

Let define 21, rr  and r such that ( ) ( ),,,, 21 tyxvrtyxr ∆−∆=∆−∆µ=  

and { }.1,max 21 rrr −=  Then for each ( )1,0 rr ∈  there exist 3r  and 4r  

such that 043 rrr ≥∗  and ( ) ( ) ( ).111 043 rrr −≤−− D  

Let ( ){ }435 1,max rrr −=  and consider the closed balls ( )2,1 52
trBc

x −  

and ( ).2,1 52
trBc

y −  Then clearly ( ) ( ) .02,12,1 5252 /=−− trBtrB c
y

c
x ∩   

Suppose that ( ) ( ),2,12,1 5252
trBtrBz c

y
c
x −−∈ ∩  then 

( ) ( ) ( ) ,2,2,, 043551 rrrrrrtzytzxtyxr >≥∗≥∗≥∆−∆µ∗∆−∆µ≥∆−∆µ=  

and 

( ) ( ) ( ) ( ) ( )552 112,2,, rrtzyvtzxvtyxvr −−≤∆−∆∆−∆≤∆−∆= DD  

( ) ( ) ( ) ,1111 043 rrrr −<−≤−−≤ D  

which is a contradiction. Hence ( )vI ,
2

µ
∆  is a Hausdorff space. 

Theorem 3.5. Let ( )vI ,
2

µ
∆  be an IFNLS, ( )v,

2
µ

∆τ  be a topology on 
( )vI ,

2
µ

∆  and ( )ijx  be a sequence in ( ).,
2

vI µ
∆  Then a sequence ( )ijx  is      

∆-convergent to 0x∆  with respect to the intuitionistic fuzzy linear norm 

( )v,µ  if and only if ( ) 1,0 →∆−∆µ txxij  and ( ) 0,0 →∆−∆ txxv ij  as 

., ∞→∞→ ji  



INTUITIONISTIC FUZZY I-CONVERGENT DIFFERENCE … 151

Proof. Let ( )trBx ,02  be an open ball with centre ( )vIx ,
20

µ
∆∈  and 

radius ( )1,0∈r  with respect to t, i.e., 

( ) {( ) ( ) {( ) ( ) rtxxjiIxtrB ij
v

ijx −≤∆−∆µ×∈∈= µ
∆ 1,:,:, 0

,
22 0 NN  

( ) } }.,or 20 Irtxxv ij ∈≥∆−∆  

Suppose that a sequence ( )ijx  is ∆-convergent to 0x∆  with respect to the 

intuitionistic fuzzy linear norm ( )., vµ  Then for ( )1,0∈r  and ,0>t  

there exists N∈0k  such that ( ) ( )trBx c
xij ,

0
∈  for all ., 00 kk ≥≥ ji  

Thus 

{( ) ( ) ( ) } ( ).,and1,:, 200 IFrtxxvrtxxji ijij ∈<∆−∆−>∆−∆µ×∈ NN  

So ( ) rtxxij <∆−∆µ− ,1 0  and ( ) ,,0 rtxxv ij <∆−∆  for all ., 00 kk ≥≥ ji  

Then ( ) 1,0 →∆−∆µ txxij  and ( ) 0,0 →∆−∆ txxv ij  as ., ∞→∞→ ji  

Conversely, suppose that for each ( ) 1,,0 0 →∆−∆µ> txxt ij  and 

( ) 0,0 →∆−∆ txxv ij  as ., ∞→∞→ ji  Then, for ( ),1,0∈r  there exists 

N∈0k  such that ( ) rtxxij <∆−∆µ− ,1 0  and ( ) rtxxv ij <∆−∆ ,0  for all 

., 00 kk ≥≥ ji  So, ( ) rtxxij −>∆−∆µ 1,0  and ( ) rtxxv ij <∆−∆ ,0  for all 

., 00 kk ≥≥ ji  Hence ( ) ( )trBx c
xij ,

02∈  for all ., 00 kk ≥≥ ji  This proves 

that a sequence ( )ijx  is ∆-convergent to 0x∆  with respect to the 

intuitionistic fuzzy linear norm ( )., vµ  
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