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Abstract 

In this paper, we first study the superstability of the Wilson’s equation 

( ) ( )( ) ( ) ( ) ,2 ygxfyxfxyf =σ+                                           (1) 

for normed algebra, with multiplicative norm, valued functions on semigroups 
and secondly we investigate the stability problem of Pexiderezed cosine 
functional equations for vector valued functions. 

1. Introduction 

Let S be a semigroup, E be a normed algebra with multiplicative norm 
and σ  denotes an involution of S, i.e., ( ) ( ) ( )xyxy σσ=σ  and ( )( ) ,xx =σσ  

for all ., Syx ∈  It has been proved in [2] that the functional equation 
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( ) ( ) ( ) ,,allfor, Syxyfxfxyf ∈=   (1.1) 

is superstable in the class of functions ,: ESf →  i.e., every such 

function satisfying the inequality 

( ) ( ) ( ) ,,allfor, SyxSyfxfxyf ∈≤−  

where δ  is a fixed positive real number either is bounded or satisfies (1.1). 

Similar results of that kind have been established for various type of 
functional equations, for more details, see [1], [2], [3], [4], [9], [10]. 

In [9], Roukbi et al. proved the superstability of the Wilson’s 
functional equation 

( ) ( )( ) ( ) ( ) ,,allfor,2 Gyxygxfyxfxyf ∈=σ+   (1.2) 

where G is any group and gf ,  are complex-valued functions on G. 

In the first part of this paper, we shall extend Baker’s result in his 
paper [2] from (1.1) to (1.2) on semigroup S. 

Now, let G be a group and A be a complex normed algebra with 
identity. 

We recall that a vector valued function f on a group G is said to 
satisfy Kannappan’s condition (K), if 

( ) ( ) .,,allfor, Gzyxxzyfxyzf ∈=  

In [5], Kannappan and Kim studied the stability of the generalized 
cosine functional equations 

( ) ( ) ( ) ( ) ,,allfor,2 Gyxygxfyxfyxf ∈=−++   (A) 

and 

( ) ( ) ( ) ( ) ,,allfor,2 Gyxyfxgyxfyxf ∈=−++   (B) 

where AGgf →:,  such that f satisfies the Kannappan’s condition (K). 
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In the second part, we investigate an approximation result of the 
functional equations (A) and (B) with a general involution. More 
precisely, we study the stability of the following functional equations: 

( ) ( )( ) ( ) ( ) ,,allfor,2 Syxygxfyxfxyf ∈=σ+   (C) 

and 

( ) ( )( ) ( ) ( ) .,allfor,2 Syxyfxgyxfxyf ∈=σ+   (D) 

Our contribution in this part is to remove the restriction (K) and the 
norm of algebra here need not be multiplicative. For more informations 
concerning stability of functional equations, we refer to [1-12]. 

2. Stability of the Equation (1) 

The following lemma will be used in Proof of Theorem 2.2. 

Lemma 2.1. Let 0>δ  be given, S be a semigroup, and E be a normed 
algebra with multiplicative norm. Assume that functions ESgf →:,  

satisfy the inequality 

( ) ( )( ) ( ) ( ) ,,,2 Syxallforygxfyxfxyf ∈δ≤−σ+   (2.1) 

such that .0≠f  If g is unbounded, then so is f. 

Proof. Assume that g is unbounded function satisfying the inequality 
(2.1). If 0≠f  is bounded, let ( ) SxxfM ∈= ,sup  and choose Sa ∈  

such that ( ) ,0≠af  then we get from the inequality (2.1) that 

( ) ( )( ) ( ) ( ) ,allfor,2 Syygafyafayf ∈δ≤−σ+  

from which we obtain that 

( ) ( ) ( ) ( )( ) ,allfor,2 Syyafayfygaf ∈δ≤σ+−  

so, using the fact that the norm of E is multiplicative, we obtain that 

( ) ( ) ,allfor,2
2 Syaf

Myg ∈+δ≤  
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then g is bounded, which contradicts our assumption.   

In Theorem 2.2 below, the superstability result of the Equation (1.1) 
will be investigated on any semigroup. 

Theorem 2.2. Let 0>δ  be given, S be a semigroup, and E be a 
normed algebra with multiplicative norm. Assume that the functions 

ESgf →:,  satisfy the inequality 

( ) ( )( ) ( ) ( ) ,2 δ≤−σ+ ygxfyxfxyf   (2.2) 

for all ., Syx ∈  Then one of the following holds: 

(i) gf ,  are bounded; 

(ii) f is unbounded and g satisfies the equation 

( ) ( ) ( )( ) ( )( ) ( ) ( ) ;,,4 Syxallforygxgxygyxgyxgxyg ∈=σ+σ++   (2.3) 

(iii) g is unbounded and the pair ( )gf ,  satisfies the Equation (1). 

Proof. (ii) Assume that gf ,  satisfy (2.2). First, we consider the case 

of f unbounded. For all ,,, Szyx ∈  using the fact that the norm of E is 

multiplicative, we have 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )ygxgxygyxgyxgxygzf 42 −σ++σ+  

( ) ( ) ( ) ( )( ) ( ) ( )yxgzfyxgzfxygzf 222 +σ+=  

( ) ( )( ) ( ) ( ) ( )ygxgzfxygzf 82 −σ+  

( ) ( ) ( )( ) ( ) ( )xygzfxyzfzxyf 2−σσ+≤  

( )( ) ( )( ) ( ) ( )( )yxgzfxzyfyzxf σ−σ+σ+ 2  

( ) ( ) ( )( ) ( ) ( )ygzxfyxzfzyxf 2−σσ++  

( )( ) ( )( ) ( ) ( )( )xygzfyxzfxyzf σ−σ+σ+ 2  

( ) ( )( ) ( ) ( )yxgzfyzxfzxyf 2−σ++  
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( ) ( )( ) ( ) ( )xgzyfxzyfzyxf 2−σ++  

( )( ) ( ) ( )( ) ( )( ) ( )xgyzfxyzfxyzf σ−σσ+σ+ 2  

( )( ) ( ( ) ( ) ( )( ) ( )ygxzfyxzfyxzf σ−σσ+σ+ 2  

( ) ( ) ( )( ) ( ) ( )xgzfxzfzxfyg 22 −σ++  

( ) ( ) ( ( ) ( ) ( ) .22 ygzfyzfzyfxg −σ++  

By virtue of the inequality (2.2), we get that 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )ygxgxygyxgyxgxygzf 42 −σ++σ+  

 ( ) ( )( ).28 ygxg ++δ≤  (2.4) 

Since f is unbounded, from (2.4) we conclude that g is a solution of the 
Equation (2.3), which ends the proof in this case. 

(iii) Now suppose that g is unbonded. For 0=f  the pair ( )gf ,  is a 

trivial solution of the Equation (1). Assume that .0≠f  For all 

,,, Szyx ∈  we have 

( ) ( ) ( )( ) ( ) ( )ygxfyxfxyfzg 22 −σ+  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )zgygxfzgyxfzgxyf 422 −σ+=  

( ) ( )( ) ( ) ( )zgxyfzxyfxyzf 2−σ+≤  

( )( ) ( ) ( )( ) ( )( ) ( )zgyxfzyxfzyxf σ−σσ+σ+ 2  

( ) ( ) ( )( ) ( ) ( )yzgxfyzxfxyzf 2−σσ++  

( )( ) ( )( ) ( ) ( )( )zygxfyxzfzxyf σ−σ+σ+ 2  

( )( ) ( )( ) ( ) ( )( )yzgxfyzxfzyxf σ−σ+σ+ 2  

( ) ( )( ) ( ) ( ) ( )zygxfxyzfzyxf 2−+σσ+  

( )( ) ( ) ( )( ) ( )( ) ( )ygzxfyzxfyzxf σ−σσ+σ+ 2  

( ) ( )( ) ( ) ( )ygxzfyxzfxyzf 2−σ++  
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( ) ( ) ( ) ( )( ) ( ) ( )( )yzgxfzygxfyzgxf σ+σ++ 222  

( ) ( ) ( ) ( ) ( )zgygxfzygxf 82 −+  

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) .422 zgygxfygzxfygxzf −σ++  

In virtue of inequality (2.2), we obtain 

( ) ( ) ( )( ) ( ) ( )ygxfyxfxyfzg 22 −σ+  

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) .4228 zgygyzgzygzygyzgxfyg −σ++σ++δ+δ≤  

In view Lemma 2.1, we see that g is unbounded implies necessarily 
that f is unbounded hence according to Theorem 2.2 (ii), g is a solution of 
the Equation (2.3). 

So, we conclude that 

( ) ( ) ( )( ) ( ) ( ) ( ) .2822 ygygxfyxfxyfzg δ+δ≤−σ+   (2.5) 

Since g is unbounded, from (2.5), we conclude that the pair ( )gf ,  

satisfies the Equation (1), which finished the proof of the Theorem 2.2.   

As a consequence of Theorem 2.2, we have the following result on the 
superstabilty of the algebra valued d’Alembert’s functional equation: 

( ) ( )( ) ( ) ( ) .,allfor,2 Syxyfxfyxfxyf ∈=σ+  

Corollary 2.3. Let 0>δ  be given, S be a semigroup, and E be a 
normed algebra with multiplicative norm. Assume that the function 

ESf →:  satisfies the inequality 

( ) ( )( ) ( ) ( ) .,,2 Syxallforyfxfyxfxyf ∈δ≤−σ+   (2.6) 

Then either 

( ) ,,2
211 Sxallforxf ∈δ++≤  

or 

( ) ( )( ) ( ) ( ) .,,2 Syxallforyfxfyxfxyf ∈=σ+  



ON THE STABILITY OF VECTOR VALUED … 63

Proof. Assume that f satisfies the inequality (2.6). If f is bounded, let 
( ) .sup xfA =  By using (2.6) and that the norm of E is multiplicative, 

we get that 

( ) ( ) ,allfor,22 SxAxfxf ∈+δ≤  

from which we obtain that 022 2 ≤δ−− AA  such that 

,allfor,2
211 SxA ∈δ++≤  

the rest of proof is an immediate consequence of Theorem 2.2.   

Corollary 2.4 ([2]). Let 0>δ  be given, S be a semigroup, and E be a 
normed algebra with multiplicative norm. Assume that the function 

ESf →:  satisfies the inequality 

( ) ( ) ( ) .,, Syxyfxfxyf ∈δ≤−   (2.6) 

Then either 

( ) ,,2
211 Sxxf ∈δ++≤  

or 

( ) ( ) ( ) .,, Syxyfxfxyf ∈=  

Proof. The proof follows from Theorem 2.2 by putting Id=σ  and 
.fg =    

 

3. Stability of the Equations (C) and (D) 

Theorem 3.1. Let S be a semigroup and A be an arbitrary algebra. 
Suppose that ASgf →:,  satisfy the inequality 

( ) ( )( ) ( ) ( ) ,,,2 Syxallforyfxgyxfxyf ∈≤−σ+    (3.1) 

with f satisfying 



F. LEHLOU et al. 64

( ) ( )( ) ,,1 Sxallforxfxf ∈η≤σ−   (3.2) 

for some .0, 1 ≥η  Suppose that there is a Sz ∈0  such that ( )0zg  

invertible and 

( ) ( )( ) ,200 η≤σ+ xzfxzf   (3.3) 

for .02 ≥η  Then there is ASm →:  such that 

( ) ( ) ( ) ,,,1 Syxallforaymxmxym ∈≤−  (3.4) 

and 

( ) ( ) ( )( )( ) ,,2
1

2 Sxallforaxmxmxf ∈≤σ+−  (3.5) 

for some constants 01 ≥a  and .02 ≥a  

Proof. Using (3.1) and (3.3), we get that for all Sx ∈  

( ) ( )( ) ( ) ( ) ≤−σ+ xfzgxzfxzf 000 2  

( ) ( ) ( ) ( )( )xzfxzfxfzg σ++≤ 0002   

( ) ( ) 202 η+≤ xfzg  

( ) ( ) ( ).2
1

20 η+≤ xfzg  

Define the function ASh →:  given by 

( ) ( ) ( )( )( ) .,2
1 Sxxfxfxh ∈σ+=  

Then h is σ -even, that is, ( ) ( )( ) ,, Sxxhxh ∈σ=  and by (3.2), we have 

( ) ( ) ( ) ( ) ,allfor,,2 01 SxMxhzgxfxh ∈≤η≤−   (3.6) 

where .2η+= M  Define the function ASm →:  given by 

( ) ( ) ( ) .,0 Sxxhzgxm ∈+=  

Utilizing (3.6), we get that for all Sx ∈  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )yhxhzgxhyhzgzgxyhzgymxmxym −−−−+=− 00
2

00  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0
2

000 zgzgzgxhyhzgyhxhxyh +++++≤  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )yhzgzgxhzgzgxyfxyfxyh 0
1

00
1

0
−−++−≤  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0
2

000
1

00 zgzgzgxhzgzgyhzg ++++ −  

( ) ( ) MzgMzgM +++
η

≤ −− 21
0

21
0

1
2  

( ) ( ) ( ) ( ) ,0
2

00
1

0 zgzgzgzgM +++ −  

which gives (3.4) with 

( ) ( ( ) ( ) ) ( ) ( ) .12: 0
2

00
1

0
1

0
1

1 zgzgMzgzgMzgMa ++++++
η

= −−  

Finally by (3.6), we have for all Sx ∈  that 

( ) ( ( ) ( )( ) ( ) ( ) ( ) ( ( ) ( )( ) ( )02
1

2
1 zgxhxhxhxhxfxmxmxf −σ+−+−=σ+−  

( ) ( ) ( )0zgxhxf +−≤  

( ) ,2 0
1 zg+
η

≤  

which gives (3.5) with ( ) .2: 0
1

2 zga +
η

=  This proves the theorem.  

We complete this paper by the following theorem: 

Theorem 3.2. Let S be a semigroup and A be an arbitrary algebra. 
Suppose that ASgf →:,  satisfy the inequality 

( ) ( )( ) ( ) ( ) ,,,2 Syxallforygxfyxfxyf ∈≤−σ+   

with f satisfying 

( ) ( )( ) ,,1 Sxallforxfxf ∈η≤σ−  
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for some nonnegative   and .1η  Suppose there is a Sz ∈0  such that 

( )0zg  invertible and 

( ) ( )( ) .02200 ≥ηη≤σ+ forxzfxzf  

Then there exists a mapping ASm →:  such that 

( ) ( ) ( ) ,,,1 Syxallforaymxmxym ∈≤−  

and 

( ) ( ( ) ( )( ) ,,2
1

2 Sxallforaxmxmxf ∈≤σ+−  

for some constants 01 ≥a  and .02 ≥a  

The proof runs paralleled to that of Theorem 3.1. 
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