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Abstract 

This paper aims to present some aspects of Hamilton-Jacobi theory involving 
higher-order Lagrangians. More precisely, using a non-standard Legendrian 
duality, we investigate: Hamilton-Jacobi PDE and Hamilton-Jacobi system of 
PDEs. 

1. Introduction 

Over time, many researchers have been interested in the study of 
Hamilton-Jacobi equations. It is well-known that the classical (single-
time) Hamilton-Jacobi theory appeared in mechanics or in information 
theory from the desire to describe simultaneously the motion of a particle 
by a wave and the information dynamics by a wave carrying information. 
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Thus, the Euler-Lagrange ODEs or the associated Hamilton ODEs are 
replaced by PDEs that characterize the generating function. Later, using 

the geometric setting of k-osculator bundle, Miron [5] and Roman [8] 

studied the geometry of higher-order Lagrange spaces, providing some 
applications in mechanics and physics. Also, Krupkova [3] investigated 
the Hamiltonian field theory in terms of differential geometry and local 
coordinate formulas. 

The multi-time version of Hamilton-Jacobi theory has been 
extensively studied by many researchers in the last few years (see, for 
instance, Rochet [7], Motta and Rampazzo [6], Cardin and Viterbo [1], 
Udrişte et al. [16], Treanţă [10]). The present work can be seen as a 
natural continuation of a recent paper (Treanţă [10]), where only multi-
time Hamilton-Jacobi theory via second-order Lagrangians is considered. 
In this paper, we develop our points of view, by developing new concepts 
and methods for a theory that involves single-time and multi-time 
higher-order Lagrangians. For other different but connected ideas to this 
subject, the reader is directed to Ibragimov [2], Lebedev and Cloud [4], 
Treanţă and Vârsan [11], Treanţă [12], Udrişte and Ţevy [15]. This work 
can be used as source for research problems and it should be of interest to 
engineers and applied mathematicians. 

2. Hamilton ODEs and Hamilton-Jacobi PDE 

This section introduces Hamilton ODEs and Hamilton-Jacobi PDE 
based on single-time higher-order Lagrangians. 

Consider 2≥k  a fixed natural number, [ ] [ ] ⊆⊆∈ 1010 ,:,, ttxRttt  

( ( )) ,,1,, nitxxRR in ==→  and ( )( ) ( ) { }.,,2,1,: k…∈= atx
dt
dtx a

a
a  

We shall use alternatively the index a to mark the derivation or to mark 

the summation. The real 1+kC -class function ( ) ( )( ) ( )( )( ),,,,, 1 txtxtxtL k…  
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called single-time higher-order Lagrangian, depends by ( ) 11 ++ nk  

variables. Denoting 

( ) ( ) ( )( ) ( )( )( ) ( ) { },,,2,1,,,,, 1 kk …… ∈=
∂

∂ atptxtxtxt
x

L
aiia  

the link ( ) HpxL ai
ia −=  (with summation over the repeated indices!) 

changes the following simple integral functional 

( )( ) ( ) ( )( ) ( )( )( )dttxtxtxtLxI
t

t
k,,,, 11

0
…∫=⋅  (P) 

into 

( ( ) ( ) ( )) ( ) ( ) ( ) ( ( ) ( ) ( ))( )dttptptxtHtptxppxJ ai
iat

t
kk ,,,,,,, 11

1

0
…… −=⋅⋅⋅ ∫  

(P′) 

and the (higher-order) Euler-Lagrange ODEs, 

( ) ( ) ( ) ( ) { },,,2,1,0122

2

1 ni
x

L
dt
d

x
L

dt
d

x
L

dt
d

x
L

iiii …… ∈=
∂

∂−+−
∂

∂+
∂

∂−
∂

∂
kk

k
k  

(no summation after k ) written for ( ),P′  are just the higher-order ODEs 

of Hamiltonian type, 

( ) { }.,,2,1,,1 1

1
k

k
…∈

∂
∂=

∂

∂−=− +

=
∑ ap

Hx
dt
d

x
Hp

dt
d

ai
i

a

a

iaia

aa

a
 

Applications. (a) The optimal growth problem ([13]). In order to 
formulate our study problem, let us introduce the following tools: the 

consumption level function ( ) ,KKYC �−=  where Y is the Gross national 

income (thus, C is the Gross national product left over after the capital 

accumulation K�  is accomplished); the growth rate C�  and the utility 

( )., CCU �  To transform the previous utility into a linear in acceleration 

second-order Lagrangian, it is suitable to consider ( ) .,, constbbKKY ==  
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and ( ) ,, CCCCU a �� α+=  where [ ].1,0, ∈αa  Therefore, our study refers 

to maximizing the functional 

( )( ) ( ) ( ) ( )( ) .,,
0

dttKtKtKUKI
T ���∫=⋅  

The necessary optimality conditions 

( ) ( ) ( ) ( ) ,01 21 =−−−−− −− KKbKbKaaKbKab aa �����  

gives the solution 

( ) ( ) ,1expexp 21 






−
+= a

btAbtAtK  

where 21, AA  are constants generated by the boundary conditions 

( ) ( ) .,0 0 TKTKKK ==  

(b) The motion of a spinning particle ([14]). The motion of a 
particle rotating around its translating center is described by the 
following fourth-order differential system 

,02

2

4

4
=+

dt
xd

dt
xd  

coming (differentiating two times) from 

,2

2
batx

dt
xd +=+  

with a, b constant vectors and ( ) ( ).,,, 3321
ijRxxxx δ∈=  The previous 

fourth-order differential system arises from the second-order Lagrangian 

,2
1

2
1 ji

ij
ji

ij xxxxL ������ δ−δ=  

and it admits the first integral 

{ }.3,2,1,,2
1

2
1 ∈δ+δ−δ= jiqpqqppH ji

ij
ji

ij
ji

ij �  
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2.1. Hamilton-Jacobi PDE based on higher-order Lagrangians 

Further, we shall describe Hamilton-Jacobi PDE governed by higher-
order Lagrangians with single-time evolution variable. 

Let us consider the real function RRRS n →× k:  and the constant 

level sets ( ) ( )( ) 2,,,,,: 11 ≥=−∑ kk cxxxtSc …  a fixed natural number, 

where ( )( ) ( ) .1,1,: −== katx
dt
dtx a

a
a  We assume that these sets are 

hypersurfaces in ,1+nRk  that is the normal vector field satisfies 

( ) ( ) ( ).0,,0,,,, 11 …… ≠







∂

∂

∂

∂

∂

∂
∂
∂

− iii x
S

x
S

x
S

t
S

k
 

Let ( ) ( ) ( ) ( ) ( )( ) ,,,,,,:~ 11 Rttxtxtxt iii ∈Γ −k…  be a transversal curve 

to the hypersurfaces .∑c  Then, the function ( ) ( ) ( )( )( ,,,, 1 …txtxtStc =  

( )( ))tx 1−k  has nonzero derivative 

( ) ( ) ( )( ) ( )( )( ) ( ) ( )( ) ( )( )( )txtxtxtt
StxtxtxtLtdt

dc 111 ,,,,,,,,: −
∂
∂== kk ……  

( ) ( )( ) ( )( )( ) ( ) ( )txtxtxtxt
x
S i

i
111 ,,,, −

∂

∂+ k…   

( ) ( ) ( )( ) ( )( )( ) ( ) ( ).,,,, 111
1

1
txtxtxtxt

x
S ir

ir
r

+−
−

= ∂

∂+ ∑ k
k

…   (2.1) 

By computation, we obtain the canonical momenta 

( ) ( ) ( )( ) ( )( )( ) ( ) ( ) ( )( ) ( )( )( )txtxtxt
x

Stxtxtxt
x

L
iaia

11
1

1 ,,,,,,,, −
−∂

∂=
∂

∂ kk ……  

( ),: tpai=  

where { }.,,2,1 k…∈a  In these conditions, the relations 

( ) ( )( ) { },,,2,1,,,,, 1 kk …… ∈= appxtxx aa  
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become 

( ) ( )
( ) { }.,,2,1,,,,, 1 k
k

…… ∈







∂

∂
∂
∂=

−
a

x
S

x
Sxtxx aa  

On the other hand, the relation (2.1) can be rewritten as 

( ) ( )( ) ( )( )( )txtxtxtt
S 11 ,,,, −
∂
∂− k…    

( ) ( )( ) ( )( )( ) ( ) ( ) ( ) ( )





 ⋅

∂

∂⋅
∂

∂

∂

∂=
−

−
ii

ii
i x

S
x
Sxtxtxtxtxt

x
S

1
111 ,,,,,,,,

k
k ……  

( ) ( ) ( )( ) ( )( )( ) ( ) ( ) ( ) ( )





 ⋅

∂

∂⋅
∂

∂

∂

∂+
−

+−
−

=
∑ ii

iir
ir

r x
S

x
Sxtxtxtxtxt

x
S

1
111

1

1
,,,,,,,,

k
k

k
……  

( ) ( )( ) ( )( )( ).,,,, 1 txtxtxtL k…−    (2.2) 

Definition 2.1. The Lagrangian ( ) ( )( ) ( )( )( )txtxtxtL k,,,, 1 …  is called 

super-regular if the system 

( ) ( ) ( )( ) ( )( )( ) ( ) { },,,2,1,,,,, 1 kk …… ∈=
∂

∂ atptxtxtxt
x

L
aiia  

defines the function of components 

( ) ( )( ) { }.,,2,1,,,,, 1 kk …… ∈= appxtxx aa  

The super-regular Lagrangian L enters in duality with the function of 
Hamiltonian type 

( ) ( ) ( ) ( )
( ) ( )( )kk

kk ppxtxxt
x

LppxtxppxtH i
ia

ia ,,,,,,,,,,,,,,, 111 …………
∂

∂=  

( ) ( ) ( ) ( )( ),,,,,,,,,,,,, 11
1

k
k

k ppxtxppxtxxtL ii ………−  

(single-time higher-order non-standard Legendrian duality) or, shortly, 

( ) .LpxH ai
ia −=  
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At this moment, we can rewrite (2.2) as Hamilton-Jacobi PDE based on 
higher-order Lagrangians, 

( ) ( ) .,1,0,,,,, 11 ni
x

S
x

S
x
SxtHt

S
iii

i ==







∂

∂

∂

∂

∂

∂+
∂
∂

−k
…  

As a rule, this Hamilton-Jacobi PDE based on higher-order 
Lagrangians is endowed with the initial condition 

( ) ( )( ) ( ) ( )( ).,,,,,,,0 11
0

11 −− = kk xxxSxxxS ……  

The solution ( ) ( )( )11 ,,,, −kxxxtS …  is called the generating function of the 
canonical momenta. 

Remark 2.1. Conversely, let ( ) ( )( )11 ,,,, −kxxxtS …  be a solution of 
the Hamilton-Jacobi PDE based on higher-order Lagrangians. We define 

( ) ( ) ( ) ( )( ) ( )( )( ) { }.,,2,1,,,,, 11
1 kk …… ∈

∂

∂= −
−

atxtxtxt
x

Stp iaai  

Then, the following link appears (see summation over the repeated 
indices!) 

( ) ( )( ) ( )( )( )dttxtxtxtL
t

t
k,,,, 11

0
…∫  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) dt
x

S
x

S
x
SxtHtptx iii

ti
ai

iat

t 











 ⋅

∂

∂⋅
∂

∂⋅
∂

∂−=
−∫ 11 ,,,,,

1

0
k

…  

( )
( ) .1

1 dSdtt
Sdx

x
S ia

ia ∫∫ Γ

−
−Γ

=
∂
∂+

∂

∂=  

The last formula shows that the action integral can be written as a path 
independent curvilinear integral. 

Theorem 2.1. The generating function of the canonical momenta is 
solution of the Cauchy problem 

( ) ( ) ,0,,,,, 11 =







∂

∂

∂

∂

∂

∂+
∂
∂

− iii
i

x
S

x
S

x
SxtHt

S
k

…  

( ) ( )( ) ( ) ( )( ).,,,,,,,0 11
0

11 −− = kk xxxSxxxS ……  
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Theorem 2.2. If 

( ) ( )( ) ( )( )( )txtxtxtL k,,,, 1 …  

( ) ( ) ( ) ( ) ( )( )txtxtxtt
S 11 ,,,, −
∂
∂= k…  

( ) ( )( ) ( )( )( ) ( ) ( )txtxtxtxt
x
S i

i
111 ,,,, −

∂

∂+ k…  

( ) ( ) ( )( ) ( )( )( ) ( ) ( )txtxtxtxt
x

S ir
ir

r

111
1

1
,,,, +−

−

= ∂

∂+ ∑ k
k

…  

is fulfilled and its domain is convex, then 

( ) ( ) 







∂

∂

∂

∂

∂

∂+
∂
∂

− iii
i

x
S

x
S

x
SxtHt

S
11 ,,,,,

k
…  

is invariant with respect to the variable x. 

Proof. By direct computation, we get 

( ) ( )( ) ( )( )( )txtxtxt
x
L

j
k,,,, 1 …

∂

∂  

( ) ( )( ) ( )( )( )txtxtxt
xt
S

j
11

2
,,,, −

∂∂

∂= k…  

( ) ( )( ) ( )( )( ) ( ) ( )txtxtxtxt
xx
S i

ji
111

2
,,,, −

∂∂

∂+ k…  

( ) ( ) ( )( ) ( )( )( ) ( ) ( ),,,,, 111
21

1
txtxtxtxt

xx
S ir

jir
r

+−
−

= ∂∂

∂+ ∑ k
k

…  

equivalent with 

( ) ( ) ( ) ( ) ( ) ( )




 ⋅

∂

∂⋅
∂

∂⋅
∂
∂

∂

∂−
−11 ,,,,,
kx
S

x
S

x
Stxt

x
H

j …  

( ) ( )( ) ( )( )( )txtxtxt
xt
S

j
11

2
,,,, −

∂∂

∂= k…  
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( ) ( )( ) ( )( )( ) ( ) ( )txtxtxtxt
xx
S i

ji
111

2
,,,, −

∂∂

∂+ k…  

( ) ( ) ( )( ) ( )( )( ) ( ) ( ),,,,, 111
21

1
txtxtxtxt

xx
S ir

jir
r

+−
−

= ∂∂

∂+ ∑ k
k

…  

or, 

( ) ( ) ,0,,,,, 11 =













∂

∂

∂

∂

∂

∂+
∂
∂

∂

∂
− iii

i
j x

S
x

S
x
SxtHt

S
x k

…  

( ) ( ) ( ( )( ) ( )( ))txtxtf
x

S
x

S
x
SxtHt

S
iii

i k
k

,,,,,,,, 1
11 …… =








∂

∂

∂

∂

∂

∂+
∂
∂

−
 

and the proof is complete. 

3. Hamilton-Jacobi System of PDEs via Multi-Time 
Higher-Order Lagrangians 

In this section, we shall introduce Hamilton-Jacobi system of PDEs 
governed by higher-order Lagrangians with multi-time evolution 
variable. 

Let ( ) [ ( ) ( )] ( ) RRRRRRS mmnmmnmnmnm →××××× −−+⋅⋅++ !12121: kk…"   
be a real function and the constant level sets, 

( ) ,,,,,: 111 cxxxtS
c

=
−ααα∑ k……  

where 2≥k  is a fixed natural number, ( ) =∈= α :,,, 1
1 xRttt mm…  

.:,,
11111

1

−− αα

−

ααα ∂∂

∂=
∂

∂
kk

k

tt
xx

t
x

…
… …  Here { } ,1,1,,,2,1 −=∈α kjmj …  

( ) ( ) { }.,,2,1,,,1 nixxxx in …… ∈==  We assume that these sets are 

submanifolds in ( ) ( )[ ] ( ) .!121 −−+⋅⋅++++ kkmmnmnmR ……  Consequently, the 
normal vector field must satisfy 

( ).0,,0,,,,
111

……
…

≠














∂

∂

∂

∂

∂

∂

∂

∂

−ααα
β iii x

S
x
S

x
S

t
S

k
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Let ( ) ( ) ( )( ) ,,,,,,:~
111

miii Rttxtxtxt ∈Γ
−ααα k……  be an m-sheet 

transversal to the submanifolds .∑c  Then, the real function 

( ) ( ( ) ( ) ( ))txtxtxtStc 111 ,,,,
−ααα= k……  

has nonzero partial derivatives, 

( ) ( ( ) ( ) ( ))txtxtxtLt
t
c

kαααββ
=

∂

∂
…… 11 ,,,,:  

 ( ( ) ( ) ( ))txtxtxt
t
S

111 ,,,,
−αααβ∂

∂=
k……  

( ( ) ( ) ( )) ( )txtxtxtxt
x
S i

i βααα −∂

∂+ 111 ,,,,
k……  

( ( ) ( ) ( )) ( ).,,,,
1111

11 1,1;
txtxtxtxt

x
S i

i
r

r
rr

βααααα
αα−=αα

−∂

∂+ ∑ ……
……

…
k

k

 

(3.1) 

For a fixed function ( ),⋅x  let us define the generalized multi-momenta 

( ) { } { } { },,,2,1,,,,2,1,,,2,1,1
, mjnipp ji

j …………
∈βα∈∈=

αα
β k  by 

( ) ( ) ( ( ) ( ) ( )).,,,,,,,
1: 11

1

1

21, txtxtxt
x

L
ntp iji

j

j
kααα

αα

βαα
β ∂

∂
ααα

= …
…

… …
…

 

Remark 3.1. Here (for more details, the reader is directed to [9]), 

( ) ( ) ,!111
!111

:,,,
21

21
21

k

k
k

ααα

ααα

+++
+++

=ααα
…
…

…n  

denotes the number of distinct indices represented by { },,,, 21 kααα …  

{ } .,1,,,2,1 k=∈α jmj …  
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By computation, for k,1=j  and ,:
0

ii x
S

x
S

∂

∂=
∂

∂

α

 we get the non-zero 

components of p, namely, 

( ) ( ) ( ( ) ( ) ( )).,,,,,,,
1

111
11

11

21, txtxtxt
x

S
ntp iji

j

jj
j −

−

−
ααα

αα

ααα
α ∂

∂
ααα

=
k…

…

… …
…

 

Definition 3.1. The Lagrange 1-form ( ( ) ( ) ( ))txtxtxtL
kαααβ …… 11 ,,,,  

is called super-regular if the algebraic system 

( ) ( ) ( ( ) ( ) ( )),,,,,,,,
1

11
1

1

21, txtxtxt
x

L
ntp iji

j

j
kααα

αα

βαα
β ∂

∂
ααα

= …
…

… …
…

 

defines the function 

( ),,,,, 11
111

k
k

αα
α

α
ααα = …… ppxtxx ii  

#  

( ).,,,, 11
111

k
kkk

αα
α

α
ααααα = …

…… … ppxtxx ii  

In these conditions, the previous relations become 

( ) ,,,,
1,,,,

1111 21 







∂

∂
ααα∂

∂=
−αα

αα
kk ……

… x
S

nx
Sxtxx ii  

#  

( ) .,,,
1,,,,

1111 21 







∂

∂
ααα∂

∂=
−αα

αααα
k

kk k ……… …
… x

S
nx

Sxtxx ii  

On the other hand, the relation (3.1) can be rewritten as 

( ( ) ( ) ( ))txtxtxt
t
S

111 ,,,,
−αααβ∂

∂−
k……  

( ( ) ( ) ( ))txtxtxt
x
S

i 111 ,,,,
−ααα

∂

∂=
k……  
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( ) ( ) ( )







⋅

∂
∂

ααα
⋅

∂
∂⋅

−αα
β

11,,,
1,,,,
21 kk ……

… x
S

nx
Sxtxi  

( ( ) ( ) ( ))txtxtxt
x

S
i

r rr
111

11

,,,,
1,1;

−ααα
αα−=αα ∂

∂+ ∑ k
k

…
……

…  

( ) ( ) ( )







⋅

∂
∂

ααα
⋅

∂
∂⋅

−αα
βαα

111 ,,,
1,,,,
21 kk …… …

… x
S

nx
Sxtxi

r
 

( ( ) ( ) ( )).,,,, 11 txtxtxtL
kαααβ− ……   (3.2) 

The super-regular Lagrange 1-form βL  enters in duality with the 

following Hamiltonian 1-form: 

( )k
k

αα
α

α
αβ

…… 11
1

,,,, ppxtH  

( ) ( )k
k

k

αα
α

α
ααα

=αα
ααα

= ∑ …
…

…

…
…

11
11

1

,,,,,,,
1
21,1;

ppxtxn
i

jj
j

j

 

( ( ))⋅
∂

∂
⋅ αα

αα

β
k…

…

… 1
1

,,, xxt
x

L
i

j

 

( ( )
k

k
k αα

αα
α

α
ααβ− …

… …… 1
11

11 ,,,,,,,, xppxtxxtL  

( )),,,,, 11
1

k
k

αα
α

α
α

…… ppxt  

(multi-time higher-order non-standard Legendrian duality) or, shortly, 

.1
1 , β

αα
βααβ −= LpxH j

j i
i …
…  

Now, we can rewrite (3.2) as Hamilton-Jacobi system of PDEs based on 
higher-order Lagrangians 

{ }.,,1,0,,,,
11

mx
S

x
SxtH

t
S ……

…
∈β=








∂

∂
∂
∂+

∂

∂

−αα
ββ

k
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Usually, the Hamilton-Jacobi system of PDEs based on higher-order 
Lagrangians is accompanied by the initial condition 

( ) ( ).,,,,,,,0 111111 0 −− αααααα = kk …… …… xxxSxxxS  

The solution ( )111 ,,,,
−ααα k…… xxxtS  is called the generating function 

of the generalized multi-momenta. 

Remark 3.2. Conversely, let ( )111 ,,,,
−ααα k…… xxxtS  be a solution 

of the Hamilton-Jacobi system of PDEs based on higher-order 
Lagrangians. We assume (the non-zero components of p) 

( ) ( ) ( ( ) ( ) ( )),,,,,,,,
1: 111

11

11

21, txtxtxt
x

S
ntp iji

j

jj
j −

−

−
ααα

αα

ααα
α ∂

∂
ααα

= k…
…

… …
…

 

for k,1=j  and .:
0

ii x
S

x
S

∂

∂=
∂

∂

α

 

Then, the following formula shows that the action integral can be 
written as a path independent curvilinear integral: 

( ( ) ( ) ( )) β
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,,,,
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−
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Γ

=
∂
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∂

∂
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=
−

−−

…
……

…
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Theorem 3.1. The generating function of the generalized multi-
momenta is solution of the Cauchy problem 
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∂
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∂
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( ) ( ).,,,,,,,0 111111 0 −− αααααα = kk …… …… xxxSxxxS  
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Application. Suppose t is the time, ( )ixx =  is the vector of spatial 

coordinates, the function (operator) IH =1  is associated with the 

information as a measure of organization (synergy and purpose), the 
function (operator) HH =2  with the energy as a measure of movement, 

the function 1S  is the generating function for entropy, and 2S  is the 
generating function for action. A PDEs system of the type 

0,,,,0,,,
21

2
221

1
1

=







∂
∂

∂
∂+

∂
∂=








∂
∂

∂
∂+

∂
∂

x
S

x
SxtHt

S
x

S
x

SxtHt
S  

is called physical control. This kind of system can be written using the 

real vector function ( ) .:, 21 RRRSSS n →×=  

4. Conclusion 

In the present paper, using a non-standard Legendrian duality for 
single-time and multi-time higher-order Lagrangians, we have 
introduced Hamilton-Jacobi PDE and Hamilton-Jacobi system of PDEs. 
In this way, our results have extended, unified and improved several 
existing theorems in the current literature. 
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