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Abstract 

The main purpose of the present paper is to introduce and study some weaker 
forms of continuity in bitopological ordered spaces. Such as pairwise                   
I-continuous maps, pairwise D-continuous maps, pairwise B-continuous maps, 
pairwise I-open maps, pairwise D-open maps, pairwise B-open maps, pairwise   
I-closed maps, pairwise D-closed maps, and pairwise B-closed maps. 

1. Introduction 

Singal and Singal [4] initiated the study of bitopological ordered 
spaces. Raghavan ([2], [3]) and other authors have contributed to 
development and construct some properties of such spaces. In 2002, 
Veera Kumar [5] introduced I-continuous maps, D-continuous maps,                  
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B-continuous maps, I-open maps, D-open maps, B-open maps, I-closed 
maps, D-closed maps, and B-closed maps for topological ordered spaces 
together with their characterizations. Nachbin [1] initiated the study of 
topological ordered spaces in 1965. A topological ordered space is a triple 
( ),,, ≤τX  where τ  is a topology on X and ≤  is a partial order on X. In 

this paper, we introduce pairwise I-continuous maps, pairwise                 
D-continuous maps, pairwise B-continuous maps, pairwise I-open maps, 
pairwise D-open maps, pairwise B-open maps, pairwise I-closed maps, 
pairwise D-closed maps, and pairwise B-closed maps for bitopological 
ordered spaces together with their characterizations as a generalization 
of that were studied for topological ordered spaces by Veera Kumar [5]. 

2. Preliminaries 

Let ( )≤,X  be a partially ordered set (i.e., a set X together with a 

reflexive, antisymmetric, and transitive relation). For a subset ,XA ⊆  

we write 

( ) { },somefor: AxxyXyAL ∈≤∈=  

( ) { }.somefor: AxyxXyAM ∈≤∈=  

In particular, if A is a singleton set, say { },x  then we write ( )xL  and 

( ),xM  respectively. A subset A of X is said to be decreasing (resp., 

increasing) if ( ) ( )( )..,resp AMAALA ==  The complement of a decreasing 

(resp., an increasing) set is an increasing (resp., a decreasing) set. A 

mapping ( ) ( )∗∗ ≤→≤ ,,: XXf  from a partially ordered set ( )≤,X  to a 

partially ordered set ( )∗∗ ≤,X  is increasing (resp., a decreasing) if yx ≤  

in X implies ( ) ( ) ( ( ) ( )) fxfyfyfxf where,.,resp ∗∗ ≤≤  is called an 

order isomorphism if it is an increasing bijection such that 1−f  is also 

increasing. 
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A bitopological ordered space [4] is a quadruple consisting of a 
bitopological space ( ),, 21 τ,τX  and a partial order ≤  on X; it is denoted 

as ( ).,, 21 ≤τ,τX  The partial order ≤  said to be closed (resp., weakly 

closed) [2] if its graph ( ) ( ){ }yxyxG ≤=≤ :,  is closed in the product 

topology ( ),.,resp 21 ττττ ×× ji  where ,;2,1, jiji ≠=  or equivalently, 

if ( )xL  and ( )xM  are ,closed-1τ  where 2,1=i  (resp., ( )xL  is closed-1τ  

and ( )xM  is closed-2τ ), for each .Xx ∈  

For a subset A of a bitopological ordered space ( ),,, 21 ≤τ,τX  

( ) { FFAH l
i |∩=  is decreasing-iτ  closed subset of X containing },A  

( ) { FFAH m
i |∩=  is increasing-iτ  closed subset of X containing },A  

( ) { FFAH b
i |∩=  is a closed subset of X containing A with 

( ) ( )},FMFLF ==   

( ) { GGAOl
i |∪=  is decreasing-iτ  open subset of X contained in },A  

( ) { GGAOm
i |∪=  is increasing-iτ  open subset of X contained in },A  

( ) { GGAOb
i |∪=  is both increasing-iτ  and decreasing-iτ  open 

subset of X contained in }.A  

Clearly, ( ) ( ( ) ( ))AHAHAH b
i

l
i

m
i ,.,resp  is the smallest increasing-iτ  

(resp., ,decreasing-iτ  both increasing-iτ  and decreasing-iτ ) closed set 

containing A. Moreover ( ) ( ),AHAHA b
i

m
ii ⊆⊆  where iA  stands for the 

closure-iτ  of A in ( ) .2,1,,, 21 =≤ iX τ,τ  Further A is decreasing-iτ  

( )increasing-.,resp iτ  closed if and only if ( ) == AHA m
i ( ).AH l

i  



A. F. SAYED 20

Clearly, ( ) ( ( ) ( ))AOAOAO b
i

l
i

m
i ,.,resp  is the largest increasing-iτ  

(resp., ,decreasing-iτ  both increasing-iτ  and decreasing-iτ ) open set 

contained in A. Moreover ( ) ( ) o
i

m
i

b
i AAOAO ⊆⊆  and ( ) ( ),AOAO l

i
b
i ⊆  

where o
iA  denotes the interior-iτ  of A in ( ) .,,, 21 jiX ≠≤τ,τ  If A and 

B are two 1τ  subsets of a bitopological ordered space ( ),,, 21 ≤τ,τX  

ji ≠  such that ,BA ⊆  then ( ) ( ) ( ( ))XOBBOAO m
i

o
i

m
i

m
i Ω⊆⊆ .  (resp., 

( ( )) ( ( )))XOXO b
i

l
i ΩΩ ,  denotes the collection of all increasing-iτ  (resp., 

,decreasing-iτ  both increasing-iτ  and decreasing-iτ ) open subset of a 
bitopological ordered space ( ).,, 21 ≤τ,τX  

3. Pairwise I-continuous, Pairwise D-continuous and 
Pairwise B-continuous Maps 

Definition 3.1. A function ( ) ( )≤→≤ ∗∗∗ ,,,,: 2121 τ,ττ,τ XXf  is 
called a pairwise I-continuous (resp., a pairwise D-continuous, a pairwise 
B-continuous) map if ( ) ( ( )) ( ( ) ( ( )),.,resp 11 XOGfXOGf l

i
m
i Ω∈Ω∈ −−  

( ) ( ( ))),1 XOGf b
iΩ∈−  whenever G is an i-open subset of ( ),,, 21 ≤∗∗∗ τ,τX  

.2,1=i  

It is evident that every pairwise x-continuous map is pairwise 
continuous for BDIx ,,=  and that every pairwise B-continuous map is 
both pairwise I-continuous and pairwise D-continuous. 

Example 3.2. Let { } { { } { } { }},,,,,,0,,, 1 babaXcbaX /== τ  
{ { }}cX ,,02 /=τ  and {( ) ( ) ( ) ( ) ( ) ( )}.,,,,,,,,,,, cacbbaccbbaa=≤  Clearly, 

( )≤,,, 21 ττX  is a bitopological ordered space. Let f be the identity map 
from ( )≤,, 21 τ,τX  onto itself. { }b  is open-1τ  and { }c  is open,-2τ  but 

{ }( ) { }bbf =−1  is neither a increasing-1τ  nor a decreasing-1τ  open set 

and also { }( ) { }ccf =−1  is neither a increasing-2τ  nor a decreasing-2τ  
open set. Thus f is not pairwise x-continuous for ., BDI,x =  However      
f is continuous. 
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The following example supports that a pairwise D-continuous map 
need not be a pairwise B-continuous map. 

Example 3.3. Let { } { } { } { }{ } ,,,,,,0,,, 11
∗∗ =/=== ττ babaXXcbaX  

{ }{ } ( ) ( ) ( ) ( ){ }caccbbaacX ,,,,,,,,,,0 22 =≤=/= ∗ττ  and {( ) ( ),,,, bbaa=≤∗  

( ) ( ) ( ) ( )}.,,,,,,, cbcabacc  Let g be the identity map from ( )≤,, 21 τ,τX  

onto ( ) gX ,,, 21 ≤∗∗∗ τ,τ  is not pairwise B-continuous. However g is a 

pairwise D-continuous map. 

The following example supports that a pairwise I-continuous map 
need not be a pairwise B-continuous map. 

Example 3.4. Let { } { } { } { }{ } { ,,0,,,,,,0,,, 11
∗∗∗ /=/=== XbabaXXcbaX ττ  

{ }} { }{ } { } { } { }{ }cbcbXcXa ,,,,,0,,,0, 22 /=/= ∗ττ  and {( ) ( ),,,, bbaa=≤  

( ) ( ) ( ) ( )} .,,,,,,, ∗≤=bccabacc  Define ( ) ( )≤→≤ ∗∗∗ ,,,,,: 2121 τττ,τ XXh  

by ( ) ( ) ,, abhbah ==  and ( ) hcch where,=  is pairwise I-continuous 

but not a pairwise B-continuous map. 

Thus we have the following diagram: 

 

Figure 1. 
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For a function ( ) ( ),,,,,: 2121 ≤→≤ ∗∗∗ τ,ττ,τ XXf  where QP →  

( )QP ↔/.,resp  represents P implies Q but Q need not imply P (resp.,      

P and Q are independent of each other). 

The following theorem characterizes pairwise I-continuous maps. 

Theorem 3.5. For a function ( ) ( ),,,,,: 2121 ≤→≤ ∗∗∗ τ,ττ,τ XXf  

the following statements are equivalent: 

(1) f is pairwise I-continuous. 

(2) ( ( )) ( )( )i
l
i AfAHf ⊆  for any .2,1, =⊆ iXA  

(3) ( ( )) ( )i
l
i BfBfH 11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) For every closedi -∗τ  subset K of ( ) ( )KfX 1
21 ,,, −∗∗∗ ≤τ,τ  is a 

ingdecreasi -τ  closed subset of ( ) .2,1,,, 21 =≤ iX τ,τ  

Proof. (1) ⇒  (2): Since ( )( )iAfX \∗  is open-iτ  in ∗X  and f is 

pairwise I-continuous, then ( ( )( ) )iAfXf \1−  is a ingincreas-iτ  open set 

in X. Then ( ( )( ) )iAfXfX \\ 1−  is a ingdecreas-iτ  closed subset of X. 

Since ( ( )( ) ) ( ( )( ) ),\\ 11
ii AffAfXfX −− =  then ( ( )( ) )iAff 1−  is a 

ingdecreas-iτ  closed subset of X. Since ( ( )( ) )iAffA 1−⊆  and is the 

smallest ingdecreas-iτ  closed set containing A, then ( ) 1−⊆ fAH l
i  

( ( )( ) ) ( ( ( )( ) ) ( )( ) .. 1
iii AfAfffAf ⊆−  Thus ( ) ( )( ) .i

l
i AfAH ⊆  

(2) ⇒  (3): Let ( ).1 BfA −=  Then ( ) ( ( )) .1 BBffAf ⊆= −  This implies 

( ( )) .ii BAf  Now ( ( )) ( ) ( ( ( ))) 111 −−− ⊆⊆⊆ fAHffAHBfH l
i

l
i

l
i ( ( ))iAf     

[by (2) in this Theorem 3.5]. But ( ( )) ( ).11
ii BfAff −− ⊆  Thus 

( ( )) ( ).11
i

l
i BfBfH −− ⊆  
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(3) ⇒  (4): ( ( )) ( )i
l
i KfKfH 11 −− ⊆  for any closed-∗iτ  set K of 

( ).,, 21 ≤∗∗∗ τ,τX  Thus ( )Kf 1−  is a ingdecreas-iτ  closed in ( ),,, 21 ≤τ,τX   

whenever K is a closed-∗iτ  set in ( ).,, 21 ≤∗∗∗ τ,τX  

(4) ⇒  (1): Let G be a open-∗iτ  set in ( ).,, 21 ≤∗∗∗ τ,τX  Then 

( )( )GXf \1−  is a ingdecreas-iτ  closed set in ( ),,, 21 ≤τ,τX  since 

( )GX \∗  is a closed set in ( ).,, 21 ≤∗∗∗ τ,τX  But ( ( )) ( ).\\ 11 GXfGfX −− =  

Thus ( ( ))GfX 1\ −  is a ingdecreas-iτ  closed set in ( ).,, 21 ≤τ,τX  So 

( )Gf 1−  is a ingincreas-iτ  open set in ( ).,, 21 ≤τ,τX  Thus f is pairwise    

I-continuous.   

The following two theorems characterize pairwise D-continuous maps 
and pairwise B-continuous maps, whose proofs are similar to as that of 
the above Theorem 3.5. 

Theorem 3.6. For a function ( ) ( ),,,,,: 2121 ≤→≤ ∗∗∗ τ,ττ,τ XXf  

the following statements are equivalent: 

(1) f is pairwise D-continuous. 

(2) ( ( )) ( )( )i
m
i AfAHf ⊆  for any .2,1, =⊆ iXA  

(3) ( ( )) ( )i
m
i BfBfH 11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) For every closedi -∗τ  subset K of ( ) ( )KfX 1
21 ,,, −∗∗∗ ≤τ,τ  is a 

ingincreasi -τ  closed subset of ( ) .2,1,,, 21 =≤ iX τ,τ  

Theorem 3.7. For a function ( ) ( ),,,,,: 2121 ≤→≤ ∗∗∗ τ,ττ,τ XXf  

the following statements are equivalent: 

(1) f is pairwise B-continuous. 

(2) ( ( )) ( )( )i
b
i AfAHf ⊆  for any .2,1, =⊆ iXA  
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(3) ( ( )) ( )i
b
i BfBfH 11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) For every closedi -∗τ  subset K of ( ) ( )KfX 1
21 ,,, −∗∗∗ ≤τ,τ  is both 

ingincreasi -τ  and ingdecreasi -τ  closed subset of ( ) ,1,,, 21 =≤ iX τ,τ  .2  

Theorem 3.8. Let ( ) ( )221121 ,,,,,: ≤→≤ νντ,τ yXf  and ( ,,: 1νyg  

) ( )32122 ,,,, ≤ηη→≤ Zν  be any two mappings. Then 

(1) ( ) ( )321121 ,,,,,: ≤ηη→≤ ZXfg τ,τD  is pairwise x-continuous 

for .,, BDIx =  

(2) ( ) ( )321121 ,,,,,: ≤ηη→≤ ZXfg τ,τD  is pairwise x-continuous 

and g is pairwise continuous for .,, BDIx =  

(3) ( ) ( )321121 ,,,,,: ≤ηη→≤ ZXfg τ,τD  is pairwise x-continuous 

and g is pairwise y-continuous for { }.,,, BDIyx ∈  

4. Pairwise I-open, Pairwise D-open and  
Pairwise B-open Maps 

Definition 4.1. A function ( ) ( )∗∗∗∗ ≤→≤ ,,,,: 2121 τ,ττ,τ XXf  is 

called a pairwise I-open (resp., a pairwise D-open, a pairwise B-open) 

map if ( ) ( ( )) ( ( ) ( ( )) ( ) ( ( ))),,.,resp ∗∗∗ Ω∈Ω∈Ω∈ XOGfXOGfXOGf b
i

l
i

m
i  

whenever G is a open-iτ  subset of ( ) .2,1,, 21 =iX τ,τ  

It is evident that every pairwise x-open map is a pairwise open map 
for BDIx ,,=  and that every pairwise B-open map is both pairwise      

I-open and pairwise D-open. 

The following example shows that a pairwise open map need not be 
pairwise x-open for .,, BDIx =  

Example 4.2. Let ( )≤,, 21 τ,τX  and f be as in the Example 3.2, f is a 

pairwise open map but f is not pairwise x-open for .,, BDIx =  
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The following example shows that a pairwise D-open map need not be 
a pairwise B-open map. 

Example 4.3. Let ≤∗∗∗
2121 ,,,,, ττττXX  and ∗≤  be as in the 

Example 3.3. Let θ  be the identity map from ( )≤,, 21 τ,τX  onto 

( ) θ≤∗∗∗∗ ,,, 21 τ,τX  is pairwise D-open but not a pairwise B-open map. 

The following example shows that a pairwise I-open map need not be 
a pairwise B-open map. 

Example 4.4. Let ≤∗∗∗ ,,,, 2121 τ,ττ,τXX  and ∗≤  be as in the 

Example 3.4. Define ( ) ( )∗∗∗∗ ≤→≤ϕ ,,,,: 2121 τ,ττ,τ XX  by ( ) ,ba =ϕ  

( ) ab =ϕ , and ( ) ϕ=ϕ ,cc  is a pairwise I-open map but not a pairwise     

B-open map. 

Thus we have the following diagram: 

 

Figure 2. 

For a function ( ) ( ),,,,,: 2121
∗∗∗∗ ≤→≤ τ,ττ,τ XXf  where QP →  

( )QP ↔/.,resp  represents P implies Q but Q need not imply P (resp.,      

P and Q are independent of each other). 

Before characterizing pairwise I-open (resp., pairwise D-open, pairwise 
B-open) maps, we establish the following useful lemma: 
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Lemma 4.5. Let A be any subset of a bitopological ordered space 
( ).,,, 21 ≤ττX  Then 

(1) ( ) ( ) .2,1,\\ == iAXOAHX m
i

l
i  

(2) ( ) ( ) .2,1,\\ == iAXOAHX l
i

m
i  

(3) ( ) ( ) .2,1,\\ == iAXOAHX b
i

b
i  

Proof. (1) ( ) { FFXAHX l
i ∩\\ =  is a decreasing-iτ  closed subset 

of X containing } { FFXA \∪=  is a decreasing-iτ  closed subset of X 

containing } { GGA ∪=  is a increasing-iτ  open subset of X contained in 

} ( ).\\ AXOAX m
i=  

The proofs for (2) and (3) are analogous to that of (1) and so omitted. 

 

The following theorem characterizes pairwise I-open functions. 

Theorem 4.6. For any function ( ) ( ),,,,,,,: 2121 ≤→≤ ∗∗∗ ττττ XXf  

the following statements are equivalent: 

(1) f is a pairwise I-open map. 

(2) ( ) ( ( ))AfOAf m
i

o
i ⊆  for any .2,1, =⊆ iXA  

(3) ( ( )) ( ( ))BOfBf m
i

o
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) ( ( )) ( ( ))BfHBHf l
i

l
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

 

 



SOME WEAKER FORMS OF CONTINUITY IN … 27

Proof. (1) ⇒  (3): Since ( ( ))oiBf 1−  is open-iτ  in X and f is pairwise    

I-open, then (( ( )) )o
iBff 1−  is a increasing-iτ  open set in .∗X  Also 

( ( )) ( ( )) .11 BBffBff o
i ⊆⊆ −−  Then ( ( )) ( )BOBff m

i
o
i ⊆−1  since ( )BOm

i  is 

the largest increasing-iτ  open set contained in B. Therefore ( ( ))oiBf 1−  

( ( )).1 BOf m
i

−⊆  

(3) ⇒  (4): Replacing B by BX \  in (3), we get ( ( )) ⊆− o
iBXf \1  

( ( )).\1 BXOf m
i

−  Since ( ) ( ( )),\\ 11 BfXBXf −− =  then ( ( ( )))oiBfX 1\ −  

( ( )).\1 BXOf m
i

−⊆  Now ( ( ( ))) ( ( ( ))) ( \\\ 11 XBfXOBfHX m
i

l
i ⊆= −−  

( ( ))) ( (( ))) ( ( ( ))) ( ( ( )))BHfXBHXfBXOfBf l
i

l
i

m
i

o
i

1111 \\\ −−−− ==⊆  

using the above Lemma 4.5. Therefore ( ( )) ( ( )).11 BfHBHf l
i

l
i

−− ⊆  

(4) ⇒  (3): All the steps in (3) ⇒  (4) are reversible. 

(3) ⇒  (2): Replacing B by ( )Af  in (3), we get ( ( )( )) ( m
i

o
i OfAff 11 −− ⊆  

( )( )).Af  Since ( ( )( )) ,1 o
i

o
i AffA −⊆  then we have ( ( )( )).1 AfOfA m

i
o
i

−⊆  

This implies that ( ) ( ( ( )( ))) ( )( ).1 AfOAfOffAf m
i

m
i

o
i ⊆⊆ −  Hence ( )o

iAf  

( )( ).AfOm
i⊆  

(2) ⇒  (1): Let G be any open-iτ  subset of X. Then ( ) ( ) ⊆= o
iGfGf  

( )( ).GfOm
i  So ( )Gf  is a increasing-∗iτ  open set in .∗X  Therefore f is a 

pairwise I-open map.  

The following two theorems give characterizations for D-open maps 
and B-open maps, whose proofs are similar to as that of the above 
Theorem 4.6. 
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Theorem 4.7. For any function ( ) ( ),,,,,,,: 2121 ≤→≤ ∗∗∗ ττττ XXf  

the following statements are equivalent: 

(1) f is a pairwise D-open map. 

(2) ( ) ( ( ))AfOAf l
i

o
i ⊆  for any .2,1, =⊆ iXA  

(3) ( ( )) ( ( ))BOfBf l
i

o
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) ( ( )) ( ( ))BfHBHf m
i

m
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

Theorem 4.8. For any function ( ) ( ),,,,,,,: 2121 ≤→≤ ∗∗∗ ττττ XXf  

the following statements are equivalent: 

(1) f is a pairwise B-open map. 

(2) ( ) ( ( ))AfOAf b
i

o
i ⊆  for any .2,1, =⊆ iXA  

(3) ( ( )) ( ( ))BOfBf b
i

o
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

(4) ( ( )) ( ( ))BfHBHf b
i

b
i

11 −− ⊆  for any .2,1, =⊆ ∗ iXB  

Theorem 4.9. Let ( ) ( )221121 ,,,,,,: ≤→≤ ννττ yXf  and ( ,,: 1νyg  

) ( )32122 ,,,, ≤ηη→≤ Zν  be any two mappings. Then 

(1) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-open if f is 

pairwise open and g is pairwise x-open for .,, BDIx =  

(2) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-open if both 

f and g are pairwise x-open for .,, BDIx =  

(3) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-open if f is 

pairwise y-open and g is pairwise x-open for { }.,,, BDIyx ∈  

Proof. Omitted.  
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5. Pairwise I-closed, Pairwise D-closed and  
Pairwise B-closed Maps 

Definition 5.1. A function ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  is 

called a pairwise I-closed (resp., a pairwise D-closed, a pairwise B-closed) 

map if ( ) ( ( )) ( ( ) ( ( )) ( ) ( ( ))),,.,resp ∗∗∗ Ω∈Ω∈Ω∈ XHGfXHGfXHGf b
i

l
i

m
i   

whenever G is a open-iτ  subset of ( ),,, 21 ττX  where ( ( ))∗Ω XH m
i  

( ( ( )) ( ( ))∗∗ Ω XHXHC b
i

l
i ,Omega.,resp  is the collection of all increasing-iτ  

(resp., ,decreasing-iτ  both increasing-iτ  and decreasing-iτ ) closed 

subsets of ( ) .2,1,,,, 21 =≤∗∗∗∗ iX ττ  

Clearly, every pairwise x-closed map is a pairwise closed map for 
BDIx ,,=  and every pairwise B-closed map is both pairwise I-closed 

and pairwise D-closed. The following example shows that a pairwise 
closed map need not be pairwise x-closed for .,, BDIx =  

Example 5.2. Let ( )≤,,, 21 ττX  and f be as in the Example 3.2, f is a 

pairwise closed map but f is not pairwise x-closed for .,, BDIx =  

The following example shows that a pairwise I-closed map need not 
be a pairwise B-closed map. 

Example 5.3. Let ≤∗∗∗ ,,,,,, 2121 ττττXX  and ∗≤  be as in the 

Example 4.3, θ  is pairwise I-closed but not a pairwise B-closed map. 

The following example shows that a pairwise I-closed map need not 
be a pairwise B-closed map. 
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Example 5.4. Let ∗∗∗∗ ≤≤,,,,,,, 2121 ττττXX  and ϕ  be as in the 

Example 4.4, ϕ  is a pairwise D-closed map but not a pairwise B-closed 

map. 

Thus we have the following diagram: 

 

Figure 3. 

For a function ( ) ( ),,,,,,,: 2121
∗∗∗∗ ≤→≤ ττττ XXf  where QP →  

( )QP ↔/.,resp  represents P implies Q but Q need not imply P (resp.,     

P and Q are independent of each other). 

The following theorem characterizes I-closed maps. 

Theorem 5.5. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be any map. 

Then f is pairwise I-closed if and only if ( )( ) ( )i
m
i AfAfH ⊆  for every 

.2,1, =⊆ iXA  

Proof. Necessity: Since f is pairwise I-closed, then ( )iAf  is a 

increasing-iτ  closed subset of X and ( ) ( ).iAfAf ⊆  Therefore ( )( )AfH m
i  

( )iAf⊆  since ( )( )AfH m
i  is the smallest increasing-iτ  closed set in ∗X  

containing ( ).Af  
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Sufficiency: Let F be any closed-iτ  subset of X. Then ( ) ⊆Ff  

( )( ) ( ) ( ).FfFfFfH i
m
i =⊆  Thus ( ) ( )( ).FfHFf m

i=  So ( )Ff  is a 

increasing-iτ  closed subset of .∗X  Therefore f is a pairwise I-closed map. 

  

The following two theorems characterize pairwise D-closed maps and 
pairwise B-closed maps. 

Theorem 5.6. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be any map. 

Then f is pairwise D-closed if and only if ( )( ) ( )i
l
i AfAfH ⊆  for every 

.2,1, =⊆ iXA  

Proof. Omitted.  

Theorem 5.7. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be any map. 

Then f is pairwise B-closed if and only if ( )( ) ( )i
b
i AfAfH ⊆  for every 

.2,1, =⊆ iXA  

Proof. Omitted.  

Theorem 5.8. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

bijection map. Then 

(1) f is pairwise I-open if and only if f is pairwise D-closed. 

(2) f is pairwise I-closed if and only if f is pairwise D-open. 

(3) f is pairwise B-open if and only if f is pairwise B-closed. 

Proof. (1) Necessity: Let F be any closed-iτ  subset of X. Then 

( )FXf \  is a increasing-∗iτ  open subset of ∗X  since f is a pairwise         

I-open map and ( )FX \  is a open-iτ  subset of X. Since f is a pairwise 
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bijection, then we have ( ) ( )( ).\\ FfXFXf =  So ( )Ff  is a decreasing-∗iτ  

closed subset of .∗X  Therefore f is a pairwise D-closed. 

Sufficiency: Let G be any open-iτ  subset of X. Then ( )GXf \  is a 

decreasing-iτ  closed subset of ∗X  since f is a pairwise D-closed map and 

( )GX \  is a closed-iτ  subset of X. Since f is a pairwise bijection, then we 

have that ( ) ( ).\\ GfXGXf =  So ( )Gf  is a increasing-iτ  open subset 

of .∗X  Therefore f is a pairwise I-open map. 

The proofs for (2) and (3) are similar to that of (1).  

Theorem 5.9. Let ( ) ( )221121 ,,,,,,: ≤→≤ ννττ yXf  and ( ,,: 1νyg  

) ( )32122 ,,,, ≤ηη→≤ Zν  be any two mappings. Then 

(1) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-closed if f is 

pairwise closed and g is pairwise x-closed for .,, BDIx =  

(2) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-closed if 

both f and g are pairwise x-closed for .,, BDIx =  

(3) ( ) ( )321121 ,,,,,,: ≤ηη→≤ ZXfg ττD  is pairwise x-closed if f is 

pairwise y-closed and g is pairwise x-closed for { }.,,, BDIyx ∈  

Theorem 5.10. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

bijection map. Then the following statements are equivalent: 

(1) f is a pairwise I-open map. 

(2) f is a pairwise D-closed map. 

(3) 1−f  is a pairwise I-continuous. 
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Theorem 5.11. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

bijection map. Then the following statements are equivalent: 

(1) f is a pairwise D-open map. 

(2) f is a pairwise I-closed map. 

(3) 1−f  is a pairwise D-continuous. 

Theorem 5.12. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

bijection map. Then the following statements are equivalent: 

(1) f is a pairwise B-open map. 

(2) f is a pairwise B-closed map. 

(3) 1−f  is a pairwise B-continuous. 

Theorem 5.13. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

I-closed map and ., ∗⊆ XCB  Then 

(1) If U is a openi -τ  neighbourhood of ( ),1 Bf −  then there exists a 

ingdecreasi -τ  open neighbourhood V of B such that ( ) ( ) ,11 UVfBf ⊆⊆ −−  

.2,1=i  

(2) If ( )Bf 1−  and ( )Cf 1−  have disjoint ,- oodsneighbourhiτ  then 

( )Bf 1−  and ( )Cf 1−  have disjoint ingdecreasi -τ  open neighbourhoods, 

.2,1=i  

Proof. (1) Let U be a open-iτ  neighbourhood of ( ).1 Bf −  Take 

( ).\\ UXfVX =∗  Since f is a pairwise I-closed map and ( )UX \  is a 

closed-iτ  set, then ( )UXfVX \\ =∗  is a increasing-iτ  closed subset 

of .∗X  Thus V is an decreasing-iτ  open subset of .∗X  Since ( ) ,1 UBf −  
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then ( ) ( ( )) .\\\\ 1 BXBXffUXfVX ∗∗−∗ ⊆⊆=  So .VB ⊆  Thus 

V is a decreasing-∗iτ  open neighbourhood of B. Further 1\ −⊆ fUX  

( )( ) ( ) ( ( )).\\\ 11 VfXVXfUXf −∗∗− ==  Thus ( ) ( ) .11 UVfBf ⊆⊆ −−  

 

Theorem 5.14. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

D-closed map and ., ∗⊆ XCB  Then 

(1) If U is a openi -τ  neighbourhood of ( ),1 Bf −  then there exists a 

ingdecreasi -τ  open neighbourhood V of B such that ( ) ( ) ,11 UVfBf ⊆⊆ −−  

.2,1=i  

(2) If ( )Bf 1−  and ( )Cf 1−  have disjoint ,- oodsneighbourhiτ  then 

( )Bf 1−  and ( )Cf 1−  have disjoint ingincreasi -τ  open neighbourhoods, 

.2,1=i  

Theorem 5.15. Let ( ) ( )∗∗∗∗ ≤→≤ ,,,,,,: 2121 ττττ XXf  be a pairwise 

B-closed map and ., ∗⊆ XCB  Then 

(1) If U is a openi -τ  neighbourhood of ( ),1 Bf −  then there exists a 

openi -τ  neighbourhood V of B, which are both ingincreasi -τ  and 

,- ingdecreasiτ  such that ( ) ( ) .2,1,11 =⊆⊆ −− iUVfBf  

(2) If ( )Bf 1−  and ( )Cf 1−  have disjoint ,- oodsneighbourhiτ  then 

( )Bf 1−  and ( )Cf 1−  have disjoint openi -τ  neighbourhoods, which are 

both ingincreasi -τ  and ,- ingdecreasiτ  .2,1=i  
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