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Abstract 

In this paper, we establish the sharp maximal function estimate for the iterated 
commutator related to some singular integral operators satisfying a variant of 
Hörmander’s condition. As the application, we obtain the boundedness of the 
iterated commutator on Lebesgue and Morrey spaces. 

1. Introduction 

As the development of singular integral operators, their commutators 
have been well studied (see [4], [7], [14]). Let T be the Calderón-Zygmund 
singular integral operator, a classical result of Coifman et al. (see [4]) 

states that the commutator [ ]( ) =fTb, ( ) ( )fbTbfT − ( ( ))nRBMOb ∈where  
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is bounded on ( )np RL  for .1 ∞<< p  In [8], some singular integral 

operators satisfying a variant of Hörmander’s condition are introduced, 
and the boundedness for operators are obtained (see [8], [16]). The main 
purpose of this paper is to establish the sharp maximal function estimate 
for the iterated commutator related to the singular integral operators 
satisfying a variant of Hörmander’s condition. As the application, we 
obtain the boundedness of the iterated commutator on Lebesgue and 
Morrey spaces. 

2. Notations and Results 

First let us introduce some notations (see [4], [7], [14]). Throughout 

this paper, Q will denote a cube of nR  with sides parallel to the axes. For 

any locally integrable function f in ,nR  the sharp maximal function f is 

defined by 

( ) ( ) ( ) ,1sup# dyfyfQxfM Q
QxQ

−= ∫
 

where, and in what follows, ( ) .1 dxxfQf
QQ ∫−=  We say that f belongs to 

( )nRBMO  if ( )fM #  belongs to ( )nRL∞  and ( ) .#
∞= LBMO fMf  It has 

been known that (see [14]) 

.1for2 ≥≤− kkk BMOBMOQ bCbb  

Let M be the Hardy-Littlewood maximal operator, that is, 

( ) ( ) ( ) .1sup dyyfQxfM
QxQ ∫=


 

We write that ( ) ( ) ( ) ( ),1 xfMxfM pp
p =  for .0 ∞<< p  
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For ( ) ( ),,,1 mjRBMOb n
j =∈  set 

.
1

BMOj

m

j
BMO bb ∏

=

=  

Given some functions ( )mjbj ,,1=  and a positive integer m and ,1 mj ≤≤  

we denote by m
jC  the family of all finite subsets ( ) ( ){ }jσσ=σ ,,1  of 

{ }m,,1  of j different elements. For ,m
jC∈σ  set { } .\,,1 σ=σ mc  For 

( )mbbb ,,1=  and ( ) ( ){ } ,,,1 m
jCj ∈σσ=σ  set ( ( ) ( ) ),,,1 jbbb σσσ =  

( ) ( )jbbb σσσ = 1  and ( ) ( ) .1 BMOjBMOBMO bbb σσσ =  

Definition 1. Let { }mφφ=Φ ,,1  be a finite family of bounded 

functions in .nR  For any locally integrable function f, the Φ  sharp 
maximal function of f is defined by 

{ }
( ) ( ) ,1infsup

1
,,

#
1

dyyxcyfQM Qjj

m

jQccxQ m
−φ−= ∑∫

=
Φ


 

where the infimum is taken over all m-tuples { }mcc ,,1  of complex 

numbers and Qx  is the center of Q. 

Remark. We note that ## MM ≈Φ  if 1=m  and .11 =φ  

Definition 2. Given a positive and locally integrable function f in ,nR  

we say that f satisfies the reverse Hörmander’s condition (write this as 

( )nRRHf ∞∈ ), if for any cube Q centered at origin we have 

( ) ( ) .1sup0 dyyfQCxf
QQx ∫≤<

∈
 

In this paper, we will study some integral operators as following     
(see [8]). 
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Definition 3. Let ( )nRLK 2∈  and satisfy 

,CK L ≤∞  

( ) ,nxCxK −≤  

there exist functions ( { })0,, 1
loc1 −∈ n

m RLBB  and { }mφφ=Φ ,,1  

( )nRL∞⊂  such that [ ( )] ( ),det 2 nm
ij RRHy ∞∈φ  and for a fixed 0>δ  

and any ,02 >> yx  

( ) ( ) ( ) .
1

δ+

δ

= −
≤φ−− ∑ njj

m

j yx
yCyxByxK  

For ,0
∞∈ Cf  we define the singular integral operator related to the 

kernel K by 

( ) ( ) ( ) ( ) .dyyfyxKxfT nR
−= ∫  

Give some locally integrable function ( ).,,1 mjbj =  The iterated 

operator associated to T is defined by 

( ) ( ) ( ( ) ( )) ( ) ( ) .
1

dyyfyxKybxbxfT jj

m

jRb n −











−= ∏∫

=

 

Remark. Note that the classical Calderón-Zygmund singular 
integral operator satisfies Definition 3. And when bm Tbb ,,,1  is just   

m-order commutator. 

Definition 4. Let ϕ  be a positive, increasing function on +R  and 

there exists a constant 0>D  such that 

( ) ( ) .0allfor2 ≥ϕ≤ϕ ttDt  
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Let f be an integrable function on .nR  Set, for ,1 ∞≤≤ p  

( ) ( )
( ) ,1sup

1

,
,0,

p

n
p dyyfdf p

dxQdRx
L 








ϕ

= ∫
>∈

ϕ  

where ( ) { }.:, dyxRydxQ n <−∈=  The generalized Morrey space is 

defined by 

( ) { ( ) }.: ,1
loc

, ∞<∈= ϕ
ϕ pL

nnp fRLfRL  

If ( ) ,0, >η=ϕ ηdd  then ( ) ( ),,, npnp RLRL ηϕ =  which is the classical 

Morrey spaces (see [11], [12]). If ( ) ,1=ϕ d  then ( ) ( ),, npnp RLRL =ϕ  

which is the Lebesgue space. 

As Morrey space may be considered as an extension of Lebesgue 
space, it is natural and important to study the boundedness of operator 
on Morrey space (see [3], [5], [6], [9], [17]). 

It is well-known that commutators are great interest in harmonic 
analysis and have been widely studied by many authors. In this paper, 
our main purpose is to establish the sharp maximal inequality for the 
iterated commutator. 

Now we state our theorems as following: 

Theorem 1. Let T be the singular integral operator as Definition 3 

and ( )n
j RBMOb ∈  for .,,1 mj =  Then for any ,1 ∞<< r  there 

exists a constant 0>C  such that for any ( )nRCf ∞∈ 0  and any ,~ nRx ∈  

( ( )) ( ) ( ) ( ) ( ( )) ( ) .~~~
1

1

#

















+≤
σ∑∑

∈σ

−

=
Φ xfTMxfMbCxfTM cbr

C

m

j
rBMOb

m
j

 

Theorem 2. Let T be the singular integral operator as Definition 3 

and ( )n
j RBMOb ∈  for .,,1 mj =  Then bT  is bounded on ( )np RL  for 

any ,1 ∞<< p  that is, 
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( ) .pp LLb fCfT ≤  

Theorem 3. Let T be the singular integral operator as Definition 3 

and ( )n
j RBMOb ∈  for .20,,,1 nDmj <<=  Then bT  is bounded on 

( )np RL ϕ,  for any ,1 ∞<< p  that is, 

( ) .,, ϕϕ ≤ pp LLb fCfT  

3. Proofs of Theorems 

To prove the theorems, we need the following lemmas: 

Lemma 1 (see [8]). Let T be the singular integral operator as 
Definition 3 and .1 ∞<< p  Then, we have  

( ) .pp LL fCfT ≤  

Lemma 2 (see [14]). Let ( )n
j RBMObr ∈∞<< ,1  for k,,1=j  

and .N∈k  Then, we have 

( ) ( ) ,1

11
BMOj

j
Qjj

jQ
bCdybybQ ∏∏∫

==

≤−
kk

 

and 

( ) ( ) .1

1

1

1
BMOj

j

r
r

Qjj
jQ

bCdybybQ ∏∏∫
==

≤












−

kk

 

Lemma 3 (see [8]). Let ,,1 ∞∈∞<< Awr  and { } ( )n
m RL∞⊂φφ=Φ ,,1  

such that [ ( )] ( ).det 2 nm
ij RRHy ∞∈φ  Then 

( ) ( ) ( ) ( ) ( ) ( ) .# dxxwxfMCxwxfM pp
Rn Φ∫∫ ≤  
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Lemma 4. Let { } ( )n
m

n RLandDr ∞⊂φφ=Φ<<∞<< ,,,20,1 1  

such that [ ( )] ( ).det 2 nm
ij RRHy ∞∈φ  Then for any smooth function f for 

which the left-hand side is finite, 

( ) ( ) .,, #
ϕϕ Φ≤ pp LL fMCfM  

Proof. For any cube ( )dxQQ ,0=  in ,nR  we know ( ( )) 1AM Q ∈χ δ  

for any cube ( )dxQQ ,=  and some ( )1,0∈δ  by [4]. Noticing that 

( ) 1≤χQM  and ( )( ) ( )nn
Q dxxdxM −−≤χ 0  if ,cQx ∈  by Lemma 3, 

we have, for ( ),, np RLf ϕ∈  

( ) ( ) dxxfM p
Q∫  

  ( ) ( ) ( )dxxxfM Q
p

Rn χ= ∫  

( ) ( ) ( ) ( )dxxMxfM Q
p

Rn χ≤ ∫  

( ) ( ) ( ) ( )dxxMxfMC Q
p

Rn χ≤ Φ∫ #  

( )( ) ( )( ) ( )( ) ( )( )













χ+χ= Φ

∞

=
Φ ∫∑∫ +

dxxMxfMdxxMxfMC Q
p

QQ
Q

p
Q

#
2\20

#
1 kk

k
 

( ) ( ) ( ) ( )













+≤ Φ

∞

=
Φ ∫∑∫ +

dx
Q

QxfMdxxfMC p
QQ

p
Q k

k
kk 2

#
2\20

#
1  

( ) ( ) ( ) ( )













+≤ −

Φ

∞

=
Φ ∫∑∫ +

dxxfMdxxfMC np
QQ

p
Q

k

k
kk

2#
2\20

#
1  

( ) ( )dfMC np
Lp

1

0

# 22,
+−

∞

=
Φ ϕ≤ ∑ϕ kk

k
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( ) ( ) ( )dDfMC np
Lp ϕ≤ −

∞

=
Φ ∑ϕ k

k
2

0

#
,  

( ) ( ),,
# dfMC p

Lp ϕ≤ ϕΦ  

thus 

( ) ( ) ( ) ( ) ( ) ( ) ,11 1
#

1 p
p

Q

p
p

Q
dxxfMdCdxxfMd 








ϕ

≤







ϕ Φ∫∫  

and 

( ) ( ) .,,
# p

L
p
L pp fMCfM ϕϕ Φ≤  

This finishes the proof. 

Lemma 5. Let T be the singular integral operator as Definition 3, 

.20,1 nDr <<∞<<  Then 

( ) .,, ϕϕ ≤ pp LL fCfT  

The proof of the Lemma is similar to that of Lemma 4 by Lemma 1, 
we omit the details. 

Proof of Theorem 1. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 

( ) ( ) ( ) ( ) ( ( ) ( )) .~~1 1

1
0

















+≤−
σ∑∑∫

∈σ

−

=

xfTMxfMbCdxCxfTQ cbr
C

m

j
rBMObQ m

j

 

When ,1=m  it has been done (see [17], [18]). Now we consider the case 

.2≥m  Fix a cube ( )dxQQ ,0=  and .~ Qx ∈  Set ( )xxgC jj
m
j −φ=∑ = 010  

and ( ) ( ( ) ( ) ) ( ) .2210 dyyfbybyxBg Qjj
m
jjRj n −−= ∏∫ =

 Write for Qff 21 χ=  

and .22 cQff χ=  We have know that, for ( ),,,1 mbbb =  
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( ) ( ) ( ( ) ( )) ( ) ( )dyyfyxKybxbxfT jj

m

jRb n −











−= ∏∫

=1
 

[( ( ) ( ) ) ( ( ) ( ) )] ( ) ( )dyyfyxKbybbxb QjjQjj

m

jRn −−−−= ∏∫
=

22
1

 

( ( ) ( ) ) ( ) ( )dyyfyxKbxb nRQjj

m

j
−−= ∫∏

=
2

1
 

( ) ( ( ) ( ) ) ( ( ) ( ) ) c
n

m
j

QRQ
jm

C

m

j
bybbxb σσ

−

∈σ

−

=

−−−+ ∫∑∑ 22

1

1
1  

( ) ( )dyyfyxK −×  

( ) ( ( ) ( ) ) ( ) ( )dyyfyxKbyb Qjj

m

jR
m

n −−−+ ∏∫
=

2
1

1  

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )xfTbxbbxb QmmQ 2211 −−=  

( ) ( ( ) ( ) ) ( ) ( )xfTbxb cbQ
jm

C

m

j m
j

σσ
−

∈σ

−

=

−−+ ∑∑ 2

1

1
1  

( ) (( ( ) ) ( ( ) ) ) ( ),1 2211 xfbbbbT QmmQ
m −−−+  

then, 

( ) ( ) 0CxfTb −  

( ) ( ) ( ) ( ) ( ( ) ( ) ) ( )dyyfbybxxyxBxfT Qjj

m

j
jj

R

m

j
b n 22

1
00

1
−−φ−−= ∏∫∑

==

 

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )xfTbxbbxb QmmQ 2211 −−≤  

( ) ( ( ) ( ) ) ( ) ( )xfTbxb cbQ
jm

C

m

j m
j

σσ
−

∈σ

−

=

−−+ ∑∑ 2

1

1
1  
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(( ( ) ) ( ( ) ) ) ( )xfbbbbT QmmQ 12211 −−+  

(( ( ) ) ( ( ) ) ) ( ) 022211 CxfbbbbT QmmQ −−−+  

( ) ( ) ( ) ( ),4321 xIxIxIxI +++=  

thus, 

( ) ( ) dxCxfTQ bQ
0

1 −∫  

( ) ( ) ( ) ( )dxxIQdxxIQdxxIQdxxIQ QQQQ
4321

1111 ∫∫∫∫ +++≤  

.4321 IIII +++=  

For ,1I  by Hölder’s inequality with exponent ,1111 1 =+++ rpp m  

when ,,,1,1 mipi =∞<<  we get 

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( ) dxxfTbxbbxbQI QmmQQ 22111
1 −−= ∫  

( ) ( ) ( ) ( ) ( ) ( ) dxxfTbxbbxbQ QmmQQ 2211
1 −−≤ ∫  

( ) ( ) ( ) ( )
m

m
p

p
Qmm

Q

p
p

QQ
dxbxbQdxbxbQ

1

2

1

211
11 1

1 






 −






 −≤ ∫∫  

( ) ( )
r

r
Q

dxxfTQ

11







× ∫  

( )( ) ( )xfTMbC rBMO
~≤  

( ) ( ).~xfMbC rBMO≤  

For ,2I  by the Minkowski’s and by Hölder’s inequality, we get 

( ( ) ( ) ) ( ) ( ) dxxfTbxbQI cbQ
C

m

jQ m
j

σσ

∈σ

−

=

−= ∑∑∫ 2

1

1
2

1  
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( ( ) ( ) ) ( ) ( ) dxxfTbxbQ cbQQ
C

m

j m
j

σσ

∈σ

−

=

−≤ ∫∑∑ 2

1

1

1  

( ( ) ( ) ) ( ) ( )
r

r
cbQ

r
r

QQ
C

m

j
dxxfTQdxbxbQC

m
j

11

22

1

1

1
2
1
















 −≤
σ∫∫∑∑

′
′

σ

∈σ

−

=

 

( ( )) ( ).~
1

1
xfTMbC cbrBMO

C

m

j m
j

σσ

∈σ

−

=
∑∑≤  

For ,3I  choose mjqrp j ,,1,1,1 =∞<<<<  such that ++11 q  

,11 =+ rpqm  by the boundedness of T on ( )np RL  and Hölder’s 

inequality, we get 

(( ( ) ) ( ( ) ) ) ( ) dxxfbbbbTQI QmmQQ
122113

1 −−= ∫  

(( ( ) ) ( ( ) ) ) ( )
p

p
QQmmQR

dxxfbbbbTQ n

1

22211
1








 χ−−≤ ∫  

( ) ( ) ( ) ( )
p

p
Q

p
Qmm

p
QR

dxxxfbbbbQC n

1

22211
1








 χ−−≤ ∫  

( )
r

r
Q

dxxfQC
1

22
1








≤ ∫  

( )
1

1
1

211
22

1 pq
pq

QQ
dxbbQC 







 −× ∫  

( )
m

m
pq

pq
Qmm

Q
dxbbQ

1

222
1








 −∫  

( ) ( ).~xfMbC rBMO≤  
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For ,4I  choose mjpj ,,1,1 =∞<<  such that ,1111 1 =+++ rpp m  

then 

(( ( ) ) ( ( ) ) ) ( ) dxCyfbbbbTQI QmmQRQ n 0222114
1 −−−= ∫∫  

(( ( ) ) ( ( ) ) ) ( )





−−= ∫∫ yfbbbbTQ QmmQRQ n 22211

1  

( ) ( ) ( ( ( ) ( ) ) ) ( ) dxdyyfbybxxyxB Qjj

m

j
jj

R

m

j
n 





−−φ−− ∏∫∑

==
22

1
00

1
 

( )
( ) ( ) ( )













−φ−−−= ∑∫∫

=

xxyxByxKQ jj

m

jQQ c 00
12

1  

( ( ) ( ) ) ( ) dxdyyfbyb Qjj

m

j













−× ∏

=
2

1
 

( )
( ( ) ( ) ) ( ) dydx

xy
xxyfbybQ

C
nQjj

m

jQQ c 










−

−
−≤

δ+

δ

=
∏∫∫

0

0
2

12
 

( ( ) ( ) ) ( )yfbybC Qjj

m

jdxyd 2
1221

1
0

−= ∏∫∑
=<−≤

∞

=
+kk

k
 

dydx
xy
xx

Q nQ 










−

−
×

δ+

δ

∫
0

01  

( )
( )

r
r

Qn dyyf
Q

Q
d
dC

1

21
1

1
12

12
2 










≤ ∫∑ ++

+
δ+

δ∞

=
kk

k
k

k
 

( ) ( )
1

1
1

1

211
212

1
p

p
QQ

dybyb
Q 










−× ∫ ++ kk

 

( ) ( )
m

m
p

p
Qmm

Q
dybyb

Q

1

221 12
1











−∫ ++ kk
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( )
r

r
Q

dyyf
Q

1

21
1

12
12 










≤ ∫∑ ++

δ−
∞

=
kk

k

k

 

( ) ( )
1

1
1

1

211
212

1
p

p
QQ

dybyb
Q 










−× ∫ ++ kk

 

( ) ( )
m

m
p

p
Qmm

Q
dybyb

Q

1

221 12
1











−∫ ++ kk

 

( )
r

r
Q

m
BMO dyyf

Q
bC

1

21
1

12
12 










≤ ∫∑ ++

δ−
∞

=
kk

k

k
k  

( ) ( ).~xfMbC rBMO≤  

This completes the proof of the theorem. 

Proof of Theorem 2. We first consider the case .1=m  Choose 
r<1 p<  in Theorem 1 and using Lemmas 1 and 3, we have 

( ) ( ( )) ( ( )) ppp LbLbLb fTMCfTMfT #
Φ≤≤  

( ) ( )( ) pLrrBMO fTMfMbC +≤  

( ) pp LBMOLBMO fTbCfbC +≤  

pp LBMOLBMO fbCfbC +≤  

.pLBMO fbC≤  

When ,2≥m  we may get the conclusion of Theorem 2 by induction. 

This finishes the proof. 
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Proof of Theorem 3. We first consider the case .1=m  Choose 
pr <<1  in Theorem 1 and using Lemmas 4 and 5, we get 

( ) ( ( )) ( ( )) ϕϕϕ Φ≤≤ ,,, # ppp LbLbLb fTMCfTMfT  

( ) ( ) ϕϕ +≤ ,, pp LrBMOLrBMO fMbCfMbC  

( ( ) )ϕϕ +≤ ,, pp LLBMO fTfbC  

.,ϕ≤ pLBMO fbC  

When ,2≥m  we may get the conclusion of Theorem 3 by induction. 

This finishes the proof. 
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