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Abstract 

In this paper, we first study the perturbations and expressions for the generalized 

inverses ( ) ( ) ( ),,, ,2
,

2,1
,

2
,

l
qpqpqp aaa  and ( )l

qpa ,  with prescribed idempotents p and q. 

Then, we investigate the general perturbation analysis and error estimate for 
some of these generalized inverses when qp,  and a also have some small 
perturbations. 
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1. Introduction 

Let R  be a unital ring and let •R  denote the set of all idempotent 

elements in .R  Given ., •∈ Rqp  Recall that an element R∈a  has the 

( )qp, -outer generalized inverse ( ) R∈= 2
, qpab  if ,, pbabbab ==  and 

.1 qab =−  If ( )2
, qpab =  also satisfies the equation ,aaba =  then we say 

a has the ( )qp, -generalized inverse b, in this case, written ( ).2,1
, qpab =  If 

an outer generalized inverse with prescribed idempotents exists, it is 
necessarily unique (cf. [6]). According to this definition, obviously, we see 

that the Moore-Penrose inverses in a ∗C -algebra and (generalized) 
Drazin inverses in a Banach algebra can be expressed by some         
( )qp, -outer generalized inverses (cf. [1, 5, 6]). 

Based on some results of Djordjević and Wei in [6], Ilic et al. gave 
some equivalent conditions for the existence of the ( )qp, -outer 

generalized inverse in a Banach algebra in [5]. But in our recent paper 
[1], we find that Theorem 1.4 of [5] is wrong. In [1], we first present a 
counter-example to [5, Theorem 1.4], then based on our counter-example, 
we define a new type of generalized inverse with prescribed idempotents 
in a Banach algebra as follows: 

Definition 1.1 (see [1]). Let A∈a  and ., •∈ Aqp  An element 

A∈b  satisfying 

( ) ( ) ( ) ( ),,, qRbKpRbRbbab rrrr ===  

will be called the ( )lqp ,, -outer generalized inverse of a, written as 
( ) .,2

, ba l
qp =  

In addition, if ( )l
qpa ,2

,  satisfies ( ) ,,2
, aaaa l
qp=  we call ( )l

qpa ,2
,  is the 

( )lqp ,, -generalized inverse of a, denoted by ( ) .,
l

qpa  
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Perturbation analysis of the generalized inverses is very important in 
both theory and applications. In recent years, there are many fruitful 
results concerning the perturbation analysis for various types 
generalized inverses of operators on Hilbert spaces or Banach spaces. The 
concept of stable perturbation of an operator on Hilbert spaces and 
Banach spaces is introduced by Chen and Xue in [1]. Later, the notation 
is generalized to the set of Banach algebras by the second author in [12] 

and to the set of Hilbert ∗C -modules by Xu et al. in [15]. Using the 
notation “stable perturbation”, many important results in perturbation 
analyses for Moore-Penrose inverses on Hilbert spaces and Drazin 
inverses on Banach spaces or in Banach algebras have been obtained. 
Please see [2, 3, 4, 12, 13, 14] for detail. 

Let YX ,  be Banach spaces over complex field .C  Let T (resp., S) be 

a given closed space in X (resp., Y). Let A be a bounded linear operator 

from X to Y such that ( )2
, STA  exists. The perturbation analysis of ( )2

, STA  for 

small perturbation of ,, ST  and A has been done in [7]. Motivated by 

some recent results, concerning the perturbation analysis for the 
generalized inverses of operators, in this paper, we mainly study the 
perturbations and expressions for various types of generalized inverses 
with prescribed idempotents in Banach algebras. We first consider the 

stable perturbation characterizations for ( ) ( ) ( ),,, ,2
,

2,1
,

2
,

l
qpqpqp aaa  and ( )l

qpa ,  

with prescribed idempotents p and q. Then, by using stable perturbation 
characterizations, we can investigate the general perturbation analysis 
and error estimate for some of these generalized inverses when ,, qp  and 

a also have some small perturbations. The results obtained in this paper 
extend and improve many recent results in this area. 

2. Preliminaries 

In this section, we give some notations in this paper, we also list 
some preliminary results, which will be frequently used in our main 
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sections. Throughout the paper, A  is always a complex Banach algebra 
with the unit 1. 

Let .A∈a  If there is A∈b  such that aaba =  and ,bbab =  then 

a is called to be generalized invertible and b is called the generalized 

inverse of a, denoted by .+= ab  Let ( )AGi  denote the set of all 

generalized invertible elements in { }.0\A  Let •A  denote the set of all 

idempotent elements in .A  If ( ),AGia ∈  then aa+  and +− aa1  are all 

idempotent elements. For ,A∈a  set 

( ) { } ( ) { };,0 AA ∈==∈= xaxaRaxxaK rr  

( ) { } ( ) { }.,0 AA ∈==∈= xxaaRxaxaK ll  

Clearly, if ,•∈ Ap  then A  has the direct sum decompositions 

( ) ( ) ( ) ( ).or pRpKpRpK llrr +=+= �� AA  

The following useful and well-known lemma can be easily proved. 

Lemma 2.1. Let A∈x  and .•∈ Ap  Then 

(1) ( )pKr  and ( )pRr  are all closed and ( ) ( ),1 pRpK rr −=  

( )pRr ( );pRr⊂A  

(2) xpx =  if and only if ( ) ( )pRxR rr ⊂  or ( ) ( );xKpK ll ⊂  

(3) xxp =  if and only if ( ) ( )xKpK rr ⊂  or ( ) ( ).pRxR ll ⊂  

We list some of the necessary and sufficient conditions for the 

existence of ( )l
qpa ,2

,  in the following lemma, which will be frequently used 

in the paper. Here, we should indicate that ( )l
qpa ,2

,  is unique if it exists. 

Please, see [1] for the proofs and more information. 

Lemma 2.2. Let A∈a  and ., •∈ Aqp  Then the following 

statements are equivalent: 
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(1) ( )l
qpa ,2

,  exists; 

(2) there exists A∈b  such that ( ) ( ),, pRbRbbab rr ==  and ( )bKr  

( );qRr=  

(3) ( ) ( ) { }0=pRaK rr ∩  and ( ) ( );qRpaR rr += �A  

(4) there exists A∈b  satisfying ( ) ,1,, bqbbapppbb =−==  

( ) ;11 abqq −=−  

(5) ( )( ) ( ){ }A∈−=−∈ xapqxapqRp l 11  and ( )( );11 apqRq r −∈−  

(6) there exist some A∈ts,  such that ( ) =−−= qapqtp 1,1  

( ) .1 apsq−  

The following lemma gives some equivalent conditions about the 

existence of ( ) .,
l

qpa  See [1] for more information. 

Lemma 2.3. Let A∈a  and ., •∈ Aqp  Then the following 

conditions are equivalent: 

(1) ( )l
qpa ,  exists, i.e., there exists some A∈b  such that 

( ) ( ) ( ) ( ),,,, qRbKpRbRbbabaaba rrrr ====  

(2) ( ) ( ) ( ) ( ),pRaKqRaR rrrr +=+= ��A  

(3) ( ) ( ) ( ) ( ) { } ( ) ( ) { }.0,0, ==+= pRaKqRaRqRpaR rrrrrr ∩∩�A  

Let X be a complex Banach space. Let NM ,  be two closed subspaces 

in X. Set 

( )
( ){ } { }

{ }





=

≠=∈
=δ

,00

,0,1,,distsup
,

Mif

MifxMxNx
NM  

where ( ) { }.inf,dist NyyxNx ∈−=  The gap ( )NM ,δ̂  of NM ,  is 

given by ( ) ( ) ( ){ }.,,,max,ˆ MNNMNM δδ=δ  For convenience, we list 
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some properties about ( )NM ,δ  and ( ),,ˆ NMδ  which come from [9] as 

follows: 

Proposition 2.4 ([9]). Let NM ,  be closed subspaces in a Banach 

space X. Then 

(1) ( ) 0, =δ NM  if and only if ;NM ⊂  

(2) ( ) 0,ˆ =δ NM  if and only if ;NM =  

(3) ( ) ( );,ˆ,ˆ MNNM δ=δ  

(4) ( ) ( ) .1,ˆ0,1,0 ≤δ≤≤δ≤ NMNM  

3. Stable Perturbations for the ( )qp, -Generalized Inverses 

Let ( )AGia ∈  and let .A∈δ+= aaa  Recall from [13] that a  is a 

stable perturbation of a if ( ) ( ) { }.0=+aKaR rr ∩  Obviously, we can 

define the stable perturbation for various kind of generalized inverses. In 
this section, we concern the stable perturbation problem for various types 
of ( )qp, -generalized inverses in a Banach algebra. 

Lemma 3.1 ([8, Lemma 2.2]). Let ., A∈ba  If ab+1  is left 

invertible, then so is .1 ba+  

Lemma 3.2. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Put .aaa δ+=  If ( )l
qpaa ,2

,1 δ+  is invertible, ( )( ( ) ) .1 1,2
,

,2
,

−δ+= l
qp

l
qp aaaw  

Then ( )l
qpa ,2

,  exists and ( ).,2
,

l
qpaw =  

Proof. We prove our result by showing that ( ) ( ),, pRwRwwaw rr ==  

( ) ( ).qRwK rr =  It is easy to check that 

( )( ( ) ) ( ( ) ) ( ).11 ,2
,

1,2
,

1,2
,

,2
,

l
qp

l
qp

l
qp

l
qp aaaaaaw −− δ+=δ+=  
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Then, by using these two equalities, we can show ( ) ( ( ) ) == l
qprr aRwR ,2

,  

( )pRr  and ( ) ( ( ) ) ( ).,2
, qRaKwK r

l
qprr ==  We can also compute 

( )( ( ) ) ( )( ( ) ) 1,2
,

,2
,

1,2
,

,2
, 11 −− δ+δ+= l

qp
l
qp

l
qp

l
qp aaaaaaawaw  

( )( ( ) ) [( ( ) ) ( ( ) )] ( ( ) ) 1,2
,

,2
,

,2
,

1,2
,

,2
, 1111 −− δ+δ++−δ+= l

qp
l
qp

l
qp

l
qp

l
qp aaaaaaaaa  

( )( ( ) ) ( ( ) ) ( ( ) ) waaaaaaa l
qp

l
qp

l
qp

l
qp +δ+−δ+= −− 1,2

,
,2
,

1,2
,

,2
, 111  

.w=  

By Definition 1.1 and the uniqueness of ( ),,2
,

l
qpa  we see ( )l

qpa ,2
,  exists and 

( ).,2
,

l
qpaw =   

Obviously, from the proof of Lemma 3.2, we see that if ( )l
qpa ,2

,  exists 

and ( ) aa l
qp δ+ ,2

,1  is invertible, set ( ( ) ) ( ),1 ,2
,

1,2
,

l
qp

l
qp aaav −δ+=  then we also 

have ( ).,2
,

l
qpav =  In order to prove the main results about the stable 

perturbation, we need one more characterizations of the existence of 
( ).,2

,
l
qpa  

For an element A∈a  and ., •∈ Aqp  Let AA →:aR  be the 

right multiplier on A  (i.e., ( ) xaxRa =  for any A∈x ). Then, it easy to 

see that ( )l
qpa ,2

,  exists in A  if and only if ( ) ( ) ( )
( )2

1,1 pqaR −− AA
 exists in the 

Banach algebra ( ).AB  So from the equivalences of (1), (2), and (3) in 

Lemma 2.2, dually, we can get the following equivalent conditions for the 

existence of ( ).,2
,

l
qpa  

Proposition 3.3. Let A∈a  and ., •∈ Aqp  Then the following 

statements are equivalent: 
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(1) ( )l
qpa ,2

,  exists; 

(2) there exists A∈c  such that ( ) ( ),1, qRcRccac ll −==  and 

( ) ( );1 pRcK ll −=  

(3) ( ) ( ) { }01 =− qRaK ll ∩  and ( ) ( ).11 pRaqR ll −+−= �A  

Proof. (1) ⇔  (2) Suppose that ( )l
qpa ,2

,  exists. Let ( ).,2
,

l
qpac =  Then 

from Definition 1.1, we know that ,ccac =  and then ,, •∈ Aacca  

( ) ( ) ( ) ( ) ( ) ( )., qRcKacKpRcRcaR rrrrrr ====  Thus, it follows from 

Lemma 2.1 that 

( ) ( ) .11,1,, qacqacqaccapcapcap −=−=−==  

Then, by using Lemma 2.1 again, we have 

( ) ( ) ( ) ( ) ( ) ( ).1, acRqRacRcaKpKcaK llllll ⊂−⊂⊂⊂   (3.1) 

By using ,ccac =  we have ( ) ( )cKcaK ll =  and ( ) ( ).cRacR rr =  Thus 

from Equation (3.1), we see that (2) holds. If (2) holds, similarly, by using 

Definition 1.1 and Lemma 2.1, we can obtain ( )l
qpa ,2

,  exists. 

(2) ⇔  (3) By our remark above this lemma, we see these hold simply 
from the equivalences of (2) and (3) in Lemma 2.2. Note that we can also 
prove these equivalences directly by using the right multiplier aR  on .A  

Here we omit the detail.  

Now, we can present one of our main results about the stable 

perturbation of the generalized inverse ( ).,2
,

l
qpa  

Theorem 3.4. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Put .aaa δ+=  Then the following statements are equivalent: 

(1) ( )l
qpaa ,2

,1 δ+  is invertible; 
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(2) ( ) aa l
qp δ+ ,2

,1  is invertible; 

(3) ( )l
qpa ,2

,  exists. 

In this case, we have ( ) ( )( ( ) ) ( ( ) ) 1,2
,

1,2
,

,2
,

,2
, 11 −− δ+=δ+= aaaaaa l

qp
l
qp

l
qp

l
qp  

( ).,2
,

l
qpa  

Proof. (1) ⇔  (2) Follows from the well-known spectral theory in 
Banach algebras. 

(2) ⇒  (3) We prove our result by using Lemma 2.2. Let ( )aKx r∈  

( ) { }.0=pRr∩  Since ( ) ( ( ) ),,2
,

l
qprr aRpR =  then there exists some A∈t  

satisfying ( ) tax qp
2
,=  and .0=ta  Thus, we have 

( ( ) ) ( ) ( ) ( ) ( )taaatataaa l
qp

l
qp

l
qp

l
qp

l
qp

,2
,

,2
,

,2
,

,2
,

,2
,1 δ+=δ+  

( )( ) ( )taaaa l
qp

l
qp

,2
,

,2
, δ+=  

.0== taa  

Since ( ) aa l
qp δ+ ,2

,1  is invertible, it follows that ( ) .0,2
, == tax l
qp  Therefore, 

( ) ( ) { }.0=pRaK rr ∩   (3.2) 

Let ( ) ( ).qRpRas rr ∩∈  Since ( ) ( ( ) )l
qprr aRpR ,2

,=  and ( ) ( ( ) ),,2
,

l
qprr aKqR =  

then there exists some A∈z  such that ( )zaas l
qp
,2
,=  and ( ) .0,2

, =sa l
qp  

Similar to the proof of Equation (3.2), we can get ( ) ,0,2
, == tas l
qp  i.e., 

( ) ( ) { }.0=qRpRa rr ∩  Since ( ) aa l
qp δ+ ,2

,1  is invertible, then for any 

,A∈w  there is some A∈v  such that ( ) ( ( ) ) .1 ,2
,

,2
, vaawa l

qp
l
qp δ+=  From 

,aaa δ+=  we have 

( ( ) ) ( )( ) ( ( ) ) ( ( ) ) { }.01 ,2
,

,2
,

,2
,

,2
, =∈−=− aaKaaRvawavaa l

qpr
l
qpr

l
qp

l
qp ∩  
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Thus, ( ( ) )l
qpr aKvaw ,2

,∈−  and ( ) ( ( ) ).,2
,

,2
,

l
qpr

l
qp aRavav ∈=  Since for ,A∈w  

we also have ( ) ( ) ( ).qRpRavawvaw rr +∈−+= �  Thus, we have 

( ) ( ).qRpRa rr += �A   (3.3) 

Now, from Equations (3.2) and (3.3), by using Lemma 2.2, we see that 
( )l

qpa ,2
,  exists. 

(3) ⇒  (1) Suppose that ( )l
qpa ,2

,  exists, we want to prove ( )l
qpaa ,2

,1 δ+  is 

both left and right invertible. Since ( )l
qpa ,2

,  exists, then from Lemma 2.2, 

( ) ( ) ( ( ) ) ( ( ) ).,2
,

,2
,

l
qpr

l
qprrr aKaRaqRpRa +=+= ��A  Thus, for any ,A∈x  we 

can write ( ) ,21
,2
, ttaax l
qp +=  where A∈1t  and ( ( ) ).,2

,2
l
qpr aKt ∈  Set  

( ) ,21
,2
, ttaas l
qp +=  then 

( ( ) ) ( ( ) ) ( ( ) )21
,2
,

,2
,

,2
, 11 ttaaaasaa l

qp
l
qp

l
qp +δ+=δ+  

( ) .21
,2
, xttaa l
qp =+=  

Since A∈x  is arbitrary, let ,1=x  then we see that ( )l
qpaa ,2

,1 δ+  is right 

invertible. Now we prove that ( )l
qpaa ,2

,1 δ+  is also left invertible. In fact, 

from Proposition 3.3, we also have ( ) ( ) =−+−= pRaqR ll 11 �A  

( ( ) ) ( ( ) )l
qpl

l
qpl aKaaR ,2

,
,2
, +�  for ( )l

qpa ,2
,  exists. Then for any ,A∈z  we can 

write ( ) ,2
,2
,1 saasz l
qp +=  where ( ( ) )aaRs l

qpl
,2
,1 ∈  and ( ( ) ).,2

,2
l
qpl aKs ∈  Let 

,21 sst +=  then we have 

( ( ) ) ( ) ( ( ) )aassaat l
qp

l
qp δ++=δ+ ,2

,21
,2
, 11  

( )( )aaasss l
qp −++= ,2

,121  

( ) ( ( ) )aassaas l
qp

l
qp

,2
,12

,2
,1 1 −++=  

.z=  
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Since A∈z  is arbitrary, let ,1=z  then we get that ( ) aa l
qp δ+ ,2

,1  is left 

invertible. But from Lemma 3.1, we see ( )l
qpaa ,2

,1 δ+  is also left invertible. 

Thus, ( )l
qpaa ,2

,1 δ+  is invertible. 

Now, from Lemma 3.2, ( ) ( )( ( ) ) ( ( ) ) 1,2
,

1,2
,

,2
,

,2
, 11 −− δ+=δ+= aaaaaa l

qp
l
qp

l
qp

l
qp  

( ).,2
,

l
qpa  This completes the proof.  

Lemma 3.5. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. If 

( ) aa l
qp δ+ ,2

,1  is invertible. Put aaa δ+=  and ( ( ) ) 1,2
,1 −δ+= aaf l
qp  

( ( ) ).1 ,2
, aa l
qp−  Then 

(1) •∈ Af  with ( ) ( );fRaK rr ⊂  

(2) ( ) ( )fRaK rr =  if and only if ( ) ( ) { }.0=qRaR rr ∩  

Proof. (1) Since ( ( ) ) ( ( ) ) ( )aaaaaa l
qp

l
qp

l
qp

,2
,

,2
,

,2
, 111 −=δ+−  and ( ) aa l

qp δ+ ,2
,1   

is invertible, we have ( ) ( ( ) ) ( ( ) ) .111 1,2
,

,2
,

,2
,

−δ+−=− aaaaaa l
qp

l
qp

l
qp  Thus, 

( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ) .1111 ,2
,

1,2
,

,2
,

1,2
,

2 faaaaaaaaf l
qp

l
qp

l
qp

l
qp =−δ+−δ+= −−  

Now for any ,A∈x  from ( ( ) ) ( ( ) ) ( ) ,11 ,2
,

,2
,

,2
, xaaxaaxaa l

qp
l
qp

l
qp −δ+=−  

we have 

( ( ) ) ( ( ) ) ( ( ) ) ( ) .111 ,2
,

1,2
,

,2
,

1,2
, xaaaaxxaaaafx l

qp
l
qp

l
qp

l
qp

−− δ+−=−δ+=  (3.4) 

Equation (3.4) implies that ( ) ( ).fRaK rr ⊂  

(2) ( )⇒  Let ( ) ( ) { }.0=∈ qRaRt rr ∩  Since ( ) ( ( ) ),,2
,

l
qprr aKqR =  then 

there is some A∈x  such that xat =  and ( ) ( ) .0,2
,

,2
, == taxaa l

qp
l
qp  Thus, 

fxx =  by Equation (3.4). So, ( ) ( )aKfRx rr =∈  and ,0== xat  i.e., 

( ) ( ) { }.0=qRaR rr ∩  
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( )⇐  Thanks to (1), we need only to prove ( ) ( ).aKfR rr ⊂  Let 

( ).fRt r∈  Since ,•∈ Af  we have .ftt =  So by Equation (3.4), we get 

( ( ) ) ( ) 01 ,2
,

1,2
, =δ+ − taaaa l

qp
l
qp  and then ( ) .0,2

, =taa l
qp  Hence ( ) ∩aRta r∈  

( ) { }0=qRr  and ( ) ( ).fRaK rr =   

Similar to [12, Proposition 2.2] or [13, Theorem 2.4.7], but by using 

some of our characterizations for ( )l
qpa ,2

,  and ( ) ,,
l

qpa  we can obtain the 

following results about the stable perturbations for these two kinds of 
generalized inverses. 

Theorem 3.6. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Suppose that ( ) aa l
qp δ+ ,2

,1  is invertible. Put aaa δ+=  and =w  

( ( ) ) ( ).1 ,2
,

1,2
,

l
qp

l
qp aaa −δ+  Then the following statements are equivalent: 

(1) ( ) ,,
l

qpaw =  i.e., ( ) ( ) ;,
,2

,
l

qp
l

qp aa =  

(2) ( ) ( ) { },0=qRaR rr ∩  i.e., a  is a stable perturbation of a; 

(3) ( ( ) ) ( ( ) ) ;011 ,2
,

1,2
, =−δ+ − aaaaa l

qp
l
qp  

(4) ( ( ) ) ( ( ) ) .011 1,2
,

,2
, =δ+− − aaaaa l

qp
l
qp  

Proof. The implication (1) ⇔  (2) comes from Lemmas 2.2, 2.3, and 
Theorem 3.4. The implication (2) ⇔  (3) comes from Lemma 3.5. 

(3) ⇔  (4) We can compute in the following way: 

( ( ) ) ( ( ) ) ( ( ) ) [( ( ) ) ( ) ]aaaaaaaaaaaa l
qp

l
qp

l
qp

l
qp

l
qp

,2
,

,2
,

1,2
,

,2
,

1,2
, 1111 −δ+δ+=−δ+ −−  

( )( ( ) ) aaaaaa l
qp

l
qp

1,2
,

,2
, 1 −δ+−=  

[( ( ) ) ( ( ) )]l
qp

l
qp aaaaa ,2

,
,2
, 11 −−δ+−=  
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( ( ) ) aaa l
qp

1,2
,1 −δ+×  

( ( ) ) ( ( ) ) .11 1,2
,

,2
, aaaaa l

qp
l
qp

−δ+−=  

This completes the proof.  

Furthermore, by using the above theorem, we have the following 
results: 

Corollary 3.7. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Put .aaa δ+=  If ( ) aa l
qp δ+ ,2

,1  is invertible. Then the following statements 

are equivalent: 

(1) ( ) ( ) { },0=qRaR rr ∩  i.e., a  is stable perturbation of a; 

(2) ( ( ) ) ( ( ) ) ( );1 ,2
,

1,2
, aKaaKaa r

l
qpr

l
qp =δ+ −  

(3) ( ( ) ) ( ) ( ( ) ).1 ,2
,

1,2
,

l
qprr

l
qp aaRaRaa =δ+ −  

Proof. Note that we have ( ( ) ) ( ( ) )aaRaaK l
qpr

l
qpr

,2
,

,2
, 1 −=  and 

( ( ) ) ( ( ) ).1 ,2
,

,2
,

l
qpr

l
qpr aaKaaR −=  So, we can get the assertions by using 

Theorem 3.6.  

Theorem 3.8. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,  exists. 

Put .aaa δ+=  Then the following statements are equivalent: 

(1) ( ) aa l
qp δ+ ,1  is invertible, ( ) ( )qKaR rr =  and ( ) ( )l

qp
l

qp aa ,, =  

( ( ) ) .1 1
,

−δ+ l
qpaa  

(2) ( ) ( ) { } ( ) ( ) { },0,0 == pRaKqRaR rrrr ∩∩  and ( ) ( ).qKpRa rr =  

Proof. (1) ⇒  (2) Suppose that (1) holds. Since ( )l
qpa ,  exists, we obtain 

that ( )l
qpa ,2

,  exists and ( ) ( ) .,
,2
,

l
qp

l
qp aa =  Thus, from our assumption, by using 

Theorem 3.6 and Lemma 2.3, we have 
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( ) ( ) { } ( ) ( ) { }.0,0 == pRaKqRaR rrrr ∩∩  

Now we need to show ( ) ( ).qKpRa rr =  But since ( ) ( ),qKaR rr =  so 

we can prove our result by showing that ( ) ( ).aRpRa rr =  Obviously, 

( ) ( ).aRpRa rr ⊂  On the other hand, since ( )l
qpa ,  exists, then by Lemma 

2.3 again, we have ( ) ( ).qRpRa rr += �A  Now for any ( ),aRx r∈  we can 

write 21 xxx +=  with ( )pRax r∈1  and ( ).2 qRx r∈  From ( ) ⊂pRa r  

( ),aRr  we get ( ).1 aRx r∈  Thus, 

( ) ( ) { }.012 =∈−= qRaRxxx rr ∩  

Therefore, 02 =x  and then ( ).1 pRaxx r∈=  Hence, ( ) ( ) == aRpRa rr  

( ).qKr  

(2) ⇒  (1) Since •∈ Aq  and ( ) ( ),qKpRa rr =  we can write         

=A ( ) ( ) ( ) ( ).qRpRaqRqK rrrr +=+ ��  Note that ( ) ( ) { },0=qRaR rr ∩  

( ) ∩aKr  ( ) { },0=pRr  then by using Lemma 2.3, we get ( )l
qpa ,  exists, then 

( )l
qpa ,2

,  also exists and ( ) ( ) .,
,2
,

l
qp

l
qp aa =  Thus, from Theorem 3.4, we see 

( ) aa l
qp δ+ ,1  is invertible and ( ) ( ) ( ( ) ) .1 1

,,,
−δ+= l

qp
l

qp
l

qp aaaa  Now, by using 

Lemma 2.3, we can get ( ) ( ).qRpRa rr += �A  Similarly, as in (1) ⇒  (2), 

by using ( ) ( ) { },0=qRaR rr ∩  we can show that ( ) ( )aRpRa rr =  and 

then ( )aRr  ( ).qKr=  This completes the proof.  

The first result in the following lemma has been proved for 

generalized inverse +a  by the second author (see [12, Proposition 2.5]). 
By using the same method, we can prove the following results for the 

general inverse ( ) .,
l

qpa  

Lemma 3.9 ([12, Proposition 2.5]). Let A∈δaa,  and •∈ Aqp,  

such that ( )l
qpa ,  exists. Put .aaa δ+=  
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(1) If ( ) ( )( ) ( ) ,1, 1
,

−−<δ l
qprr aaaRaR  then ( ) ( ) { };0=qRaR rr ∩  

(2) If ( ) ( )( ) ( ) ,, 1
,

−<δ aaaKaK l
qprr  then ( ) ( ) { }.0=pRaK rr ∩  

By using Theorems 3.6, 3.8, and Lemma 3.9, we have the following: 

Corollary 3.10. Let A∈δaa,  and •∈ Aqp,  such that ( )l
qpa ,  exists. 

Put .aaa δ+=  If one of the following condition holds: 

(i) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ,1,,, 1
,

1
,

−− −<δ<δ l
qprr

l
qprr aaaRaRaaaKaK  and 

( ) ( ).qKpRa rr =  

(ii) ( ) aa l
qp δ+ ,1  is invertible and ( ) ( )( ) ( ) .1, 1

,
−−<δ l

qprr aaaRaR  

Then ( )l
qpa ,  exists and ( ) ( ) ( ( ) ) .1 1

,,,
−δ+= l

qp
l

qp
l

qp aaaa  

Finally, we present some perturbation results for ( ) .2
, qpa  

Theorem 3.11. Let A∈δaa,  and •∈ Aqp,  such that ( )2
, qpa  exists. 

Put .aaa δ+=  If ( ) aa qp δ+ 2
,1  is invertible. Then the following statements 

are equivalent: 

(1) ( )2
, qpa  exists and ( ) ( ) ( ( ) ) ;1 12

,
2
,

2
,

−δ+= qpqpqp aaaa  

(2) ( ) ;1 aqpa −=  

(3) ( ) ( ) ( )2
,

2
, 1 qpqp aaqaa −=  and ( ) ( ) .2

,
2
, paaaa qpqp =  

Proof. (1) ⇔  (2) Comes from [6, Theorem 4.1]. We show that (2) and 

(3) are equivalent. If ( ) ,1 aqpa −=  then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .1and1 2
,

2
,

2
,

2
,

2
,

2
, paaaqaaaaaqpaaaa qpqpqpqpqpqp =−=−==  
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Conversely, if (3) holds, then ( ) ( ) ( ) ( ) ==−== paaaaaaqaaapa qpqpqp
2
,

2
,

2
, 1  

( ) .1 aq−   

Corollary 3.12. Let A∈δaa,  and •∈ Aqp,  such that ( )2
, qpa  exists. 

Put .aaa δ+=  If ( ) aa qp δ+ 2
,1  is invertible and ( ) =δ−=δ aqa 1  .apδ  

Then ( )2
, qpa  exists and 

( ) ( ) ( ( ) ) ( ( ) ) ( ) .11 2
,

12
,

12
,

2
,

2
, qpqpqpqpqp aaaaaaa −− δ+=δ+=  

Proof. If ( ) ,1 apaqa δ=δ−=δ  then it is easy to check that =pa  

( ) .1 aq−  Thus, Theorem 3.11 shows that our results hold.   

4. Perturbation Analysis for the ( )qp, -Generalized Inverses 

In this section, we mainly investigate the general perturbations 

problem for the ( )qp, - generalized inverses ( )l
qpa ,2

,  and ( ).2,1
, qpa  Let =κ  

( ) ,,2
,

l
qpaa  which is the generalized condition number of the generalized 

inverse ( ).,2
,

l
qpa  

Lemma 4.1. Let A∈a  and •∈ Ap  with ( ) ( ).aRpR rr =  Let 

A∈c  with ( )cRr  closed and ( ) ( )( ) .1
1,ˆ

paRcR rr +
<δ  Then ( )cRr=A  

( ).pKr+�  

Proof. Let ., A∈∀= xpxxLp  Then pL  is an idempotent operator 

on A  with pLp =  and { } ( ).pRxxL rp =∈ A  By [10, Theorem 11] 

or [13, Lemma 4.4.4], ( ) ( )( )
p

rr LaRcR
+

<δ 1
1,ˆ  implies that ( )cRr=A  

( ).pKr+�   
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Lemma 4.2 ([12, Lemma 2.4]). For any ,, •∈ Aqp  we have 

( ) ( )( ) .,ˆ qpqRpR rr −≤δ  

Lemma 4.3. Let A∈a  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Suppose that •∈′ Ap  satisfying .1
1
κ+

<′− pp  Then 

(1) ( ) ( )( ) ( ) ;11,ˆ
pp

pppaRpaR rr ′−+−
′−

≤′δ
κ

κ  

(2) ( ) A⊂′paRr  is closed and ( ) ( ) { }.0=′pRaK rr ∩  

Proof. (1) Set ( ).,2
,

l
qpab =  For any ( ),pRt r ′∈′  we have 

( )( )
( ) ( )

ttaattapaRta
pRtpRtr

rr
′−≤−′=′

∈∈
infinf,dist  

( )( )pRta r,dist ′≤  

( ) ( )( ).,ˆ pRpRta rr ′δ′≤  

Thus, we get 

( )( ) ( ) ( )( ).,ˆ, pRpRtapaRta rrr ′δ′≤′δ   (4.1) 

But for any ( )pRt r ′∈′  and ( ),pRt r∈  we have 

( ) ttabatbtttabtab −′−≥+−′=′  

ttabt −′−≥  

( ) .1 ttabt −′+−′≥  

Thus, ( ) ,1 ttabtabt −′+≤′−′  and then 

( ) ( )( )pRtabtabt r,dist1 ′+≤′−′  

( ) ( ) ( )( ).,ˆ1 pRpRtab rr ′δ′+≤  

Therefore, we have 
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( ) ( ) ( )( )
.

,ˆ11 pRpRab
tabt

rr ′δ+−

′
≤′  (4.2) 

Then by Equations (4.1) and (4.2), we get 

( )( ) ( ) ( )( )
( ) ( ) ( )( )

.
,ˆ11

,ˆ
,

pRpRab
pRpRtaabpaRta
rr

rr
r ′δ+−

′δ′
≤′δ  

Now, by Lemma 4.2 and the definition of gap-function, we have 

( ) ( )( ) ( ) .11, pp
pppaRpaR rr ′−+−
′−

≤′δ
κ

κ  (4.3) 

On the other hand, for any ( ),pRt r∈  by Lemma 2.2, we have 

== ptt  ,batbapt =  then 

( )( )
( ) ( )

staasatpaRat
pRspRsr

rr
−≤−=′

′∈′∈
infinf,dist  

( )( ) ( ) ( )( )pRpRtapRta rrr ′δ≤′= ,,dist  

( ) ( )( )pRpRbata rr ′δ= ,  

( ) ( )( )., pRpRatba rr ′δ≤  

Thus, we have ( ) ( )( ) ( ) ( )( ).,ˆ, pRpRpaRpaR rrrr ′δ≤′δ κ  So by Lemma 4.2, 

( ) ( )( ) ., pppaRpaR rr ′−≤′δ κ   (4.4) 

Consequently, from Equations (4.3) and (4.4), we have 

( ) ( )( ) { ( ( ) ( )) ( ( ) ( ))}paRpaRpaRpaRpaRpRa rrrrrr ′δ′δ=′δ ,,,max,ˆ �  

( ) .11 pp
pp

′−+−
′−

≤
κ

κ  

(2) Obviously, by Equation (4.2), we get ( ) A⊂′paRr  is closed and 

( ) ( ) { }.0=′pRaK rr ∩  This completes the proof.  

Now, we can give the following perturbation result for ( )l
qpa ,2

,  when p 

has a small perturbation. 
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Theorem 4.4. Let A∈a  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Suppose that •∈′ Ap  with 
( )

.
1

1
2κ+

<′− pp  Then ( )l
qpa ,2

,′  exists and 

( ) ( )

( )
( )
( )

( )
( )

( ) .1111
1 ,2

,,2
,,2

,

,2
,

,2
,

pp
a

aandpp
pp

a

aa l
qpl

qpl
qp

l
qp

l
qp

−′+−
≤

−′+−
−′+

≤
−

′
′

κκ
κ  

Proof. Let ( ),,2
,

l
qpab =  then by Definition 1.1, we know that •∈ Aab  

and .abab ≥=κ  By using Lemma 4.3 and note that <′− pp  

( )
,

1
1

2κ+
 we have 

( ( ) ( )) ( ) .1
1

11,ˆ
abpp

pppaRpaR rr +
<

′−+−
′−

≤′δ
κ

κ  

From Lemma 4.3 (2), we know that ( ) ( ) { }0=′pRaK rr ∩  and ( ) ⊂′paRr A  

is closed. Thus, by Lemma 4.1, ( )paRr ′  is complemented and               

=A  ( ) ( ).qRpaR rr +′ �  Therefore, by Lemma 2.2, we know ( )2
, qpa ′  exists. 

For convenience, we write ( ) .,2
, ba l
qp ′=′  Since we have proved that 

( )l
qpa ,2

,′  exists, then by Theorem 2.2, ( ) ( ) ( ) ( )bKpaRqRpaR rrrr ′+′=+′= ��A   

and ( ) ( ) ( ).bKqRbK rrr ==′  Thus for any ,A∈x  we can write 

ttx ′+=  with zbat ′=  for some A∈z  and ( ).qRt r∈′  

Since ( )( ) ( ) ( )( ) ,,,dist ppzbpRpRzbpRzb rrr −′′≤′δ′≤′  then for 

every ,0>  we can choose A∈y  such that .+−′′<−′ ppzbbyzb  

Put .abys =  Then, we have 

.appzbaabyzbast +−′′<−′=−  

( ) ( ) ( ) ( )tbbttbbxbb −′=′+−′=−′  

btbsbabstbab −+−′′≤  
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tsbbyzb −+−′≤  

( ) ( ) .11 κκ ++−′′+≤ ppzb   (4.5) 

From ,zbat ′=  we get zbtb ′=′  and therefore, 

( ) ( ) .xbxbbbxxbbtbzb +−′≤+−′=′=′   (4.6) 

Thus by using Equations (4.5) and (4.6), we get 

( ) ( ) ( )( ) ( ) .11 κκ ++−′−′++≤−′ ppxbbxbxbb   (4.7) 

Letting +→ 0  in Equation (4.7), we can get 

( ) ( )

( )
( )
( )

( )
( )

( ) .11,11
1 ,2

,,2
,,2

,

,2
,

,2
,

pp
a

app
pp

a

aa l
qpl

qpl
qp

l
qp

l
qp

−′+−
≤

−′+−
−′+

≤
−

′
′

κκ
κ  

This completes the proof.  

Some representations for the generalized inverse ( )l
qpa ,2

,  have been 

presented in [1]. The following result gives a representation of ( )l
qpa ,2

,  

based on (1, 5) inverse. Note that this result is also an improvement of 

the group inverses representation of ( )l
qpa ,2

,  (see [1]), which removes the 

existence of the group inverses of wa  or .aw  

Lemma 4.5 ([1, Theorem 5.6]). Let A∈wa,  and •∈ Aqp,  such 

that ( ) ( )pRwR rr =  and ( ) ( ).qRwK rr =  Then the following statements 

are equivalent: 

(1) ( )l
qpa ,2

,  exists; 

(2) ( )( )5,1aw  exists and ( ) ( ) { };0=wRaK rr ∩  

(3) ( )( )5,1wa  exists and ( ) ( ).waRwR rr =  

In this case, waw is inner regular and 
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( ) ( )( ) ( )( ) ( ) .5,15,1,2
, wwawwawwwwaa l
qp

−===  

Now, we give the result when q has a small perturbation. By using 
our above Lemma 4.5, we can also give a new representation for the 
generalized inverse of the perturbed operator. 

Theorem 4.6. Let A∈a  and •∈ Aqp,  such that ( )l
qpa ,2

,  exists. 

Suppose that •∈′ Aq  with .2
1
κ+

<′− qq  Then ( )l
qpa ,2

, ′  exists and 

(1) 
( ( ) ( ) )

( )
( ) ( ) ( ) .1

1
1
1 ,2

,
,2
,,2

,

,2
,

,2
, l

qp
l
qpl

qp

l
qp

l
qp aqq

qqaandqq
qq

a

aa
−′−
−′+

≤
′−−
′−+

≤
−

′
′

κκ
κ  

(2) If there are some A∈vw,  with ( ) ( ) ( ) ( )vKwKpRwR rrrr == ,  

( )qRr=  and ( ) ( ).qRvR rr ′=  Then 

( ) ( ) ( )( )( ) ( ) ( ( ) ).1 ,2
,

5,1,2
,

,2
,

,2
,

l
qp

l
qp

l
qp

l
qp aawvaavaaa −−+=′  

Proof. Since ,211 κ+≤−+ ab  then by Lemma 4.2, we have 

( ( ) ( )) .11
1

2
1,ˆ

abqqqRqR rr −+
≤

+
<′−≤′δ

κ
 

So ( ) ( )qRpaR rr ′+= �A  by Lemma 4.1. Note that ( ) ( ) { }.0=pRaK rr ∩  

So ( )2,1
, qpa ′  exists. 

(1) From ( ) ( ) ( ) ( ),,2
,

,2
,

,2
,

,2
,

l
qp

l
qp

l
qp

l
qp aaapaa ′′′ ==  we get 

( ) ( ) ( )( ( ) ( ) ).,2
,

,2
,

,2
,

,2
,

,2
,

l
qp

l
qp

l
qp

l
qp

l
qp aaaaaaa −=− ′′  

Since ( ( ) ) ( )qRxaa r
l
qp ′∈− ′
,2
,1  for any ,A∈x  so we have 

(( ( ) ) ( )) ( ( ) ( )) ( ( ) )xaaqRqRqRxaa l
qprrr

l
qp

,2
,

,2
, 1,ˆ,1dist ′′ −′δ≤−  

( ( ) ) .1 ,2
, xaaqq l
qp ′−′−≤  
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Since ( ( ) ) ( ),,2
, qRaK r

l
qpr =  then for any ,0>  there is A∈z  such that 

( ( ) ) ( ( ) ) ( ( ) ) ,111 ,2
,

,2
,

,2
, +−′−≤−−− ′′ xaaqqzaaxaa l

qp
l
qp

l
qp  

and then we have 

( ( ) ( ) ) ( )( ( ) ( ) )xaaaaaxaa l
qp

l
qp

l
qp

l
qp

l
qp

,2
,

,2
,

,2
,

,2
,

,2
, −=− ′′  

( ){( ( ) ) ( ( ) ) }zaaxaaa l
qp

l
qp

l
qp

,2
,

,2
,

,2
, 11 −−−≤ ′  

( ( ) )( ) ( ) .1 ,2
,

,2
,

l
qp

l
qp axaaqq +−′−≤ ′  (4.8) 

Since, we also have 

( ( ) ) ( ) ( ( ) ( ) )xaaxaaxxaa l
qp

l
qp

l
qp

l
qp

,2
,

,2
,

,2
,

,2
,1 −−+≤− ′′  

( ) ( ( ) ( ) ) .1 ,2
,

,2
, xaaax l

qp
l
qp −++≤ ′κ  (4.9) 

Now from Equations (4.8) and (4.9), we can compute 

( ( ) ( ) )
( ( ) ) ( )

.1
1 ,2

,,2
,

,2
, qq

axqq
xaa

l
qpl

qp
l
qp ′−−

++′−
≤−′ κ

κ 
 

Let +→ 0  in the above inequality, we obtain that 

( ) ( )

( )
( ) ( ) ( ) .1

1,1
1 ,2

,
,2
,,2

,

,2
,

,2
, l

qp
l
qpl

qp

l
qp

l
qp aqq

qqaqq
qq

a

aa
−′−
−′+

≤
−′−
−′+

≤
−

′
′

κκ
κ  

(2) By Lemma 4.5, ( ) ( )( ) ( )( ).5,15,1,2
, avvvvaa l
qp ==′  For convenience, we write 

( ) ( ),, ,2
,

,2
,

l
qp

l
qp abab ′=′=  and ( ) ( ) ( )( ) ( ) ( ( ) ).1 ,2

,
5,1,2

,
,2
,

l
qp

l
qp

l
qp aawvaavaax −−+=  

Now we prove that bx ′=  by using Lemma 2.2 (4). Obviously, we have 

.xpx =  Note that ( ) ,,2
, apap l
qp=  so 

{ ( ) ( )( )( ) ( ) ( ( ) )}apaawvaavaaxap l
qp

l
qp

l
qp

,2
,

5,1,2
,

,2
, 1 −−+=  
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( ) ( )( )( ) ( ) ( )apapwvaavaapa l
qp

l
qp −−+= 5,1,2

,
,2
,  

.p=  

Since ( )( )5,1awwb =  we have 

{ ( ) ( )( )( ) ( ) ( ( ) )}qaawvaavaaqx l
qp

l
qp

l
qp ′−−+=′ ,2

,
5,1,2

,
,2
, 1  

{ ( )( ) ( )( ) ( )( ) ( )( ) }qawabavbawavbavabavbavavbqb ′+−−+′= 5,15,15,15,1  

( )( ) ( )( ) qawabavbqawavbqabbbaqbbaqb ′+′−′′−′′+′= 5,15,1  

( )( ) ( )( ) ( )( )qawawawavbqawavbqbqb ′+′−′−+′= 5,15,15,10  

.0=  

Thus, we have ( ) .1 xqx =′−  Finally, since ( )( ) ,5,1 awabawawawaw ==  

we have 

( ) ( ) { ( ) ( )( )( ) ( ) ( ( ) )}l
qp

l
qp

l
qp aawvaavaaaqaxq ,2

,
5,1,2

,
,2
, 111 −−+′−=′−  

( ) { ( ) ( )( )( ) ( ) ( ( ) )}l
qp

l
qp

l
qp aawvaavaaabaq ,2

,
5,1,2

,
,2
, 11 −−+′′−=  

( ) { ( )( )( ) ( )}abwavavabbaabbaq −−′+′′−= 11 5,1  

( )( ( )( ) ( )( ) )awabavabbaawavabbaabbaabq 5,15,11 ′+′−−′+′−=  

( ) baq ′′−= 1  

.1 q′−=  

Therefore, by Lemma 2.2 and the uniqueness of ( ),,2
,

l
qpa ′  we get that       

=x ( ).,2
,

l
qpa ′   

When the idempotents p and q both have some small perturbations, 
we have the following result: 
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Theorem 4.7. Let A∈a  and •∈′′ Aqpqp ,,,  such that ( )l
qpa ,2

,  

exists. If 
( )21

1
κ+

<′− pp  and .3
1
κ+

<′− qq  Then ( )l
qpa ,2

, ′′  exists and 

( ) ( )

( )
( ) ( )
( ) ;11

1
,2
,

,2
,

,2
,

qqpp
qqpp

a

aa
l
qp

l
qp

l
qp

′−−′−+−
′−+′−+

≤
−′′

κκ
κ  

( ) ( ) ( )

( ) .11
1 ,2

,,2
, qqpp

aqq
a

l
qpl

qp ′−−′−+−

′−+
≤′′ κκ

 

Proof. By Theorem 4.4, ( )l
qpa ,2

,′  exists when 
( )21

1
κ+

<′− pp  and in 

this case 

( )
( )

( )
( ) .1

11
,2
,

,2
,,2

,
l
qp

l
qpl

qp app
a

a
κ
κ

κ
+≤

−′+−
≤′  

So ( )l
qpaa

qq ,2
,2

1
3

1

′+
<

+
<′−

κ
 and consequently, ( )l

qpa ,2
, ′′  exists by 
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and ( ) ( ) ( ) ( ) ( ) ( )
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Now, we consider the case when the elements •∈ Aqpa ,,  all have 
some small perturbations. 

Theorem 4.8. Let A∈δaa,  and •∈′′ Aqpqp ,,,  such that ( )l
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Proof. Theorem 4.7 indicates that ( )l
qpa ,2

, ′′  exists and 
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l
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and 
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This completes the proof.  

By using perturbation theorems for the generalized inverse ( ) ,,2
,

l
qpa  we 

can also investigate the perturbation analysis for the generalized inverse 
( )2,1

, qpa  under some conditions. 

Corollary 4.9. Let A∈a  and •∈ Aqp,  such that ( )2,1
, qpa  exists. 

Suppose that •∈′ Ap  with 
( )21
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Proof. Set ( ).2,1
, qpab =  Then ,1,,, qabpbaaababbab =−===  
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,
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l
qp ==  By Theorem 4.4, ( )l
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We need only to show that ( ) ( )l
qpqp aa ,2

,
2,1

, ′′ =  in this case. Put ( ).,2
,
l
qpab ′=′  

Then ( ) ( ) .1,, AAAA qbapabbbab =′−′=′′=′′  Thus ( ) ( ) 011 =′−− baq  
and hence ( ) .11 babababaqq ′=′=′−=−  Furthermore, =′aba  
( ) .1 aabaaq ==−  From ( ) ,AA pab ′=′  we get that ( ) 01 =′′− pab  and 

.abpabp ′=′′=′  Therefore, ( ).2,1
, qpab ′=′   

We need the following easy representation lemma for ( ) :2,1
, qpa  

Lemma 4.10. Let A∈a  and •∈ Aqp,  such that ( )2,1
, qpa  exists. Let 
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also have ( ) pwa =#  and ( ) .1 qaw −=#  Then by using the uniqueness 

of ( ),2,1
, qpa  we can prove our lemma by simple computation.  

Corollary 4.11. Let A∈a  and •∈ Aqp,  such that ( )2,1
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(2) If there are some A∈vw,  with ,1, qawvapwa −===  and 
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Proof. ( )l
qpa ,2

, ′  exists by Theorem 4.6. From ( )aqa ′−= 1  and Lemma 

2.2, we can obtain that ( )2,1
, qpa ′  exists and ( ) ( ).2,1

,
,2
, qp

l
qp aa ′′ =  
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Now, the estimates in (1) and the representation for ( )2,1
, qpa ′  in (2) 

follow from Theorem 4.6 and Lemma 4.10.  

Finally, by Corollaries 4.9, 4.11, and Theorem 4.7, we have 
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