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Abstract 

In this paper, we establish the generalized Hyers-Ulam stability of the equation 

( ) ( ) ( ) ( ) ( )( )[ ],2
22 yxfyxfabyfbxfabyaxf σ+−+++=+  

and 

( ) ( ) ( ) ( ) ( )( )[ ]yxfyxfabyhbxgabyaxf σ+−+++=+ 2
22  

on Banach spaces, by using the fixed theorem. 
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1. Introduction 

The problem of the stability of functional equation has originally 
been started by Ulam [25]. Hyers [10] gave a first affirmative partial 
answer to the question of Ulam for Banach spaces. Hyers theorem was 
generalized by Aoki [1] for additive mappings and by Rassias [22] for 
linear mappings. The paper of Rassias [22] has been an influential in the 
development of what is now known as the generalized Hyers-Ulam 
stability or Hyers-Ulam-Rassias stability of functional equations. A 
generalization of the Rasssias theorem was obtained by Gavruta [9] by 
replacing the unbounded Cauchy difference by a general control function 
in the spirit of Rassias approach. The functional equation 

( ) ( ) ( ) ( ),22 yfxfyxfyxf +=−++   (1.1) 

is called the quadratic functional equation. A generalized Hyers-Ulam 
stability for the quadratic functional equation was proved by Skof [24] for 
the function ,: YXf →  where X is a normal space and Y is a Banach 

space. Cholewa [3] noticed that the theorem of Skof is still true if the 
relevant domain X is replaced by an abelian group. Czerwik [4] proved 
the Hyers-Ulam-Rassias stability of the quadratic functional equation 
(1.1). Park [19] proved the generalized Hyers-Ulam stability of the 

quadratic functional equation in Banach modules over a ∗C  algebra. The 
stability problem of several functional equation have been extensively 
investigated by number of mathematicians ([2], [13], [14], [15], [17], [18], 
[19], [22]).  

We recall the following theorem by Diaz and Marglis: Let X be a set, 
a function [ ]∞→× ,0: XXd  is called a generalized metric on X if d 

satisfies 

(1) ( ) 0, =yxd  if and only if .yx =  

(2) ( ) ( )xydyxd ,, =  for all ., Xyx ∈  

(3) ( ) ( ) ( )zydyxdzxd ,,, +≤  for all .,, Xzyx ∈  
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Theorem 1.1 ([8]). Let ( )dX ,  be a complete generalized metric space 

and XXJ →:  be a strict contractive mapping with a Lipschitz constant 

.1≤L  Then for each given element ,Xx ∈  either ( ) ∞=+ xJxJd nn 1,  for 

all nonnegative integer n or there exists a positive integer 0n  such that 

(1) ( ) ;, 0
1 nnxJxJd nn ≥∞∀+ ≺  

(2) the sequence xJ n  converge to a fixed ∗y  for J; 

(3) ∗y  is the unique fixed point of J in the set { ( )yxJdXyY n ,, 0∈=  
}.∞≺  

In [16], Najati and Park showed that the functional equation 

( ) ( ) ( ) ( ) ( )[ ],2
22 yxfyxfabyfbxfabyaxf −−+++=+  (1.2) 

is equivalent to the quadratic functional equation (1.1), if ba,  are 

rational numbers such that 122 ≠+ ba  and, they proved the stability 
problem of this equation. 

Throughout this paper, assume that X is a normed vector space with 
Y,.  is a Banach space with norm ,.  and suppose ( )( ) xx =σσ  for all 

.Xx ∈  In this paper, using the fixed point theorem, we will prove the 
generalized stability of the following equation: 

( ) ( ) ( ) ( ) ( )( )[ ],2
22 yxfyxfabyfbxfabyaxf σ+−+++=+  (1.3) 

and 

( ) ( ) ( ) ( ) ( )( )[ ].2
22 yxfyxfabyhbxgabyaxf σ+−+++=+  (1.4) 

2. Hyers-Ulam Stability of Quadratic  
Functional Equations 

In this section, we take YXf →:  and we define 

( ) ( ) ( ) ( ) ( ) ( )( )[ ],2, 22 yxfyxfabyfbxfabyaxfyxDf σ+−+−−−+=  
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and 

( ) ( ) ( ) ( ) ( ) ( )( )[ ],2, 22 yxfyxfabyhbxgabyaxfyxDf h
g σ+−+−−−+=  

where ba,  in { }.1,0−N  

Theorem 2.1. A mapping YXf →:  satisfies 

( ) ( ) ( ) ( ) ( )( )[ ],2
22 yxfyxfabyfbxfabyaxf σ+−+++=+  (2.1) 

if and only if f satisfies 

( ) ( )( ) ( ) ( ) ( )( ) ,022 =σ++=σ+++ xxfandyfxfyxfyxf   (2.2) 

for all ., Xyx ∈  

Proof. Suppose that (2.1) holds. Since ,122 ≠+ ba  letting 0== yx  

in (2.1), we get ( ) .00 =f  Letting 0=y  in (2.1), we obtain 

( ) ( ),2 xfaaxf =   (2.3) 

for all ,Xx ∈  and putting ,0=x  we get 

( ) ( ) ( ( ) ( )( )),2 yfyfabyfbbyf σ−+=   (2.4) 

for all .Yy ∈  Now putting bxx =  and ayy =  in (2.1), we get 

( ) ( ) ( ) ( ) ( )( )( ),2
22 yabxfaybxfabayfbbxfaabyabxf σ+−+++=+  (2.5) 

for all yx,  in X. Letting ( )yy σ=  in (2.5), we get 

( )( ) ( ) ( )( ) ( )( ) ( )( ),2
22 aybxfyabxfabyafbbxfayababxf +−σ++σ+=σ+  

(2.6) 

for all yx,  in X, by (2.2), (2.5), and (2.6) and we obtain 

( ) ( )( ) ( ) ( ) ( )( )( ).2 2 yfyfbbxfybbxfbybxf σ++=σ+++   (2.7) 
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Using (2.4), we get 

( ) ( )( ) ( ) ( )( )( ).2 yfyfbybfbyf σ+=σ+  

Then 

( ) ( )( ) ( ) ( ) ( )( )( ).2 ybfbyfbxfybbxfbybxf σ++=σ+++   (2.8) 

Then, f satisfies 

( ) ( )( ) ( ) ( ) ( )( )( ),2 yfyfxfyxfyxf σ++=σ+++   (2.9) 

we replace x and y by ( )xx σ+  in (2.9), we obtain 

( )( )( ) ( )( ).22 xxfxxf σ+=σ+  

Now, we will prove that f satisfies ( )( ) 0=σ+ xxf  for all .Xx ∈  By 

applying the inductive argument, we show that 

( )( )( ) ( )( ),xxnfxxnf σ+=σ+  

for all Xx ∈  and for all .N∈n  Replacing x and y by ( ),xx σ+  we find 

( )( )( ) ( )( ).22 xxfxxf σ+=σ+  Writing ( )( )xxn σ+  instead of x and 

( )xx σ+   instead of y in (2.9), we get 

( ) ( )( )( ) ( ) ( )( ).11 xxfnxxnf σ++=σ++  

This proves for all .N∈n  By using (2.4), we obtain ( )( ) =σ+ xxfb2  

( )( )xxbf σ+  for all ,Xx ∈  since 1≠b  and ( ( )( ) ( )( ),xxbfxxbf σ+=σ+  

then we get ( )( ) ,0=σ+ xxf  for all ,Xx ∈  we replace x and y by x in 

(2.9), we get 

( ) ( ) ( )( ),32 xfxfxf σ+=  

we use the inductive argument to prove that there exists nα  and nβ  

such that 222 nnn =β+α  and 

( ) ( ) ( )( ),xfxfnxf nn σβ+α=  

we have 
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( )( ) ( ) ( )( ) ( ) ( ) ( )( ),211 xfxfnxfxxxnfxnf σ++=σ++−++  

and 

( ) ( )( ) ( )( ).11 xnfxxxnf −=σ++−  

Then 

( )( ) ( ) ( ) ( ) ( )( ),12121 11 xfxfxnf nnnn σ+β−β++α−α=+ −−  

this complete inductive argument. By ( ) ( ) ( )( )xfxfaxf nn σβ+α=  and 

( ) ( ),2 xfaaxf =  we get ( )( ) ( ).xfxf =σ  

We shall now prove the converse. Let FEf →:  be a solution of 

Equation (2.2). Replacing x by ( )xn 1−  and y by ( )xx σ+  in (2.2), we 

obtain the equation ( )( ) ( )( ),1 xnfxnxf −=σ+  for all Ex ∈  and for all 

.∗∈ Nn  We will prove by the mathematical induction that 

( ) ( ) ( ) ( ( ) ( )( ).2
2 yxfyxfnyfxfnynxf σ+−+++=+  (2.10) 

The result for 1=n  is immediately. 

We prove now (2.10) is satisfied for .1+n  By using the hypothesis 
inductive, we find that 

( )( ) ( ) ( ) ( ) ( ) ( )( )( ).221 2 yxxfyxfnyxfxfnyxnf σ+σ+−++++=++  

We have 

( ) ( )( ) ( )( ) ( ),yfyfyxxf =σ=σ+σ+  

then we get the result. Finally, we have 

( ) ( ),2 xfnnxf =   (2.11) 

for all ,N∈n  

( ) ( ) ( ) ( ) ( )( )( ),2
2 ybxfbyxfabyfxfabyaxf σ+−+++=+  
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( ) ( ) ( ) ( ) ( )( )( ),2
2 yxfyxfbxfyfbbyxf +σ−+++=+  

( )( ) ( )( ) ( ) ( )( ) ( )( )( ).2
2 yxfyxfbxfyfbybxf σ+−σ+++σ=σ+  

Since f is even, we get the result. This completes the proof of Theorem 
2.1. □ 

Using the fixed point method, we prove the stability of the                   
σ -quadratic functional equation ( ) .0, =yxDf  

Theorem 2.2. Let YXf →:  for which there exists a function 

[ )∞→φ ,0: 2X  

( ) ( ),,, yxyxDf φ≤   (2.12) 

for all ,, Xyx ∈  and ( ) ( ) ( )0,0,, φ+φ=/ yxyxv  such that 

( ) ,0,lim 2 =φ−
+∞→

yaxaa nnn
n

  (2.13) 

for all .Xx ∈  Let 1≺L  such that ( ) ( ),0,0, 2
a
xLax φ≤φ  for all .Xx ∈  

Then there exists a mapping YXQ →:  satisfying (2.2) and 

( ) ( ) ( ) ( ),0,10 22 xv
Laa

xQfxf /
−

≤−−   (2.14) 

for all .Xx ∈  

Proof. Considering ( ) ( ) ( ),0fxfxF −=  the inequality (2.12) becomes 

( ) ( ).,, yxvyxDF /≤  Let the set 

{ },: YXgS →=   (2.15) 

and introduce the generalized metric on S as follows: 

( ) ( ) ( ) ( ){ }.,0,:nfi, XxxvKxhxgKhgd ∈∀/≤−∈= +R   (2.16) 
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It is easy to show that ( )dS,  is complete. (see the proof of Theorem 2.5 of 

[8]). Now, we consider the linear mapping SSJ →:  such that 

( ) ( ),1: 2 axg
a

xJg =   (2.17) 

for all .Xx ∈  

We have 

( ) ( ) ( ) ( ) ( ),,0,,
222 hgLd

a
axvhgd

a
axh

a
axg ≤/≤−  

then 

( ) ( ),,, hgLdJhJgd ≤   (2.18) 

for all .Sx ∈  

Letting 0=y  and in (2.12), we get 

( ) ( ) ( ),0,2 xvxfaaxf /≤−   (2.19) 

for all .Xx ∈  So 

( ) ,1, 2a
JFFd ≤  (2.20) 

By Theorem 1.1, there exists a mapping YXQ →:  satisfying the 
following: 

(1) Q is a fixed point of J, that is, 

( ) ( ),2 xQaaxQ =   (2.21) 

for all .Xx ∈  The Q is a unique fixed point of J in the set 

( ){ }.,: ∞≤∈= gfdSgM   (2.22) 

This implies that Q is a unique mapping (2.9) such that there exists    
( )∞∈ ,0K  satisfying 

( ) ( ) ( ),0,xvKxQxF /≤−   (2.23) 



ON THE STABILITY OF σ QUADRATIC FUNCTIONAL … 69

for all .Xx ∈  

(2) 

( ) ( ) ( ),limlim 2 xQ
a

xaFxFJ n

n

n
n

n
==

+∞→+∞→
 (2.24) 

for all .Xx ∈  

(3) ( ) ( ),,1
1, JFFdLQFd
−

≤  which implies the inequality 

( ) .1, 22 Laa
QFd

−
≤   (2.25) 

This implies that the inequality (2.14) holds. 

It follows from (2.12), (2.13), and (2.24) that 

( ( ) ) ( ) ( ) ,0,lim,lim, 22 =/≤=
+∞→+∞→ n

nn

nn

nn

n a
yaxav

a
yaxaDFyxQD  (2.26) 

for all ., Xyx ∈  So ( ) 0, =yxDQ  for all ., Xyx ∈    

Corollary 2.3. Let 2≺p  and 0≥θ  be real numbers, and let 

YXf →:  be a mapping such that 

( ) ( ),, pp yxyxDf +θ≤   (2.27) 

for all ., Xyx ∈  Then, there exists a unique mapping YXQ →:  

satisfying (2.2) and 

( ) ( ) ,1
2 paa

xQxf
−

≤−   (2.28) 

for all .Xx ∈  

Proof. We get the result from Theorem 2.2 by taking 

( ) ( ) ( ),:,:, pp yxyxvyx +θ=/=φ   (2.29) 
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for all ., Xyx ∈  We have ( ) ,00 =f  by letting 0== yx  in (2.28) and we 

can choose ,2−= pbL  then we get the desired result.   

Theorem 2.4. Let YXhgf →:,,  be an even mapping for which 

there exists a function [ )∞→φ ,0: 2X  satisfying 

( ) ( ),,, yxyxDf h
g φ≤   (2.30) 

and 

( ) .02,22lim 2 =φ−
+∞→

yx nnn
n

  (2.31) 

Let ( ) ( ) ( )0,0,, φ+φ=Φ yxyx  and let  

( ) ( ) ( ( ) )b
y

a
x

b
y

a
xyxv σΦ+Φ=/ ,,,  ( ) ( ),,020,2 b

y
a
x Φ+Φ+  

and 1≺L  such that 

( ) ( ( ) ),2,24, xxvLxxv /≤/   (2.32) 

for all .Xx ∈  Then, there exists a unique mapping YXQ →:  satisfying 

(2.1) and 

( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ( ) ( )( ),,,14
102

1 xxxxvxxvLxQfxxfxf σ+σ+/+/−
≤−+σ+−  

(2.33) 

( ) ( )( ) ( )( ) ( ) ( ( ) ( )( )( )xxx
a

xQgxxgxg σ+Φ+Φ≤−+σ+− 2
10,102

1
2  

( ) ( ) ( ( ) ( )( )),,,14
1 xxxxvxxvL σ+σ+/+/−

+  

and 

( ) ( )( ) ( )( ) ( ) ( ( ) ( )( )( )xxx
b

xQhxxhxh σ+Φ+Φ≤−+σ+− ,02
1,0102

1
2  
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( ) ( ) ( ( ) ( )( )),,,14
1 xxxxvxxvL σ+σ+/+/−

+  

for all .Xx ∈  

Proof. Put ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),0,0,0 hxhxHgxgxGfxfxF −=−=−=  

we have 

( ) ( )( ) ( ) ( ) ( ),,,020,2,, byaxvyDFxDFyxDFyxDF H
G

H
G

H
G

H
G /≤−−σ+  

(2.34) 

for all ., Xyx ∈  Therefore, 

( ) ( )( ) ( ) ( ) ( ),,22 byaxvyFxFybaxFbyaxF /≤−−σ+++   (2.35) 

for all ., Xyx ∈  Replacing x by a
x  and y by b

y  in (2.35), we get 

( ) ( )( ) ( ) ( ) ( ),,22 yxvyFxFyxFyxF /≤−−σ+++   (2.36) 

for all ., Xyx ∈  Consider the set 

{ },: YXlS →=    

and introduce the generalized metric on S as follows:  

( ) ( ) ( ) ( )( ){ },,:nfi, XxxKxkxlKkld ∈∀Ψ≤−∈= +R    

with ( ) ( ) ( ) ( )( ).,4
1, xxxxvxxvx σ+σ+/+/=Ψ  It is easy to show that 

( )dS,  is complete. (See the proof of Theorem 2.5 of [8].) 

Now put ( ) ( ) ( )( ),2
1,1 xxFxFyxF σ+−=  we use the inequality (2.36) 

and we replace x by ( )xx σ+  and y by ( )yy σ+  in (2.36), we get 

( ) ( )( ) ( ) ( ) ( ) ( ( ) ( )( ).,4
1,22 1111 yyxxvxxvyFxFyxFyxF σ+σ+/+/≤−−σ+−+  

(2.37) 
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If you replace in the first x and y by x in (2.36) and in the second x and y 
by ( )xx σ+  in (2.37), we obtain 

( ) ( ) ( ).42 11 xxFxF Ψ≤−   (2.38) 

Now, we consider the linear mapping SSJ →:  such that 

( ) ( ) ,4
2: xkxJk =   (2.39) 

for all .Xx ∈  

Similar to the proof of Theorem 2.3, we deduce that the sequence 

1FJ n  converges to a fixed point Q of J. Also Q is the unique fixed point of 

J on the set ( ){ },,: ∞<∈= gfdSgM  hence Q satisfies (2.2) and 

( ) ( ),42 xQxQ =  then ( )( ) ,0=σ+ xxQ  so Q is solution of (2.1) and 

satisfying (2.33). 

Now, we put ( ) ( ) ( )( )xxGxGxG σ+−= 2
1

1  and ( ) ( ) HxHxH 2
1

1 −=  

( )( )xx σ+  by (2.30), we have 

( ) ( ) ( ) ( )( ),0,2
10,1

2
1 xxxxGaaxF σ+Φ+Φ≤−  

and 

( ) ( ) ( ) ( )( ).,02
1,01

2
1 xxxxHbaxF σ+Φ+Φ≤−  

Then, we get 

( ) ( ) ( ) ( )( )0,2
10,1

2 xxxxGaaxQ σ+Φ+Φ≤−  

( ) ( ) ( ( ) ( )( )),,,14
12 xxxxvxxvLa σ+σ+/+/−

+  

and 

( ) ( ) ( ) ( )( )xxxxHbbxQ σ+Φ+Φ≤− ,02
1,01

2  
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( ) ( ) ( ( ) ( )( )),,,14
12 xxxxvxxvLb σ+σ+/+/−

+  

which ends the proof.  

Corollary 2.5. Let YXf →:  be mapping and ba,  in ,∗N  for which 

there exists a function [ )∞→φ ,0: 2X  satisfying 

( ) ( ),,, yxyxDf φ≤   (2.40) 

and 

( ) .02,22lim 2 =φ−
+∞→

yx nnn
n

  (2.41) 

Let ( ) ( ) ( )0,0,, φ+φ=Φ yxyx  and let  

( ) ( ) ( ( ) ) ( ) ( ),,020,2,,, b
y

a
x

b
y

a
x

b
y

a
xyxv Φ+Φ+σΦ+Φ=/  

and 1≺L  such that 

( ) ( ( ) ),2,24, xxvLxxv /≤/   (2.42) 

for all .Xx ∈  Then, there exists a unique mapping YXQ →:  satisfying 

(2.1) and 

( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ( ) ( )( ) ).,,14
102

1 xxxxvxxvLxQfxxfxf σ+σ+/+/−
≤−−σ+−  

(2.43) 

Corollary 2.6. Let YXhgf →:,,  be an even mapping for which 

there exists a function [ )∞→φ ,0: 2X  satisfying 

( ) ( ) ( ) ( ( ) ( )) ( ),,2
22 yxyxfyxfabyhbxfabyaxf φ≤−−+−+−+  (2.44) 

and 

( ) .02,22lim 2 =φ−
+∞→

yx nnn
n

  (2.45) 
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Let ( ) ( ) ( )0,0,, φ+φ=Φ yxyx  and let 

( ) ( ) ( ) ( ) ( ),,020,2,,, b
y

a
x

b
y

a
x

b
y

a
xyxv Φ+Φ+−Φ+Φ=/  

and 1<L  such that 

( ) ( ( ) ),2,24, xxvLxxv /≤/   (2.46) 

for all .Xx ∈  Then, there exists a unique mapping YXQ →:  satisfying 
(2.1) 

( ) ( ) ( ) ( ) ( ) ( )( ),0,0,14
10 vxxvLxQfxf /+/−

≤−−   (2.47) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ),0,0,14
10,02

10,10 2 vxxvLx
a

xQgxg /+/−
+Φ+Φ≤−−  

and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ),0,0,14
10,02

1,010 2 vxxvLx
b

xQhxh /+/−
+Φ+Φ≤−−  

for all .Xx ∈  

Proof. By Theorem 2.4 and ( ) ,xx −=σ  we get the result.   
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