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Abstract

This paper deals with the oscillation properties of higher-order nonlinear
differential equations with distributed delay
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under a condition
© 1 )
SN0

New oscillation criteria are obtained by employing a refinement of the
generalized Riccati transformations and new comparison principles. An example
is provided to illustrate the main results.

1. Introduction

In this work, we investigate the oscillation and asymptotic behaviour
of solutions to the higher-order nonlinear differential equation with

distributed delay of the form

b0 | o e D =0, 2.

We assume that the following assumptions hold:

(A7) b e CMtg, ), b'(t) = 0,b(t) >0,y is a quotient of odd positive
integers.

(A2) q(t, €), q(t, &) € C([tg, =) x [c, d], R), q(t, &) is positive; g(t, &) is

nondecreasing function in &, g(t, &) < ttlim g(¢, &) = oo
-

By a solution of Equation (1.1) we mean a function y e C”_l[Ty, ),

T, > ty, which has the property b(t) (y"_l (t))y € Cl[Ty, ©) and satisfies
Equation (1.1) on [Ty, ). We consider only those solutions y of Equation
(1.1) which satisfy sup{|y(¢)| : ¢ > T} > 0, for all T > T,,. We assume that

(1.1) possesses such a solution. A solution of (1.1) is called oscillatory if it

has arbitrarily large zeros on [Ty, ©) and otherwise it is called to be

nonoscillatory. The Equation (1.1) is said to be oscillatory if all its

solutions are oscillatory.
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The problem of the oscillation of higher and fourth order differential
equations have been widely studied by many authors, who have provided
many techniques for obtaining oscillatory criteria for higher and fourth
order differential equations. We refer the reader to the related books (see
[1, 6, 15], [11], [13]) and to the papers (see [2], [3]-[10], [14]-[21]). In the
following, we present some related results that served as a motivation for
the contents of this paper.

Bazighifan [6] consider the oscillatory properties of the higher-order
differential equation

[b(t)(y@-”(t)ﬂ PP ) =0, 121,

under the conditions

and

——dt < . 1.2)

Elabbasy et al. [7] studied the oscillation behaviour of the higher-order

nonlinear differential equation

LTV | Y aOfeo) =0, 2k
i=1

Moaaz et al. [15], Elabbasy et al. [8, 9], and Zhang et al. [21] examined

the oscillation of the fourth-order nonlinear delay differential equation

[0 601 ] + a0y @0 =0, 121

Our aim in the present paper is to employ the Riccatti technique to
establish some new conditions for the oscillation of all solutions of
Equation (1.1) under the condition (1.2). Some examples are presented to
illustrate our main results.
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The proof of our main results are essentially based on the following

lemmas.

Lemma 1.1 (Baculikova et al. [4]). If the function z satisfies FURS 0,

i=0,1,...,n and 2" < 0, then

) . 20

t" a7 (n-1)

Lemma 1.2. (Agarwal et al. [1]). Let z € (C"[ty, ], R") and assume
that 2™ is of fixed sign and not identically zero on a subray of [ty, ©]. If
moreover, z(t) > 0, z(n_l)(t)z(n)(t) <0 and tli% z(t) # 0, then for every
L € (0, 1), there exists t, >ty such that

A
(n-1)

Lemma 1.3 (Zhang et al. [19]). Let B > 1 be a ratio of two numbers;

2(t) > t’“l‘z(”*l)(t)‘, fort e [t;, »).

where U and V are constants. Then

B+1
5 [313 Uh+t

Uy-Wyb < —F >
B+ VP

,V>0.

2. Main Results

In this section, we shall establish some oscillation criteria for
Equation (1.1). We are now ready to state and prove the main results. For

convenience, we denote

R(s) = J.:ﬁ ds, 8!, (t) := max{0, 8'(¢)},

Q0 = [ "4, 9d(e) and o) = [ Q) et )\ 5
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Theorem 2.1. Let (A;), (Ag) and (1.2) hold. Assume that there exists

a positive function 3 € Cl[to, ©) such that

' 2
I {8(5) . I (v - )" cv(v)b(u) N gy 4 ((64(;2;) 1(13 — o (2.1)

If

I {Q( )(( o TANG C)] R(s) - ( HJM b;/(gs)}ds —w,  (2.2)

for some constant Ly € (0, 1), then every solution of (1.1) is oscillatory.

Proof. Assume that (1.1) has a nonoscillatory solution y. Without loss

of generality, we can assume that y(¢) > 0. It follows from (1.1) that
there exist two possible cases for ¢ > ¢;, where t >ty is sufficiently

large:

Case 1. y(t) > 0, y'(t) >0, y" () >0, y"(t)< 0, (b(y(nl))y) (t) < 0.

’

Case 2. y(t) >0, y'(t) >0, " 2(t) >0, y (1)< 0, (b(y(”l))yj ()< 0,

for t > t;, t; is large enough.
Assume that Case 1 holds. From Lemma 1.2, we find y(t)>

(¢/3)y'(¢) and, hence

Aeo) , £ -

Integrating (1.1) from ¢ to «, we obtain

0L < -[ Qs (els, ), @4
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By virtue of y'(t) > 0, g(¢, £) <t and (2.3), we obtain

N\a
- K0 [ ete o\ sas| <o

Integrating (2.4) from ¢ to « for a total of (n — 3)-times, we find

@+ G20 [0 ot o) Va0

Define the function w(t) by

(t)
olt) = 8(t) L2 SR

Then w(t) > 0 for ¢ > ¢ and

. YO | g2 OO0 - 0P
© = 50355+ o0

From (2.6) and (2.7), it follows that
1
o(0) < = 8(0) =y 4), j -1V (L) N do

L @),
500 5500

Hence, we have

((3'2)), )?

o'(t) < - 6@)@ Loo ©=0"o" (o) d + 43(t)

Integrating (2.10) from ¢; to ¢, we get

(2.5)

(2.6)

2.7

(2.8)

(2.9

. (4.10)

' 2
[ [a<s> e et an s GO g < o),

45(s)

for all large ¢, which contradicts (2.1).
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Assume that Case 2 holds. Noting that b(¢) (31(’“1)(15))Y is nonincreasing,

we have that b(s) (y(n_l)(s))y < b(t)(y("_l)(t))y for all s>t >¢. This

yields

(n-1) - T 1
6 < o b |

Integrating this inequality from ¢ to u, we get

/Y pu
¥ w) -y () < [b(t)(y (n_l)(t)ﬂl YI t bl/lY(S) o

Letting u — «, we see that
1/y
_ _ v
-5 20 < b0 b Vo) | Ro.
From Lemma 1.1, we get

§0) 2 gy ),

for all A € (0, 1) and every sufficiently large ¢. Next, we define

o(t) = s b ef

_oy, VY
b2
We note that ¢(t) < 0 for ¢ > t; and

’

(b(t) (y(”‘”(t))y) b(t) [y Vo)
(y(n_z)(t))Y ! (y(n—Q)(t))y+1 |

From (1.1) and (2.13), we obtain

Q'(t) =

v+1

o Vet ) Ve 1
9(t) = - Q) g o] Grog) 0" (0).

(2.11)

(2.12)

(2.13)

(2.14)
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Hence, (2.14) yields

v+1

T (). (2.15)

o0 < - Qg . 1) - i

Multiplying (2.15) by R”(¢) and integrating from ¢y to ¢, we obtain

Y Y R"Y(s)
RY@0l0) - B ()ote) + o, 2 o olo)ds

<], 0 G2 e 0| R Gds = "’W((S))R%)d&

we set

_R"™Ns) . R(s)

et T et s) T T - 9(8).

From Lemma 1.3, we find

ot - (2 58]

<1+ R(ty)o(ty),

for some constant A9 € (0, 1), which contradicts (2.2).

Theorem 2.1 is proved. O

It 1s well known (see [3]) that the differential equation

[at) '@)*] + gy @) =0, ¢ >4, ©.16)

where o > 0 is the ratio of odd positive integers, a, g € C[ty, »), is

nonoscillatory if and only if there exist a number 7' > ¢, and a function

veCt [T, «), satisfying the inequality

v'(¢) + oca_?l(t) (v(t))% +q(t) <0, on [T, ).
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In what follows, we compare the oscillatory behaviour of (1.1) with

the second-order half-linear equations of type (2.16).

Theorem 2.2. Let (A;), (Ag) and (1.2) hold. Assume that the

differential equation

{b(t)( (t))y} +Q(t)[M] y¥(t) = 0, (2.17)

is oscillatory for some constant Ly € (0, 1), the equation

(o) (0] +Q(t)(( LG c>j Y1) =0, @.18)

is oscillatory for some constant X\ € (0, 1). Then every solution of (1.1) is

oscillatory.

Proof. Proceeding as in the proof of Theorem 2.1. If we set 5(¢) =1 in
(2.10), then we get

o0+ =gy j (v—-1)"" 467(11)1)(0) Ny < 0.

4)'
Thus, we can see that Equation (2.17) is nonoscillatory which is a
contradiction. From (2.15), we get

y+1

") <0,

00+ Q0 8 e 0]+

for every constant Ly € (0, 1). Thus, we can see that Equation (2.18) is

nonoscillatory for every constant A e (0, 1) which is a contradiction.

Theorem 2.2 is proved. O
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3. Example

In this section, we give the following example to illustrate our main

results.

Example 3.1. Consider a differential equation
3 (! t-¢§
(o) + [ o\ ou(t55)a -0 21 (3.1
0

where v > 0 is a constant. Let
y=1Ln=40b¢t)=t>>00b) =9 >0,be Cp, ©),

qt, &) =W \t)g>0,q € Clty, ®),c=0,d =1

glt, ) = 5 < t, lim & = =, g(t, ¢) < Clip, ),

wlw

1 Ll ,
Qt) = Jo q(t, £)de = 7-[0 ez = o
and hence

R(s) = 11 s = J. %ds = 12
¢ = t s 2s
b (s)

If we now set 8(¢) = 1, then we conclude that (2.1) and (2.2) are satisfied.

.[ {Q(S)(( —9) 8" (s, c)j RY(s) - (y +1jy+1 b_;g/(SS)

= (ﬂ - —j'[ =dt = o, if v > i—G for some constant Ay € (0, 1).
to 2

Hence, by Theorem 2.1, every solution of Equation (3.1) is oscillatory

if v> i—6 for some constant Ay € (0, 1).
2
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Remark 3.1. The results of [6] cannot confirm the conclusion in

Equation (3.1).
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