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Abstract 

This paper deals with the oscillation properties of higher-order nonlinear 
differential equations with distributed delay 
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New oscillation criteria are obtained by employing a refinement of the 
generalized Riccati transformations and new comparison principles. An example 
is provided to illustrate the main results. 

1. Introduction 

In this work, we investigate the oscillation and asymptotic behaviour 
of solutions to the higher-order nonlinear differential equation with 
distributed delay of the form 
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We assume that the following assumptions hold: 

( ) [ ) ( ) ( ) γ>≥′∞∈ ,0,0,,A 0
1

1 tbtbtCb   is a quotient of odd positive 

integers. 

( ) ( ) ( ) ([ ) [ ] ) ( )ξ×∞∈ξξ ,,,,,,,,A 02 tqdctCtqtq R  is positive; ( )ξ,tg  is 

nondecreasing function in ( ) ( ) .,lim,, ∞=ξ≤ξξ
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By a solution of Equation (1.1) we mean a function [ ),,1 ∞∈ −
y

n TCy  

,0tTy ≥  which has the property ( ) ( )( ) [ )∞∈
γ− ,11

y
n TCtytb  and satisfies 

Equation (1.1) on [ )., ∞yT  We consider only those solutions y of Equation 

(1.1) which satisfy ( ){ } ,0:sup >≥ Ttty  for all .yTT >  We assume that 

(1.1) possesses such a solution. A solution of (1.1) is called oscillatory if it 
has arbitrarily large zeros on [ )∞,yT  and otherwise it is called to be 

nonoscillatory. The Equation (1.1) is said to be oscillatory if all its 
solutions are oscillatory. 
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The problem of the oscillation of higher and fourth order differential 
equations have been widely studied by many authors, who have provided 
many techniques for obtaining oscillatory criteria for higher and fourth 
order differential equations. We refer the reader to the related books (see 
[1, 6, 15], [11], [13]) and to the papers (see [2], [3]-[10], [14]-[21]). In the 
following, we present some related results that served as a motivation for 
the contents of this paper. 

Bazighifan [6] consider the oscillatory properties of the higher-order 
differential equation 
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Elabbasy et al. [7] studied the oscillation behaviour of the higher-order 
nonlinear differential equation 
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Moaaz et al. [15], Elabbasy et al. [8, 9], and Zhang et al. [21] examined 
the oscillation of the fourth-order nonlinear delay differential equation 

( ) ( )( )[ ] ( ) ( ) .,0 0tttytqtytr ≥=+
′

′′′ αα  

Our aim in the present paper is to employ the Riccatti technique to 
establish some new conditions for the oscillation of all solutions of 
Equation (1.1) under the condition (1.2). Some examples are presented to 
illustrate our main results. 
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The proof of our main results are essentially based on the following 
lemmas. 

Lemma 1.1 (Baculikova et al. [4]). If the function z satisfies ( ) ,0>iz  

,,,1,0 ni …=  and ( ) ,01 <+nz  then 
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Lemma 1.2. (Agarwal et al. [1]). Let ( [ ] )+∞∈ R,,0tCz n  and assume 

that ( )nz  is of fixed sign and not identically zero on a subray of [ ].,0 ∞t  If 

moreover, ( ) ( )( ) ( )( ) 0,0 1 ≤> − tztztz nn  and ( ) ,0lim ≠
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Lemma 1.3 (Zhang et al. [19]). Let 1≥β  be a ratio of two numbers; 

where U and V are constants. Then 
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2. Main Results 

In this section, we shall establish some oscillation criteria for 
Equation (1.1). We are now ready to state and prove the main results. For 
convenience, we denote 
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Theorem 2.1. Let ( ) ( )21 A,A  and (1.2) hold. Assume that there exists 

a positive function [ )∞∈δ ,0
1 tC  such that 

( ) ( ) ( )( ) ( ) ( ) ( )( )( )
( ) .4!4

1 2
\14

1

0
∞=













δ
δ′

+σ−
−

δ +γ−−∞∞
γ∫∫ dss

sdvvbvsvns n
tt

 (2.1) 

If 

( ) ( ) ( ) ( ) ( )
( ) ,1,!2

11
22

0
∞=




















+γ
γ−








−
λ γ−+γ

γ
γ

−
∞

∫ dssR
sbsRcsgnsQ n

t
 (2.2) 

for some constant ( ),1,02 ∈λ  then every solution of (1.1) is oscillatory. 

Proof. Assume that (1.1) has a nonoscillatory solution y. Without loss 
of generality, we can assume that ( ) .0>ty  It follows from (1.1) that 

there exist two possible cases for ,1tt ≥  where 01 tt ≥  is sufficiently 

large: 

Case 1. ( ) ( ) ( )( ) ( )( ) ( )( ) ( ) .0,0,0,0,0 11 ≤
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for 11, ttt >  is large enough. 

Assume that Case 1 holds. From Lemma 1.2, we find ( ) ≥ty  

( ) ( )tyt ′3  and, hence 
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Integrating (1.1) from t to ,∞  we obtain 
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By virtue of ( ) ( ) ttgty ≤ξ>′ ,,0  and (2.3), we obtain 
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Integrating (2.4) from t to ∞  for a total of (n – 3)-times, we find 
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From (2.6) and (2.7), it follows that 
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Integrating (2.10) from 1t  to t, we get 
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for all large t, which contradicts (2.1). 
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Assume that Case 2 holds. Noting that ( ) ( )( )( )γ− tytb n 1  is nonincreasing, 

we have that ( ) ( )( )( ) ( ) ( )( )( )γ−γ− ≤ tytbsysb nn 11  for all .1tts ≥≥  This 

yields 

( )( ) ( ) ( )( )( )
( )

.1
1

1
11

sb
tytbsy nn

γ

γγ−−




≤  

Integrating this inequality from t to u, we get 

( )( ) ( )( ) ( ) ( )( )( )
( )

.1
1

1
122 ds

sb
tytbtyuy

u

t
nnn

γ

γγ−−− ∫



≤−  

Letting ,∞→u  we see that 

( )( ) ( ) ( )( )( ) ( ).
1

12 tRtytbty nn
γγ−−





≤−  (2.11) 

From Lemma 1.1, we get 

( ) ( )
( )( ),!2

22 tytnty nn −−
−
λ≥  (2.12) 

for all ( )1,0∈λ  and every sufficiently large t. Next, we define 

( ) ( ) ( )( )( )
( )( )( )

.
2

1

γ−

γ−
=ϕ

ty

tytbt
n

n
 (2.13) 

We note that ( ) 0<ϕ t  for 1tt ≥  and 

( )
( ) ( )( )( )

( )( )( )
( ) ( )( )( )

( )( )( )
.12

11

2

1

+γ−

+γ−

γ−

γ−

γ−

′








=ϕ′
ty

tytb

ty

tytb
t

n

n

n

n

 

From (1.1) and (2.13), we obtain 
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Hence, (2.14) yields 
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From Lemma 1.3, we find 
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for some constant ( ),1,02 ∈λ  which contradicts (2.2). 

Theorem 2.1 is proved.   

It is well known (see [3]) that the differential equation 
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In what follows, we compare the oscillatory behaviour of (1.1) with 
the second-order half-linear equations of type (2.16). 

Theorem 2.2. Let ( ) ( )21 A,A  and (1.2) hold. Assume that the 

differential equation 
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Thus, we can see that Equation (2.17) is nonoscillatory which is a 
contradiction. From (2.15), we get 
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nonoscillatory for every constant ( )1,0∈λ  which is a contradiction. 

Theorem 2.2 is proved.   
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3. Example 

In this section, we give the following example to illustrate our main 
results. 

Example 3.1. Consider a differential equation 
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If we now set ( ) ,1=δ t  then we conclude that (2.1) and (2.2) are satisfied. 

( ) ( ) ( ) ( ) ( )
( ) dssR

sbsRcsgnsQ n
t 



















+γ
γ−








−
λ γ−+γ

γ
γ

−
∞

∫
11

22
1,!20

 

,1
2
1

32 0

2 ∞=





 −

λ
= ∫

∞
dttt

ν  if 
2

16
λ

>ν  for some constant ( ).1,02 ∈λ  

Hence, by Theorem 2.1, every solution of Equation (3.1) is oscillatory 

if 
2
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>ν  for some constant ( ).1,02 ∈λ  
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Remark 3.1. The results of [6] cannot confirm the conclusion in 
Equation (3.1). 

References 

 [1] R. P. Agarwal, S. R. Grace and D. O’Regan, Oscillation Theory for Difference and 
Functional Differential Equations, Kluwer Acad. Publ., Dordrecht, 2000. 

 [2] R. P. Agarwal, S. R. Grace and J. V. Manojlovic, Oscillation criteria for certain fourth 
order nonlinear functional differential equations, Mathematical and Computer 
Modelling 44(1-2) (2006), 163-187. 

DOI: https://doi.org/10.1016/j.mcm.2005.11.015 

 [3] R. P. Agarwal, S. R. Grace and D. O’Regan, Oscillation criteria for certain n-th order 
differential equations with deviating arguments, Journal of Mathematical Analysis 
and Applications 262(2) (2001), 601-622. 

DOI: https://doi.org/10.1006/jmaa.2001.7571  

 [4] B. Baculikova, J. Dzurina and J. R. Graef, On the oscillation of higher-order delay 
differential equations, Journal of Mathematical Sciences 187(4) (2012), 387-400. 

DOI: https://doi.org/10.1007/s10958-012-1071-1  

 [5] O. Bazighifan, Oscillation Criteria for Nonlinear Delay Differential Equation, 
Lambert Academic Publishing, Germany, 2017. 

 [6] O. Bazighifan, Oscillatory behavior of higher-order delay differential equations, 
General Letters in Mathematics 2(3) (2017), 105-110. 

 [7] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation solution for higher-order 
delay differential equations, Journal of King Abdulaziz University 29 (2017), 45-52. 

 [8] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation of fourth-order advanced 
differential equations, Journal of Modern Science and Engineering 1(3) (2017),       
64-71. 

 [9] E. M. Elabbasy, O. Moaaz and O. Bazighifan, Oscillation criteria for fourth-order 
nonlinear differential equations, International Journal of Modern Mathematical 
Sciences 15(1) (2017), 50-57. 

 [10] S. R. Grace, R. P. Agarwal and J. R. Graef, Oscillation theorems for fourth order 
functional differential equations, Journal of Applied Mathematics and Computing 
30(1-2) (2009), 75-88. 

DOI: https://doi.org/10.1007/s12190-008-0158-9  

 [11] I. Gyori and G. Ladas, Oscillation Theory of Delay Differential Equations: With 
Applications, Clarendon Press, Oxford, 1991. 

 [12] I. Kiguradze and T. Chanturia, Asymptotic Properties of Solutions of 
Nonautonomous Ordinary Differential Equations, Kluwer Acad. Publ., Dordrecht, 
1993. 



O. BAZIGHIFAN and E. M. ELABBASY 94

 [13] G. S. Ladde, V. Lakshmikantham and B. G. Zhang, Oscillation Theory of Differential 
Equations with Deviating Arguments, Marcel Dekker, New York, 1987. 

 [14] T. Li, B. Baculikova, J. Dzurina and C. Zhang, Oscillation of fourth-order neutral 
differential equations with p-Laplacian like operators, Boundary Value Problems 56 
(2014), 41-58. 

DOI: https://doi.org/10.1186/1687-2770-2014-56 

 [15] O. Moaaz, E. M. Elabbasy and O. Bazighifan, On the asymptotic behavior of fourth-
order functional differential equations, Advances in Difference Equations 261 (2017), 
1.13. 

DOI: https://doi.org/10.1186/s13662-017-1312-1 

 [16] O. Moaaz, Oscillation Properties of Some Differential Equations, Lambert Academic 
Publishing, Germany, 2017. 

 [17] C. Tunc and O. Bazighifan, Some new oscillation criteria for fourth-order neutral 
differential equations with distributed delay, Electronic Journal of Mathematical 
Analysis and Applications 7(1) (2019), 235.241. 

 [18] C. G. Philos, On the existence of nonoscillatory solutions tending to zero at ∞  for 
differential equations with positive delay, Archiv der Mathematik (Basel) 36(1) 
(1981), 168-178. 

DOI: https://doi.org/10.1007/BF01223686  

 [19] C. Zhang, R. P. Agarwal, M. Bohner and T. Li, New results for oscillatory behavior of 
even-order half-linear delay differential equations, Applied Mathematics Letters 
26(2) (2013), 179-183. 

DOI: https://doi.org/10.1016/j.aml.2012.08.004 

 [20] C. Zhang, T. Li, B. Sun and E. Thandapani, On the oscillation of higher-order half-
linear delay differential equations, Applied Mathematics Letters 24(9) (2011),      
1618-1621. 

DOI: https://doi.org/10.1016/j.aml.2011.04.015 

 [21] C. Zhang, T. Li and S. H. Saker, Oscillation of fourth-order delay differential 
equations, Journal of Mathematical Sciences 201(3) (2014), 296-309. 

DOI: https://doi.org/10.1007/s10958-014-1990-0  

g 


