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Abstract

This paper aims to present some aspects of Hamilton-Jacobi theory involving
higher-order Lagrangians. More precisely, using a non-standard Legendrian
duality, we investigate: Hamilton-Jacobi PDE and Hamilton-Jacobi system of
PDEs.

1. Introduction

Over time, many researchers have been interested in the study of
Hamilton-Jacobi equations. It is well-known that the classical (single-
time) Hamilton-Jacobi theory appeared in mechanics or in information
theory from the desire to describe simultaneously the motion of a particle

by a wave and the information dynamics by a wave carrying information.
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Thus, the Euler-Lagrange ODEs or the associated Hamilton ODEs are

replaced by PDEs that characterize the generating function. Later, using

the geometric setting of k-osculator bundle, Miron [5] and Roman [8]

studied the geometry of higher-order Lagrange spaces, providing some
applications in mechanics and physics. Also, Krupkova [3] investigated
the Hamiltonian field theory in terms of differential geometry and local

coordinate formulas.

The multi-time version of Hamilton-Jacobi theory has been
extensively studied by many researchers in the last few years (see, for
instance, Rochet [7], Motta and Rampazzo [6], Cardin and Viterbo [1],
Udriste et al. [16], Treantd [10]). The present work can be seen as a
natural continuation of a recent paper (Treanta [10]), where only multi-
time Hamilton-Jacobi theory via second-order Lagrangians is considered.
In this paper, we develop our points of view, by developing new concepts
and methods for a theory that involves single-time and multi-time
higher-order Lagrangians. For other different but connected ideas to this
subject, the reader is directed to Ibragimov [2], Lebedev and Cloud [4],
Treantd and Varsan [11], Treanta [12], Udriste and Tevy [15]. This work
can be used as source for research problems and it should be of interest to

engineers and applied mathematicians.
2. Hamilton ODEs and Hamilton-Jacobi PDE

This section introduces Hamilton ODEs and Hamilton-Jacobi PDE

based on single-time higher-order Lagrangians.

Consider k > 2 a fixed natural number, ¢ € [tg, t;] < R, x : [tg, 1] <
. PR da

R R" x=('(t),i=1n and x9():= d—ax(t), aefl,2 .., k.
t

We shall use alternatively the index a to mark the derivation or to mark

the summation. The real C**!-class function L(t,x(t),x(l)(t), ...,x(k)(t)),
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called single-time higher-order Lagrangian, depends by (k+1)n+1

variables. Denoting

Lt x(t), xV@), ... W) = puit). @<l 2., kL
ox(@)

the link L = x(@¥ Dgi — H (with summation over the repeated indices!)

changes the following simple integral functional

I(x() = I:l L, x(), xO@), ..., x®e))ar (P)

0

into

1 ()
TG0 O s 210) = [ Opi ) - e, 30, 2y, .o pyle)
0
)
and the (higher-order) Euler-Lagrange ODEs,

d* oL
dtb ox k)i

oL d oL d?> oL

k
axt  dt ax(l)i ’ dt? ax(2)i D

=0,ie{l,2 ..,nl,

(no summation after k) written for (P'), are just the higher-order ODEs

of Hamiltonian type,

k a a
PG T p=-H L i JOH ek
=i dt® ox' dt® OPai

Applications. (a) The optimal growth problem ([13]). In order to

formulate our study problem, let us introduce the following tools: the
consumption level function C = Y(K) - K, where Y is the Gross national
income (thus, C is the Gross national product left over after the capital
accumulation K is accomplished); the growth rate C and the utility
U(C, C). To transform the previous utility into a linear in acceleration

second-order Lagrangian, it is suitable to consider Y(K) = bK, b=const.,
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and U(C, C) = C* + aC, where a, a e [0, 1]. Therefore, our study refers

to maximizing the functional

T . ..
HKQ) = [ U@, KO), K@)t
The necessary optimality conditions

ab(bK - K)* ! —a(l - a)(bK - K)* 2(bK - K) = 0,
gives the solution
bt
K(t) = Ay exp(bt) + Ay exp T—a)
where A;, A; are constants generated by the boundary conditions
K(0) =Ky, K(T) = Kp.

(b) The motion of a spinning particle ([14]). The motion of a
particle rotating around its translating center is described by the

following fourth-order differential system

d*x  d%x
2t 50
dt dt
coming (differentiating two times) from
2
d_;c +x =at+b,
dt

with a, b constant vectors and x = (x!, x2, x®) e (R?, 8;7). The previous
fourth-order differential system arises from the second-order Lagrangian

1 1
L 3

i
= § 6L]x .’X,'J,

oty —
;%X

and it admits the first integral

1 ojj 1 L o
H = 58" pipj - 58705 +87pig;. i j el 2,3}
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2.1. Hamilton-Jacobi PDE based on higher-order Lagrangians

Further, we shall describe Hamilton-Jacobi PDE governed by higher-

order Lagrangians with single-time evolution variable.

Let us consider the real function S : R x R" — R and the constant

level sets zc: S(t, X, x(l), e x(k_l)) =c¢, k > 2 a fixed natural number,
da
where x(a)(t) = —ax(t), a=1,k-1 We assume that these sets are

hypersurfaces in leﬂ, that is the normal vector field satisfies

o5 oS o8 oS
(81: ot a7 ax(/f—l)ij = (0, ..., 0).

Let T : (t, xi(t), x(l)i(t), e x(k_l)i(t)), t € R, be a transversal curve

to the hypersurfaces ZC. Then, the function c(t) = S(t, x(t), x(l)(t), e

x _1)(t)) has nonzero derivative
%(t} = Llt, x(t), xV(0), ... k)(t)) (t x(t), 2V), ..., x6D()
4 S—S(t x(0), xV(0), ..., xED ) Vi ()
X

k—
+

—

08 b x(0), D), ..., 2B D))l Vi). 2.1)
ax(r)L

1l
—_

r

By computation, we obtain the canonical momenta

(a)l (t x(t), (), .. k)(t)) (a T (t, x(t), V@), ..., x(k_l)(t))

= pai(t)7

where a € {1, 2, ..., k}. In these conditions, the relations

= 2@ x, py, b)), aefl 2 ..., k)
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become

(@ _ y@f, . 98 o8 _
Y =« (t,x, ax T o) ) aefl,?2,..,k}

On the other hand, the relation (2.1) can be rewritten as

oS -
- B x(0), 2V, ., 2 V0)

0 _ i i O 0
= 25 ), #00), e OIOR 0, 20,8500
ox ox ox"

k-1

08 ) (k=1) () (1[5 i OS (. o5 .
+;ax(r)i(t,x(t),x ®), ..., s D)) b2, 220, O

~ Ll x), xD), ..., x®P)). 2.2)

Definition 2.1. The Lagrangian L(t, x(t), x(l)(t), s x(k)(t)) is called

super-regular if the system

2@, V), - xD0) = pi@), @ e fl2 o,
ax an

defines the function of components
x(a) - x(a)(t’ Xy P1s +evs pk)’ a € {1, 2, ..., k}

The super-regular Lagrangian L enters in duality with the function of

Hamiltonian type
H(t, x, pl,...,pk):x(a)l(t, X, D1, ...,pk)m(t, x,---,x(k)l(t, x, p1,--~,pk))
x
—L(t, x,x(l)l(t, X, Py -es Pk ) ...,x(k)L(t, X, D1y .- D )),

(single-time higher-order non-standard Legendrian duality) or, shortly,

H = x(a)ipai - L.
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At this moment, we can rewrite (2.2) as Hamilton-Jacobi PDE based on

higher-order Lagrangians,

oS [t,xi, oS oS oS j: , izl,_n.

o’ NI (Y

As a rule, this Hamilton-Jacobi PDE based on higher-order
Lagrangians is endowed with the initial condition

S(O, x, 2, x(k‘l)) = So(x, O x(k—l))‘

The solution S(t, X, x(l), ey x(k_l)) is called the generating function of the

canonical momenta.

Remark 2.1. Conversely, let S(t, X, x(l), e x(kfl)) be a solution of

the Hamilton-Jacobi PDE based on higher-order Lagrangians. We define

0 _
Dgi(t) = aszl)i(t’ (), xV(@), ..., 2 1)(t)), aell, 2, ..,k

Then, the following link appears (see summation over the repeated
indices!)

J:ILQ,x@),xﬂkn,”.,x@Rn}u

il ; ; oS oS oS
_ (a)i () _ ity 00 (y _0O _os ¢
-1, { (pas(®) H(t,x 0250 <>ﬂdt

_ ) (a-1)i | OS 4, _ J
- jr e Grar= [ as

The last formula shows that the action integral can be written as a path
independent curvilinear integral.

Theorem 2.1. The generating function of the canonical momenta is
solution of the Cauchy problem

oS i 0S8 oS oS ) _
o H(t’ T ax(’f—l)ij -0

S(O, x, 2, x(k_l)) - So(x, MO x(k—l))_
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Theorem 2.2. If

L, x(t), x), ..., *® )

oS -
-5 0 0, )

+ a_S-(ta x(t), D), ..., x(k’*l)(t))x(l)i(t)
ox"
k-1

+ GS. (t, x(t), x(l)(t), L x(k—l)(t))x(r+1)i(t)
r=1 ax(r)z

is fulfilled and its domain is convex, then

oS [ ; 0S8 a8 asj
t, x°,

—+ H —, =, .
o ox' " ox M ox =10

is tnvariant with respect to the variable x.

Proof. By direct computation, we get

L, xt), xV (), ... )

ox’
2
_ S . x@), 2D¢e), ..., 24 D()
otox’
’ .
+ 5‘. S . (t, x(t), x(l)(t), o x(kfl)(t))x(l)l(t)
Ox'ox’

k-1

028 1) (k=1) (1) (r+1)i
+216x(r)iaxj ., x0). D). ..., 26 D))+ Vig),

equivalent with
oH oS oS oS
—y(t, w0, 5o O gy O s WO)

2%8

otox) (t, x(t), x(l)(t), L x(k_l)(t))
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2 .
i . x(), D), ..., 25 D)) Wi)
ox'ox’
5 628( 1) (1))
+ ) 22 (e x), D), ..., FDE)) i),
gﬁx(r)lax] ©), ) O (1)
or,
o [os i 08 88 s ] _
5{5 " H(t’ T @ H -0
as i oS S oS ) 1) (k)
S H[n s, B BB 150, 1)

and the proof is complete.

3. Hamilton-Jacobi System of PDEs via Multi-Time
Higher-Order Lagrangians

In this section, we shall introduce Hamilton-Jacobi system of PDEs
governed by higher-order Lagrangians with multi-time evolution

variable.
Let S: R™ x R™ x R™™ ><an(m+1)/2 ><m><R[nm(m-%—l)-...-(m+/f—2)]/(k—1)! SR

be a real function and the constant level sets,

E K S(t, 2, Xgys o5 Xay ) = C

where k > 2 is a fixed natural number, ¢ = (¢}, ..., t™) e R™, Xoy =

k-1 S

Ox s s Xy o = 6—x Here o; € {1, 2,..., m}, j=1, k-1,
ot I

x=(x! .., x")=(x),ie{l,2 ..., n}. We assume that these sets are

R Anm(m+1)-....(m+k-2)]/(k-1)! )

submanifolds in Consequently, the

normal vector field must satisfy

o5 oS o8 oS
P T oxt T axt T axt
a1
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~

. i i i m
Let T: (t, x'(¢), T, ), ..., x g (t)), t e R™, be an m-sheet

Rl

transversal to the submanifolds ZC. Then, the real function

C‘(t) = S(t7 x(t)7 Xay (t)7 oo Xogog_g (t))

has nonzero partial derivatives,

;—;(t) = Lyt x(2), %0y @), o %oy, ()

= a_‘?}(t, X(t)a Yoy (t)’ o Xag oy g (t))
ot

+ (4, 2(0), 2, O)s s Xy oy ORHQ)
ox

D N - (e R RO SN ) N )

..o r=1,k-1 o...0

(3.1)

For a fixed function x(-), let us define the generalized multi-momenta
p= (pg,li'”aj i€, 2,...,n}, je{l,2, ..., k,a;,pell,2 .., mj by

(11...()(]' o
py; ()= ‘
[371’ n(a]_, a299a])8x;1

(t, 2(t), %q, (), - Xay.a, (0))-

(XJ

Remark 3.1. Here (for more details, the reader is directed to [9]),

1, 41, +...+1, |
n(Otl, 09, vuny ak) = (lloq [e3)} akl

’
ap tlag ot 1o, )

denotes the number of distinct indices represented by {a;, ag, ..., o},

aj € {1,2,...,m}, j -1, k.
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0s _ oS

By computation, for j = 1,_k and — -, we get the non-zero
ox! ox*
a0
components of p, namely,
O 010 4y 1 oS toxlt f f
pOLj,l () n(al’ Gz,,aj)axl (’x( )’ xal()’-“’xal...ak,l())'
(X]_...(lj,]_

Definition 3.1. The Lagrange 1-form Lg(¢, x(t), xq, (¢), -, Xgy .. q, (¢))

is called super-regular if the algebraic system

. oL
o1...0 _ 1 B
Pg i (t) = n(ay, dg, ..., OL]) o (t, x(t), Yoy @), ..., Xoy...op ),
(ll...(lj
defines the function
Lol o1 Op...0
Ko = %o (Lx, pots o, ),
i ol [e5] o ...0
x(ll...(lk - xal...ak(t’ x5 potl R p(xk )

In these conditions, the previous relations become

X =x |l x, =, ..., ,
o o Ox n(oy, dg, oy 0 ) 0oy g, 4
i i oS 1 oS
X =X t, X, —, ..., .
op...0 op...a ox n(oy, g, ooy 0 ) gy g, 4

On the other hand, the relation (3.1) can be rewritten as

- a_i(t’ x(t)’ xal (t)7 T xal-“ak—l (t))
ot

= 575;(“" x(t)7 Xay (t)’ s Xag o (t))
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-xé(t, , %(.), 1 o3 (.)J

nog, dg, oy 0 ) OXg a4

oS

D D (O R () R SN )
._7‘836

a...0;r=Lk-1 ""0q...05

% [t, . %(-), 1 o8 (-)j

o ..o T (o, ag, e o) 0%, g,

= Lg(t, x(t), xg, (), ..\ g g () (3.2)
The super-regular Lagrange 1-form LB enters in duality with the
following Hamiltonian 1-form:

Oy...0%
o )

Hﬁ(t’ X, pgi’ s P

1 i

= a1 ap...0
Z n(al,az,.“’aj)x(ll---(lj(t, X, pal,---,pak )
(xl...(xj;j=l,
oL
— P (b, ) gy ()
xal...aj
= Lg(2, x, x4, (2, x, pgll, e psz"'ak )y ooy Xayay

(¢ x, pgl. s Py M),

g
(multi-time higher-order non-standard Legendrian duality) or, shortly,
_ 1 oq...00;
HB = xal__ajpﬁ,i J _LB

Now, we can rewrite (3.2) as Hamilton-Jacobi system of PDEs based on

higher-order Lagrangians

o8 Lj:o, Bell, .. m.

— + Hg|t, x, —, ...
6tﬁ+ B(’x’éx’ T ox

a1...0E -1
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Usually, the Hamilton-Jacobi system of PDEs based on higher-order
Lagrangians is accompanied by the initial condition

S(O’ X, x(ll’ tet x(ll...(lk_l) = SO(x’ x(xl’ ter x(xl...(xk_l )

The solution S(¢, x, %, ..., Xq,..q, , ) i called the generating function

of the generalized multi-momenta.

Remark 3.2. Conversely, let S(¢, x, Xgys s Xg ) be a solution

1---0—1
of the Hamilton-Jacobi system of PDEs based on higher-order
Lagrangians. We assume (the non-zero components of p)

0010 (t) = 1 oS

ot n(ocl,otQ,...,ocj)axl
Otl...Otj_l

p (t, x(2), Yoy @), ... Xoq...op_1 (),

forjzl,_kand 8$ = 68’.'
ox* oxt
ag

Then, the following formula shows that the action integral can be

written as a path independent curvilinear integral:

j LB(t7 x(t)’ x(xl (t)7 tee x(xl...(xk (t))dt[3

L‘O’tl

_ i 0'.1...0.]‘ _ § . aS . [3
- J‘Fto’tl{xalmaj(t)pﬁii (t) Hﬁ(t, %, S0y ()| |at

a1...0E 1

[ ¥ L 08 gt 98 g4b - [ as.
r ~—nl(og, ag, ...y 0j) il ap--0j-1 5B r
ay...aj1;j=1k O ...0j 1

Theorem 3.1. The generating function of the generalized multi-

momenta is solution of the Cauchy problem

ﬁ + HB(t, X,

3 o8 L):o, Bell, .. m,

TRy eeey
ox 6xa1mak71

S0, %, gy s ooos Xy oy ) = S0(X Xoys ooy Xy apy )-
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Application. Suppose ¢ is the time, x = (xL) is the vector of spatial
coordinates, the function (operator) H; = I 1is associated with the
information as a measure of organization (synergy and purpose), the

function (operator) Hy = H with the energy as a measure of movement,

the function S' is the generating function for entropy, and S? is the
generating function for action. A PDEs system of the type
oS!

— + Hq|t
o " 1(’36’

oS! 582 Pk
RS @ | H
6x’8xj 0, +Halt, %,

oS! as?
ot

ox = Ox

is called physical control. This kind of system can be written using the

real vector function S = (S!, S2): Rx R" - R.

4. Conclusion

In the present paper, using a non-standard Legendrian duality for
single-time and multi-time higher-order Lagrangians, we have
introduced Hamilton-Jacobi PDE and Hamilton-Jacobi system of PDEs.
In this way, our results have extended, unified and improved several

existing theorems in the current literature.
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