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Abstract 

In this paper, the method of guiding functions and the topological tools are used 
to investigate the global bifurcation problem for a class of feedback control 
systems. We obtain the sufficient conditions, under which there is a connected 
subset of non-trivial solutions of such systems that bifurcates from ( )0,0  and 
tends to infinity. 

1. Introduction 

Let [ ]TI ,0=  and 1≥k  be a given integer. In this paper, we 

consider the global bifurcation problem for the following feedback control 
system: 
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where nmmn kIfa RRRRR →×××××> "1:;0  is a continuous map; 

( ) ,1,: kKvIG mmn ≤≤→××× ττττ RRRR  be multivalued maps, 

where ( )τmKv R  denotes the collection of all nonempty compact convex 

subsets of nm ;τR  is an odd integer. Here nIx R→:  is a trajectory of 

the system, ,1,: kIu m ≤≤→ τττ R  be control functions. The first 

equation describes the dynamics of the system and the differential 
inclusions represent the feedback. 

Applying the method of guiding functions and the topological tools, 
we obtain the global structure of the solution set of system (1.1). Let us 
mention that the bifurcations in control systems were studied by many 
researchers (see, e.g., [5]) and the method of guiding functions was 
applied to study the global bifurcation problem for differential inclusions 
in various research papers (see, e.g., [14, 16, 17, 18]). 

The paper is organized in the following way. In the next section, we 
recall some notions and notation from multivalued analysis, theory of 
Fredholm operators, and bifurcation theory for inclusions. The main 
result is given in Section 3. 

2. Preliminaries 

2.1. Multimaps 

Let YX and  be metric spaces. Denote by ( ) ( )[ ]YKYP  the collections 

of all nonempty [respectively, nonempty compact] subsets of Y. 
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Definition 1 (see, e.g., [2, 9, 13]). A multivalued map (multimap) 
( )YPX →∑ :  is said to be 

(i) upper semicontinuous (u.s.c.), if for every open subset ,YV ⊂  the set 

( ) ( ){ }VxXxV ⊂∑∈=∑−
+ :1  

is open in X;  

(ii) compact, if the set ( )X∑  is relatively compact in Y;  

(iii) completely u.s.c., if it maps every bounded subset XU ⊂  into a 
relatively compact subset ( )U∑  of Y. 

Definition 2. A set ( )YKM ∈  is said to be aspheric (or ,∞UV  or     

proximally-∞  connected) (see, e.g., [19, 15, 10, 9]), if for every ,0>ε  there 

exists 0>δ  such that each continuous ( ) ,1,0,:map =→φ δ nMOSn  

,,2 "  can be extended to a continuous ( ),:~map 1 MOBn
ε

+ →φ  where 

{ }1:1 =∈= + xxS nn R  and { },1:11 ≤∈= ++ xxB nn R  and ( )MOδ  

( )[ ]MOε  denote the oodneighbourh-δ  [resp., ood]neighbourh-ε  of the set 

M. 

Definition 3 (see [11]). A nonempty compact space is said to be an 

δR -set, if it can be represented as the intersection of a decreasing 

sequence of compact, contractible spaces. 

Definition 4 (see [9]). An u.s.c. multimap ( )YKX →∑ :  is said to 

be a J-multimap ( )( ),, ZXJ∈∑  if every value ( ) Xxx ∈∑ ,  is an 

aspheric set. 

Now, let us recall (see, e.g., [4]) that a metric space Z is called the 
absolute retract (the AR-space) [resp., the absolute neighbourhood retract 
(the ANR-space)] provided for each homeomorphism h taking it onto a 
closed subset of a metric space ,Z ′  the set ( )Zh  is the retract of Z ′  

[resp., of its open neighbourhood ( )( )ZhO  in Z ′ ]. Notice that the class of     
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ANR-spaces is broad enough: In particular, a finite-dimensional compact 
set is the ANR-space, if and only if it is locally contractible. In turn, it 
means that compact polyhedrons and compact finite-dimensional 
manifolds are the ANR-spaces. The union of a finite number of convex 
closed subsets in a normed space is also the ANR-space. 

Proposition 1 (see [9]). Let Z be an ANR-space. In each of the 
following cases, an u.s.c. multimap ( )ZKX →∑ :  is a J-multimap: 

For each ,Xx ∈  the value ( )x∑  is 

(a) a convex set; 

(b) a contractible set; 

(c) an δR -set; 

(d) an AR-space. 

In particular, every continuous ZXmap →σ :  is a J-multimap. 

Definition 5. Let YX and  be Banach spaces. By ( ),, YXJ c  we will 

denote the collection of all multimaps ( )YKXF →:  that may be 

represented in the form of composition 

,1∑∑= D"DqF  

where ( ) ,,,1,, 01 YXXXqiXXJ qiii ===∈∑ − "  and ( )qiXi <<0  

are normed spaces. 

Let us mention that if XU ⊂  is an open bounded subset and 

( )XKUF →:  is a compact cJ -multimap such that ( )xFx ∈/  for all 

.Ux ∂∈  Then the topological degree ( )UFi ,deg −  is well-defined and 

has all usual properties of the Brouwer topological degree (see [3]), where 
i denotes the inclusion map.  
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2.2. Fredholm operators 

Now, we recall some basic notions of the theory of linear Fredholm 
operators (see, e.g., [8]). Let X and Y be Banach spaces. 

Definition 6. A bounded linear operator YXL →:  is said to be a 
Fredholm operator of index zero, if 

(1i) Im L is closed in Y; 

(2i) Ker L and Coker L have finite dimensions and dimKerdim =L  

Coker L. 

Let YXLL →⊆dom:  be a linear Fredholm operator of index zero. 

Then there exist projections XXpL →:  and YYqL →:  such that 

LpL KermI =  and .ImKer LqL =  If the operator 

LpLL LpL ImKerdom: →∩  

is defined as the restriction of L on ,Kerdom LpL ∩  then LpL  is a linear 

isomorphism and so the linear operator 1,domIm: −=→
LLL ppp LkLLk  

is well-defined. Now, let .mIerCok LYL =  Define a canonical 

projection operator ,erCok: LYL →π  

( ) ,Im LzzL +=π  

and let LLL KererCok: →A  be a linear continuous isomorphism. 

Then, the equation 

,, YyyLx ∈=  

is equivalent to the following relation: 

( ) ,ykxpx LLLL +π+= A   (2.1) 

where XYkL →:  is defined as 

( ).LpL qikk L −=  
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2.3. Global bifurcation theorem for cJ -inclusions 

Let X be a Banach space. Denote by ( )rBX ,0  the ball of radius r 
centered at 0 in X. Consider the following one-parameter family of 
inclusions: 

( ),, µ∈ xx F   (2.2) 

where ( )XKX →× R:F  is a completely u.s.c. cJ -multimap satisfying 
the following conditions: 

( ) ( )µ∈ ,001 FF  for all ;R∈µ  

( )2F  for each ,0, 00 r≤µ−µ<µ  there is 0>δµ  such that 

( )µ∈/ ,xx F  when ,0 µδ≤< x  where 00 , rµ  are given numbers. 

A point ( )∗µ,0  is said to be a bifurcation point of inclusion (2.2), if for 
every open subset R×⊂ XU  with ( ) ,,0 U∈µ∗  there exists a point 
( ) Ux ∈µ,  such that 0≠x  and ( )., µ∈ xx F  

From ( ),2F  it follows that for each 000, r≤µ−µ<µ  the 
topological degree 

( ( ) ( )),,0,,deg µδµ⋅− XBi F  

is well defined. Then, the bifurcation index of the multimap F  at ( )0,0 µ  
may be defined as 

( )[ ] ( ) ( )( )µ
µ→µ

δµ⋅−=µ
+

,0,,deglim,0;
0

0 XBiBi FF  

( ) ( )( ).,0,,deglim
0

µ
µ→µ

δµ⋅−−
− XBi F  

Let us denote by S  the set of all non-trivial solutions to inclusion (2.2), 
i.e., 

( ) ( ){ }.,and0;, µ∈≠×∈µ= xxxXx FS R  

The following assertion can be easily followed from the global bifurcation 
theorems presented in [7, 14]. 
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Theorem 1. Under conditions ( ) ( ),21 FF −  assume that 
( )[ ] .0,0; 0 ≠µFBi  Then, there exists a connected subset SC ⊂  such that 

( ) C∈µ0,0  and one of the following occurs: 

(a) C  is unbounded; 

(b) ( ) C∈µ∗,0  for some .0µ≠µ∗  

3. Main Result 

We will use the same notation for scalar products and norms zz ′′′,  

and z  in all spaces nR  and .imR  Denote by the symbols ( )nIC R,  

[ ( ) ( )]1,, ≥pIL n
p R  the space of continuous [resp., p-summable] 

functions nIx R→:  with usual norms 

( ) ( ) .andmax
1

0

p
dssfftxx pT

pItC 







== ∫∈

 

A ball [sphere] of radius r centered at 0 in ( )nIC R,  is denoted by 
( )rBC ,0  [resp., ( )rBC ,0∂ ]. Consider the space of all absolutely 

continuous functions ,: nIx R→  whose derivatives belong to 

( ).,2
nIL R  It is known (see, e.g., [1]) that this space can be identified 

with the Sobolev space ( )nIW R,2,1  endowed with the norm 

( ) .
2/12

2
2
2 xxx W ′+=  

Notice that (see, e.g., [6]) the embedding ( ) ( )nn ICIW RR ,,2,1   is 

compact. By the symbol ( ),,2,1 n
T IW R  we will denote the subspace of all 

functions ( )nIWx R,2,1∈  such that ( ) ( ).0 Txx =  

We will consider system (1.1) with the following assumptions: 

(f) there exists ac <<0  such that 

( ) ( ),,,,,, 11 kk wwzcwwztf +++µ≤µ ""  
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for all ( )µ,,,, 1 kwwz "  and a.e. .It ∈  

For each ,1 k≤≤ τ  the multimap τG  satisfies conditions: 

(G1) for every ( ) ,,, RRR ××∈µ τmnwz  the multifunction ( ) :,,, µ⋅ wzGτ  

( )τmKvI R→  has a measurable selection; 

(G2) for a.e. ,It ∈  the multimap ( ) ( )τττ
mmn KvtG RRRR →××⋅⋅⋅ :,,,  

is u.s.c.; 

(G3) the multimap τG  is uniformly continuous with respect to the 
second and fourth arguments in the following sense: For every ,0>ε  
there is 0>δ  such that 

( ) ( )( ) ( ) ,,,,,,,,, τττ
mIwtwztGOwztG R×∈∀µ⊂µ ε  

provided { } ;,max δ<µ−µ− zz  

(G4) there are 0>τd  such that cT
caed Tdk −<∑ =

τττ 1  and 

( ) ( ),,,, wzdwztG ++µ≤µ ττ  

for all ( ) RRR ××∈µ τmnwz ,,  and a.e. .It ∈  

Now, for each ( ) ( ) RR ×∈µ nICx ,,  define the multimaps 

( ) ( ) ( )( ) ( )( ) .1,,,,,,: ,, kwtxtGwtGKvIG xmmx ≤≤µ=→× µµ ττττ ττ RR  

By virtue of Theorem 1.3.5 [13] for each ,τmw R∈  the multifunction 
( )( )wG x ,, ⋅µ
τ  has a measurable selection. Further, from conditions (G2) 

and (G3), it follows that for a.e. It ∈  the multimap ( )( )wtG x ,,µ
τ  depends 

upper semicontinuously on ( ).,, µwx  We have the following assertion 

(see, e.g., [9, 13]): For each ( ) ( ) ,,, RR ×∈µ nICx  the set ( )µ∏ ,x
τ  of 

solutions of the following problem: 

( ) ( ) ( )( )

( )





=

∈µ∈′

,00

,.a.efor,,,,

τ

τττ

u

IttutxtGtu
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is an δR -set in ( )τmIC R,  and the multimap ( ) →×∏ RRnIC ,:τ  

( )( ),, τmICK R  

( ) ( )µ∏=µ∏ ,, xx ττ  

is upper semicontinuous. 

By a solution to problem (1.1), we mean a pair ( ) ( ) RR ×∈µ n
T IWx ,, 2,1  

such that there are ( ) ,1,, kxu ≤≤µ∏∈ τττ  and 

( ) ( ) ( ) ( ) ( )( ) ..a.efor,,,,,, 1 Ittututxtftxatx k ∈µ+µ=′ "  

From (f), it follows that ( )µ,0  is a solution of (1.1) for every .R∈µ  These 

solutions are called trivial. Let us denote by S  the set of all non-trivial 
solutions of (1.1). 

In what follows, we need the following statement: 

Lemma 1 (Gronwall’s lemma, see, e.g., [12]). Let [ ] R→bavu ,:,  be 

continuous nonnegative functions and 0≥C  be a constant and 

( ) ( ) ( ) ., btadssvsuCtv
t

a
≤≤+≤ ∫  

Then 

( )
( )

., btaCetv
dssut

a ≤≤≤
∫  

Our main result is the following statement. 

Theorem 2. Let conditions (f) and (G1)-(G4) hold. Then, there is an 

unbounded connected subset SC ⊂  such that ( ) .0,0 C∈  

Proof. For every ( ) ( ) ,,, RR ×∈µ nICx  define the following multimaps: 

( ) ( ( ) ( ) ),,,,:~ 11 RRRRR� ××→×∏ mnn ICICKIC  
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( ) { } ( ) { },,,~
11 µ×µ∏×=µ∏ xxx  

( ) ( ) ( ( ) ( ) ( ) ),,,,,,:~ 2112 RRRRRRR ×××→××∏ mmnmn ICICICKICIC  

( ) { } { } ( ) { },,,,~
22 µ×µ∏××=µ∏ xuxux  

and so on 

( ) ( ) ( ) RRRR ××××∏ −11 ,,,:~ kmmn
k ICICIC "  

( ( ) ( ) ( ) ),,,, 1 RRRR ××××→ kmmn ICICICK "  

( ) { } { } { } ( ) { },,,,,,~
1111 µ×µ∏××××=µ∏ −− xuuxuux kkkk ""  

and a ( ) ( ) ( ) ( ),,,,,:~map 21 nmmn ILICICICf k RRRRR →×××× "  

( ) ( ) ( ) ( ) ( ) ( )( ) .,,,,,,,,,,~
11 Ittututxtftxatuuxf kk ∈µ+µ=µ ""  

It is clear that for every ikii ∏≤≤
~,1,  is a J-multimap and f~  is a 

continuous map. Set ( ) ( ( )),,,: 2
nn ILKICQ RRR →×  

( ) ( ).,~~~, 1 µ∏∏=µ xfxQ k D"DD  

Then problem (1.1) can be substituted by the following operator-
inclusion: 

( ),, µ∈ xQAx   (3.1) 

where ( ) ( ) .,,,: 2
2,1 xAxILIWA nn

T ′=→ RR  

It is easy to see that A is a linear Fredholm operator of index zero and 

.erCokKer AA n ≅≅ R  

The projection 

( ) ,,: 2
nn

A IL RR →π  
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is defined as 

( ) ( ) ,1

0

dssgTg
T

A ∫=π  

and the homeomorphism nn
A RR →:A  is an identity operator. The 

space ( )nIL R,2  can be represented as 

( ) ,, 102 LL ⊕=nIL R  

where AerCok0 =L  and .mI1 A=L  

The decomposition of an element ( )nILg R,2∈  is denoted by 

( ) ( ) ( ) ( ) .,, 110010 LL ∈∈+= ggggg  

By virtue of (2.1) inclusion (3.1) is equivalent to the following inclusion: 

( ),, µ∈ xHx   (3.2) 

where ( ) ( ( )),,,: nn ICKICH RRR →×  

( ) ( ) ( ).,, µ+π+=µ xQkxpxH AAA D  

It is clear that H is a cJ -multimap. Let us show that H is completely 

u.s.c.. In fact, let  ( ) RR ×⊂Ω nIC ,  be a bounded subset and ( ) ., Ω∈µx  

Taking arbitrarily ( ),Ω∈γ Q  then there exist ( ) τττ ≤µ∏∈ 1,,xu  ,k≤  

such that 

( ) ( ) ( ( ) ( ) ( ) ) ..a.efor,,,,,, 1 Ittututxtftaxt k ∈µ+µ=γ "  

From (f), it follows that 

( ) ( ) ( ) ( ) ( )( ) ..a.efor,1 Ittuctuccatxt k ∈+++µ+≤γ "   (3.3) 

From the fact that ( ),, µ∏∈ xui τ  it follows that there are ( ),,1 ττ
mILg R∈   

,1 k≤≤ τ  such that 
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( ) ( ( ) ( ) ) ,.a.efor,,,, IttutxtGtg ∈µ∈ τττ  

and 

( ) ( ) .
0

dssgtu
t

ττ ∫=  

By virtue of (G4), we have that 

( ) ( ) ( ) ( )( )dssusxddssgtu
tt

ττττ ++µ≤≤ ∫∫ 00
 

( ) .
02 dssudxTdTd
t

ττττ ∫++µ≤  

From Lemma 1, it follows that 

( ) ( ) .allfor,2 ItexTdTdtu Td ∈+µ≤ ττττ   (3.4) 

Since (3.3) and (3.4), there exists 0>ΩM  such that ( ) ,Ω<γ Mt  for a.e. 

,It ∈  i.e., the set ( )ΩQ  is bounded in ( ).,2
nIL R  Notice that the 

operator 

( ) ( ) ( ),,,: 2,1
2

n
T

n
AA IWILk RR →+π  

is continuous and the map Ap  takes values in .nR  Then, the set ( )ΩH  

is bounded in ( ),,2,1 n
T IW R  and hence, it is a relative compact set in 

( )., nIC R  So, H is a completely u.s.c. cJ -multimap. 

For each ,0≠µ  let us show that there exists 0>δµ  such that 

inclusion (3.2) has no non-trivial solution on ( ) { }.,0 µ×δµCB  

In fact, to contrary assume that ( ) ( ) { }µ×δ∈µ µ,0, CBx  is a non-

trivial solution of (3.2). Then there are ( ) ,1,, kxu ≤≤µ∏∈ τττ  such 

that 

( ) ( ) ( ( ) ( ) ( ) ) ..a.efor,,,,,, 1 Ittututxtftxatx k ∈µ+µ=′ "   (3.5) 
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Therefore, 

( ) ( ) ( ( ) ( ) ( ) ) ( ) ( ) .0,,,,,,,
0

1
0

=′µ=µ+µµ ∫∫ dttxtxdttututxtftxatx
T

k
T

"  

On the other hand, 

( ) ( ) ( ( ) ( ) ( ) ) dttututxtftxatx k
T

µ+µµ∫ ,,,,,, 1
0

"  

( ) ( ( ) ( ) ( ) ) dttututxtftxxa k
T

µµ−µ≥ ∫ ,,,,, 1
0

2
2

2 "  

( ) ( ) ( )( )dttututxcxa k
T

+++µµ−µ≥ ∫ "1
2

0
2
2

2  

( ) ( ) ( ) dtexTdTdtxcxca Td
kT














+µµ−µ−≥ ∑∫

=

τττ
τ

2
1

2
0

2
2

2  

( ) ,03
2

1

2
2

2

1
>µ−µ−−= ∑∑ xedTcxedcTca Td

k
Td

k
ττ ττ  (3.6) 

provided 

( )
.0

1

1
2

τ

τ

τ

τ

Tdk

Tdk

edTc

edcTca
x

∑
∑ µ−−

<<  (3.7) 

Therefore, inclusion (3.2) has no solution ( )µ,x  that satisfies (3.7). 

Thus, for sufficiently small ,µδ  we obtain a contradiction. 

Now, for a given ,0≠µ  we will evaluate the topological degree 

( ( ) ( )).,0,,deg µδµ⋅− CBHi  

Toward this goal, let us consider the multimap 

( ) [ ] ( ( )),,1,0,0: n
C ICKB R→×δ∑ µµ  
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( ) ( ) ( )( ),,,, λµϕ+π+=λ∑µ xQkxpx AAA D  

where ( ) [ ] ( ),,1,0,: 22
nn ILIL RR →×ϕ  

( ) ( ) ( ) ( ) ( ) .,,, 110010 LL ∈∈λ+=λϕ ggggg  

It is clear that µ∑  is a compact cJ -multimap. Assume that there is 

( ) ( ) [ ]1,0,0, ×δ∂∈λ µ∗∗ CBx  such that ( )., ∗∗µ∗ λ∑∈ xx  Then there are 

( )nIL R,2∈γ∗  and ( ) ,1,, kxu ≤≤µ∏∈ ∗
∗ τττ  such that 

( ) ( ) ( ( ) ( ) ( ) ) ,.a.efor,,,,,, 1 Ittututxtftxat k ∈µ+µ=γ ∗∗
∗∗

∗ "  

and 

( )

( )





γ=

γλ=′

∗

∗
∗∗

,0

,

0

1x
 

where ( ) ( ) ( ) ( ) .,, 110010 LL ∈γ∈γγ=γ+γ ∗∗∗∗∗  

If ,0≠λ∗  then 

( ) ( ) ( ) ( ) .0,1,
00

=′µ
λ

=γµ ∗∗
∗

∗
∗ ∫∫ dttxtxdtttx

TT
 

On the other hand, from ,2 µ∗∗ δ=≤ TxTx C  it follows that ∗x  

satisfies relation (3.7) for sufficiently small .µδ  Therefore, 

( ) ( ) ,0,
0

>γµ ∗
∗∫ dtttx

T
 

giving a contradiction. 

If ,0=λ∗  then ,Ker Ax ∈∗  i.e., ( ) nwtx R∈=∗  for all .It ∈  Since 
the fact that w satisfies relation (3.7), we have 
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( ) ,0,
0

>γµ∫ dttw
T

 

for all ( ) ,1,, kwu ≤≤µ∏∈ τττ  where 

( ) ( ( ) ( ) ) ( ) ..a.efor,,,,,,, 1 ItwQtutuwtfwat k ∈µ∈µ+µ=γ "  

Notice that 

( ) .,,
0

γπµ=γµ∫ A
T

wTdttw  

Consequently, 

( ).,allfor,0, µ∈γ>γπµ wQw A   (3.8) 

In particular, 

( ) ,0,,0 0 =γπµ=γπµ< ∗∗
AA ww  

that is a contradiction. 

So, µ∑  is a homotopy connecting the multimaps ( ) ( )µ⋅=⋅∑µ ,1, H  and 

( ) ( ).,0, µ⋅π+=⋅∑µ Qp AA  

By virtue of the invariant property of the topological degree, we have that 

( ( ) ( )) ( ( ) ( )).,0,,deg,0,,deg µµ δµ⋅π−−=δµ⋅− CAAC BQpiBHi  

Notice that the multimap ( )µ⋅π+ ,Qp AA  takes values in ,nR  and hence 

( ( ) ( )) ( ( ) ( )).,0,,deg,0,,deg µµ δµ⋅π−−=δµ⋅π−− nBQpiBQpi AACAA R  

In the space ,nR  the vector field ( )µ⋅π−− ,Qpi AA  has the form 

( ) ( ).,, µ⋅π−=µ⋅π−− QQpi AAA  

From (3.8), it follows that ( )µ⋅π ,QA  and iµ  are homotopic on 

( ).,0 µδ∂ nBR  So, we obtain 

( ( ) ( )) ( ( )) ( ).sign,0,deg,0,,deg µ−=δµ−=δµ⋅π− µµ nn BiBQA RR  
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Thus, the bifurcation index ( )[ ] .20,0; −=HBi  From (3.6)-(3.7), it follows 

that ( )0,0  is the unique bifurcation point of system (1.1). To complete the 
proof, we need only to apply Theorem 1 with a remark that the case (b) of 
Theorem 1 could not appear.  

Example 1. Consider the following feedback control system: 

( ) ( ) ( ) ( ) ( )( ) [ ]

( ) [ ( ) ( ) ( ) ] [ ]

( ) ( ) ( )
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,1,1,0.a.efor,,

,1,0.a.efor,1

τ

ττ τ

uxx
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 (3.9) 

where .1 kea +>  

Here, [ ] ,1,0: 2 RR →× +kf  

( ) ( ) ( ) ,,,,,,,,,,, 2
111

+∈µ+++µ=µ k
kkk wwzwwzwwztf R"""  

and [ ] ( ),1,0: RRRR KvG →×××τ  

( ) [ ] .1,,,,, kwzzwztG ≤≤++µ+µ=µ ττ  

It is easy to verify that the map f satisfies condition (f) and the 
multimaps τG  satisfy conditions (G1)-(G4). Therefore, applying Theorem 
2, we obtain the global structure of the solution set of problem (3.9). 
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