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Abstract

In this paper, we establish the sharp maximal function estimate for the iterated
commutator related to some singular integral operators satisfying a variant of
Hoérmander’s condition. As the application, we obtain the boundedness of the
iterated commutator on Lebesgue and Morrey spaces.

1. Introduction

As the development of singular integral operators, their commutators
have been well studied (see [4], [7], [14]). Let T be the Calderén-Zygmund

singular integral operator, a classical result of Coifman et al. (see [4])

states that the commutator [b, T'|(f) = T'(bf) - bT(f) (where b € BMO(R™))
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is bounded on LP(R"™) for 1< p <. In [8], some singular integral

operators satisfying a variant of Hormander’s condition are introduced,
and the boundedness for operators are obtained (see [8], [16]). The main
purpose of this paper is to establish the sharp maximal function estimate
for the iterated commutator related to the singular integral operators
satisfying a variant of Hérmander’s condition. As the application, we
obtain the boundedness of the iterated commutator on Lebesgue and

Morrey spaces.
2. Notations and Results

First let us introduce some notations (see [4], [7], [14]). Throughout
this paper, @ will denote a cube of R"” with sides parallel to the axes. For

any locally integrable function fin R", the sharp maximal function f is

defined by

MA@ = sup o [ 1700~ fold

« Q]
where, and in what follows, fg = |Q|_1IQ f(x)dx. We say that f belongs to

BMO(R™) if M*(f) belongs to L*(R") and 1o = "M#(f)"Loo. It has

been known that (see [14])

16 =6y 0lBro < CHblpyo for k= 1.

Let M be the Hardy-Littlewood maximal operator, that is,

M) = sup i [ 1)y

We write that M, (f) (x) = (M|f|? )l/p(x), for 0 < p < oo
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For b; € BUO(R")(j =1, ---, m), set

m
16l5p0 = H”bj IBao-
j=1

Given some functions b j (j =1, ---, m) and a positive integer m and 1 < j < m,

we denote by C;n the family of all finite subsets o = {c(1), -, o(j)} of
{1, ---, m} of j different elements. For o € C;n, set ¢¢ ={1,---,m}\ o. For
b= (bl’ ’bm) and o= {G(l)’ B G(J)} eC?, set 5(5 = (bc(l)’ B bcs(j))’

bs = bo(1) "+ bo(j) and b5 gaso = 10s() I Baro 106 Br0-
Definition 1. Let ® = {¢;, ---, ¢,,} be a finite family of bounded

functions in R". For any locally integrable function f, the ® sharp

maximal function of f is defined by

m

M(% = sup inf ﬁIQV(}’)—ZCﬂj(xQ - y)|dy,

Q>x {e1, > Cm )

j=1

where the infimum is taken over all m-tuples {cj, -, ¢,,,} of complex

numbers and x¢ is the center of @.
Remark. We note that M(% ~ M* if m =1 and ¢ = 1.

Definition 2. Given a positive and locally integrable function fin R",
we say that f satisfies the reverse Hérmander’s condition (write this as

f € RH(R")), if for any cube @ centered at origin we have

1
0 < sup flx) < C@ij(y)dy-

In this paper, we will study some integral operators as following

(see [8]).
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Definition 3. Let K € L?(R") and satisfy

K, < C.
K@) < Claf ™,

there exist functions By, -+, B,, € L}OC(Rn -{0}) and @ = {¢1, -, Oy}
< L*(R"™) such that |det[¢;(y;)] |2 e RH,(R™), and for a fixed & > 0

and any |x| > 2|y > 0,

|5

K(x~ )~ Y Bj@)o;(y)] < o b
fEs|

|x _ y|n+5 ’

For f e Cy, we define the singular integral operator related to the

kernel K by

() @) = [, K = 3)f)dy.

Give some locally integrable function b;(j =1,---, m). The iterated

operator associated to T'is defined by
%vxm=jylfphwy4mw1Ku—wﬂw@a
j=1

Remark. Note that the classical Calderén-Zygmund singular

integral operator satisfies Definition 3. And when b, ---, b,,, T}, is just

m-order commutator.

Definition 4. Let ¢ be a positive, increasing function on R* and

there exists a constant D > 0 such that

¢(2t) < Do(t) for all ¢ > 0.
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Let f be an integrable function on R”. Set, for 1 < p < o,

1

_ 1 pgy|?
Moo = 50 (g )

where Q(x, d) = {y € R" : |x — 3| < d}. The generalized Morrey space is
defined by

LPO(R") = {f € Lioe(R™) : [l po < 0}

If (d) = d", n > 0, then L”*?(R™) = L»"(R™), which is the classical
Morrey spaces (see [11], [12]). If ¢(d) =1, then L”®(R")= L”(R"),
which is the Lebesgue space.

As Morrey space may be considered as an extension of Lebesgue
space, it i1s natural and important to study the boundedness of operator
on Morrey space (see [3], [5], [6], [9], [17]).

It is well-known that commutators are great interest in harmonic
analysis and have been widely studied by many authors. In this paper,
our main purpose is to establish the sharp maximal inequality for the

iterated commutator.
Now we state our theorems as following:

Theorem 1. Let T be the singular integral operator as Definition 3

and bj € BUO(R") for j=1,---, m. Then for any 1<r <=, there
exists a constant C > 0 such that for any f € Cy(R") and any X € R",

m-1

ME(T;(F))(F) < Clplgpgo| Mo (E)+ D D M(T; (F)(F) .

J=l seC™
J

Theorem 2. Let T be the singular integral operator as Definition 3
and b; € BMO(R") for j =1, -, m. Then Ty is bounded on LP(R") for

any 1 < p < o, that is,
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175 (Nl < CliAly-

Theorem 3. Let T be the singular integral operator as Definition 3

and b; € BMO(R") for j =1,--, m, 0 < D < 2". Then Ty is bounded on
LP®°(R™) forany 1 < p < o, that is,

15 (Nzpe < Clfllp-o-

3. Proofs of Theorems

To prove the theorems, we need the following lemmas:

Lemma 1 (see [8]). Let T be the singular integral operator as

Definition 3 and 1 < p < . Then, we have
IT(Hlzp < ClAlLe-

Lemma 2 (see [14]). Let 1 <r <, b; € BMO(R") for j =1,k
and k € N. Then, we have

k k

1

@J.inbj(y) = (bj)qldy < CH"bj | B30
j-1 j-1

and

\ 1/r k
[ﬁ IQH|bj(y) - (b; )erdy] < CH"bf I a0
j=1 =

Lemma 3 (see [8)). Let 1 <r <o, w € Ay, and ® ={dy, -+, ¢, } = L°(R™)

such that |det[¢j(yi)]|2 € RH_(R"). Then

[ M) @Pul) < [ ME(F) ) wlx) .
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Lemma 4. Let 1<r<w,0<D<2" and ® ={¢;, -, ¢,,} = L(R")

such that |det[d;(y;)] |2 € RH,(R"™). Then for any smooth function f for

which the left-hand side is finite,

”M(f)"LP"P < C||M§, (f)"LP,qJ-

Proof. For any cube @ = Q(x(, d) in R", we know (M(yq ) e A
for any cube @ = Q(x, d) and some & e (0,1) by [4]. Noticing that

M(xg)<1 and M(xg)(x)<d"/(jx-xo|-d)" if x € Q°, by Lemma 3,

we have, for f ¢ L”?(R"),

x)Pdx

J un ey
S PRGIOEMOLE
<[ MY M) )ds

<cf | MEP) P M) (x)dx

- CUQMg(f)(X)pM(XQ )(x)dx +kz(;j2 QMg(f)(x)pM(XQ )(x)dx]

k+1Q\2k
< c{ JMBn@ras e 3 MENGY %dx]

< c{ j . ME(f) (x)Pdx + §J2k+lQ\2kQM§ (f) (x)Pz’mdx]

< AMEPIP, o D2 " o2 d)
k=0
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< AMENIP, , D (27" DY old)
k=0

< CIMEPIP, ,old).

thus
1/p 1/p
i ey <o L[ ey
and
|2, < CIMEE, -

This finishes the proof.

Lemma 5. Let T be the singular integral operator as Definition 3,

l<r<ow, 0<D< 2" Then

[T oo < Cllf (-0

The proof of the Lemma is similar to that of Lemma 4 by Lemma 1,

we omit the details.
Proof of Theorem 1. It suffices to prove for f € Cy(R") and some

constant C, the following inequality holds:

m-1
ﬁ@IQm;(f)(x)— Coldx < Clb| gaso| Mo (HE)+ D D" Mo(T; ()]

J=1 geC™
J

When m =1, it has been done (see [17], [18]). Now we consider the case

m > 2. Fix a cube @ = Q(xy, d) and ¥ € Q. Set CO:Z;'nzlgjd)j(xO - x)

and g; = IR” Bj(xg - y)HT:1(bj(y)_ (bj)ag Mo (y)dy. Write for f; = fraq

and fy = fX2Qc. We have know that, for b = (b, ---, b,,),
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T; () (x) = jRn [H(bj(x) - bj(y»]K(x — ¥)f(y)dy
j=1
= _[Rn [ 11060 = (8))2q) — (b;(3) = (8 o NIK (& = )f (x)dy
j=1

= [ 1@ - (3)eg )JRn Kl = 3)f(2)dy
j=1

m-1
£ > CU (b - (Blag)s [, (6) - (Blag s

j=1 GEC;n

x K(x = y)f(y)dy
e[ T (0500 (b)og K G = 3)f(3)dly
Jj=1
= (B1(%) = (B1)ag) -+ (B (x) ~ (B )ag T(F) ()

m-1 )
F Y D (bl) - (b)) Ty () ()

j=1 ceC;n

+ (1) T((by = (Br)ag )+ (b = (b )og ) ) (),
then,
|T;(f) (x) - Co

GIGIEED Y IR | (CIOROPTAC LY
J=1 j=1

< (01 (%) = (b1 )aq )+ (b () = (b )og T (F) ()]

m—-1 )
DD EI(b(E) - (b)ag ) Ty () (%)

j=1 ceCJ'-n

+
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+ |T((b1 = (b1 )ag )+ (b = (b )ag )fi ) (%)]
+ |T((by = (b1 )ag ) (B = (b )ag )f2) (%) = Co|
= I (x) + Ig(x) + I3(x) + I4(x),

thus,

a1 T ) = Coas
1 1 1 1
< @IQIl(X)dx + @IQIQ(x)dx + @IQI?)(x)dx + @IQI4(x)dx

=L +1,+1I3+1,.

For I;, by Hoélder’s inequality with exponent 1/p; +---+1/p,, +1/r =1,

when 1< p; <o, i =1, -+, m, we get

I = g1 ] ) = (B1)ag) + (bn(2) ~ (B g T () ()

< ﬁﬁlj‘lel(x)_ (b1)2Q||bm(x)— (bm)2Q||T(f)(x)|dx

1/pm

(5] - gl ] (] - g

<[] T (x>|’dxj1/r

< C|bl garo M (T(H)) (F)

< ClBlnio M, (1) (3).

For I, by the Minkowski’s and by Hélder’s inequality, we get

1 m-1
b IQ JZ‘ Gg,_,, (b(x) = (B)aq )o T (1) ()]
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m-1

1
< a1 | 1) = (0o )o| [T . (f) (x)]dx
jzllo%m @l JQ' ol |

m—

Z (lZQl [ - @rglaras) (& it o)

=14

1r

m-1
< CZ ”5 "BMO Mr(T[;GC(f)) (5)
=1

= C

For I3, choose 1< p<r,1< gj <», j=1-,m such that 1 /g + - +

1/q, + p/r =1, by the boundedness of 7 on LP(R") and Holder’s

inequality, we get

Iy = ﬁﬁlelT((bl = (B1)ag) (b — ()o@ )y ) ()] dx
1 p i
< (@ ,[Ran((bl - (bl )QQ)"' (bm - (bm )QQ )fXZQ)(x)l dx}
< C[LJ b1 = (B1)o|” -+ |bny = (B )og|”| (%) (x)|pdxj1/p
B Q| J rn 1/2Q m mI2Q 12Q

1 . 1/r
: C[W -[ 20/ dxj

o 1 par g 1/pqq
([, ~ g P2

1 1/pgm
(m J.Qlem — (bm )2Q |pqm dx]

< Clbllpyo M (f) (%)-
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For I4, choose 1 < p; <, j=1,---, m suchthat 1/p; +---+1/p,, +1/r =1,

then

I - ﬁIQURnT(“’I ~ (B (b = (b )y e ) (3) — Co|

“iale

_ ZJ.R” Bj(xg = ¥)9;(xo — x)(H(bj(y) —(b)ag )fz)(y)]dy dx
j=1 j=1

-1
"l
8 {H(bj(y) - (b; )ZQ )f(y)]dy dx
j=1

IR"[ T((bl - (bl)ZQ)"'(bm - (bm)zQ )f2)(y)

I(QQ)C {K(x —y)- ;Bj(xo =)o — x)}

|x — x0|6

C m
< @IQLQQ)Clg(bJ(y) — (b )9g )”f(y)l(m]dydx
i CkZ:;J.deﬁy—xo<2k+1d|H(bj(y) = (b )QQ M)

e - x0|
{lQl .[Qly x |n+6 J

© o 1 1 1/r
+ rd
kz 2 d)n+8 | [leH—].Ql J‘2k+1Q|f(y)| y}

K| [ ) = Byl ™ d o
|2k+1Q| 2k+1Q y 2Q Y

] ) Gaglre o
2F g J2iig m\Y m )2Q Y
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0 1 1/r
S 2*]{5 rd
> [lz%l Jagroas|

1 1/p
[t L)~ g

1 Pm 1/pm
mLmem(ﬁ’)—(bm)Qd dy

) 1/7‘
- - 1
< ClBlsa0 ) K" ’“3[ [, If(y)l'"dyJ
; |2k+1Q| ok lQ

< Clbll gygo M (£) (%)-
This completes the proof of the theorem.

Proof of Theorem 2. We first consider the case m =1. Choose

1 < r < p in Theorem 1 and using Lemmas 1 and 3, we have
1Z5(Mp < IM(T; (e < CIME(T ()]
< CPollago | M, () + M) p
< Clolgpolflze + CloN oIl o
< Clolpaolfle + Clolpyolf 1

< Clb IBazolflze-

When m > 2, we may get the conclusion of Theorem 2 by induction.

This finishes the proof.
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Proof of Theorem 3. We first consider the case m = 1. Choose

1 < r < p in Theorem 1 and using Lemmas 4 and 5, we get

||T5(f)||Lp,<p < ||M(T5(f))||Lp,<p < C||M$(T5(f))"Lp,<p
< Clb] gprol M (o0 + Clo| gpro |l M (F) oo
< Clbll gpgo Al oo + 1Tl gpoo)

< Clb Iazollflzp-o-

When m > 2, we may get the conclusion of Theorem 3 by induction.

This finishes the proof.
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