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Abstract

In this paper, we prove the sharp inequalities for the multilinear commutators

related to the Marcinkiewicz operators. By using the sharp inequalities, we

obtain the boundedness of the commutators from L”(R") to LI(R™).

1. Introduction

As the development of singular integral operators, their commutators

have been well studied. Let T be the Calderén-Zygmund singular integral
operator, we know that the commutator [b, T]|(f)=T(bf)-bT(f) (where

b € BMO(R")) is bounded on LP(R") for 1 < p < o (see [3]). In [8], the

sharp estimates for some multilinear commutators of the Calderdn-

Zygmund singular integral operators are obtained. The main purpose of
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this paper is to prove some sharp inequalities for the multilinear

commutators related to the Marcinkiewicz operators. By using the sharp

inequalities, we obtain the boundedness of the commutators from L”(R™)
to LY(R").
2. Notations and Results

First, let us introduce some notations (see [1], [8], and [9]). In this

paper, @ will denote a cube of R" with sides parallel to the axes. For a

cube @ and a locally integrable function b, let by = b(x)dx. The

1
Q) ] Q
sharp function of b is defined by, for x € R",

b (x) = sup

anl}ﬁlJQ|b(y)—bQ|dy.

It 1s well-known that (see [9])

. 1
b%(x) ~ su 1nf—j b(y) — c|dy.
(x) sup inf QI (y) = c|dy

We say that b belongs to BMO(R") if b* belongs to L°(R") and define

1l gp0 = ||b# |- It has been known that (see [8])
15— by ato < CHblar

For bj e BMO(R")(j =1, ---, m), set

m
18lzao = | J16ilmaso-
j=1

Given a positive integer m and 1 < j < m, we denote by C;-" the family

of all finite subsets o = {o(1), ---, o(j)} of {1,---, m} of j different
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elements. For o € C;n, set ¢°=1{1,--,m!\o. For b= (b1, -+, by,)
and o = {o(1), -+, o(j)} € C', set bo = (bo1): ***» Do(j))s b = bo(1)  bo(j)
and ||Ec "BMO = ||bc(1)||BMO ||bcs(j)||BMO'

Let M be the Hardy-Littlewood maximal operator, that is,

M) = sup i Il

« Q]

. 1
We write that M, (f) = (M(|f|” ))r for 0 < p <. Let 0<8<n,0<r <o,

set

1/r
rs(f>(x>—sp[|Q|1 L o J .

If 0<r<p<n/81/qg=1/p-38/n, we know M, 5 is type of (p, q),

that is,

15,5 (Nlly < CIIfl,-

In this paper, we will study some multilinear commutators as

following:

We denote T'(x) = {(y,¢) € R : |x — y| <t} and the characteristic
function of T(x) by xr(y)-

Definition. Let b;(j =1,---, m) be the fixed locally integrable
functions on R",0<8<n and 0 <y <1. Suppose that S" ! is the

unit sphere of R"(n > 2) equipped with normalized Lebesgue measure
do = do(x'). Let Q be homogeneous of degree zero and satisfy the

following two conditions:
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(i) Qx) is continuous on S”! and satisfies the Lip, condition on

Sl e,
IQ(x") - Q)| < Mlx' =y, «, y e S
(ii) J O(x')dx’ = 0.
Sn—l

The Marcinkiewicz multilinear commutator is defined by

W 5(1) ) = Uj () (&, 3)f djfl;}/ ,

where

FE (N, 9) = o [Hw (x)~ b (z))] f(2)dz.

ly—z|<t |y

Set

ENG) - Q(yln 20 =2 f()q.

ly—zl<t |

We also define that

sl =[] IR0 24 "

n+3

which is the Marcinkiewicz operator (see [5], [6], and [10]).
Remark. Fixed L > max(1, 2n /(n + 2 — 2§)). Another Marcinkiewicz

multilinear operators is defined by

B} /
ol () = U [ (i) e o djf;}l )

where

FP(f) (x, 5) = j Qy-2) SR [H(b (x) - b (z))] f(z)dz.

ly—z|<t |y
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Set

RN = | %mm

‘x—y‘ﬁt |x -y

We also define

ni 1/2
b (1) () = [ [] R(ﬁj B ) %J ,

which is another Marcinkiewicz operators.
, 1/2
Let H be the Hilbert space H={h:||h||=U .[R"+1 |h(y.,t)] dydt/t”+3) <oo}.
+

Then for each fixed x € R", Ftb (f)(x, ¥) may be viewed as a mapping
from (0, +o) to H, and it is clear that

K 5N @) = fere B ()@ 9] ks s (NG = B )]

Note that when b =--- =0, pg’é and ug are just the m order

commutators. It is well known that commutators are of great interest in
harmonic analysis and have been widely studied by many authors
(see [1-8] and [10]). Our main purpose is to establish the sharp

inequalities for the multilinear commutators.
Now we state our main results as following:
Theorem 1. Let 0 <3 <n and bj € BMO(R") for j=1,---, m.

Then for any 1 < r < o, there exists a constant C > 0 such that for any

feCy(R") and any X € R",

(W2 5D @) = €| lasio M sNE) + D D ool o Mol () @)

J=lgeC™
ceC}
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Theorem 2. Let 0 <3 <n and bj e BMO(R") for j=1,--, m.
Then Méy& is bounded from LP(R") to LY(R"), where 1< p<n/S3,

1/g =1/p-3/n.
Remark. Theorems 1 and 2 also hold for ug, we omit the details.

3. Proofs of Theorems

To prove the theorems, we need the following lemmas:
Lemma 1 (See [5]). Let 0<d<n,1<p<n/8,1/q=1/p-8/n.
Then p s is bounded from LP(R™) to LY(R"), that is,

Iws,5(Fllza < Clflp-

Lemma 2 (See [2]). Let 0 <8 <n,0<r<p<n/s1/qg=1/p-35/n.
Then M, s is bounded from LP(R") to L1(R").

Lemma 3. Let 1 < r < o, b; € BUO(R") for j =1, ---, k. Then

b K

1

@J.QHV’]'(JV) ~ (b)qldy < ][Il 530
j-1 j-1

and

\ 1/r k
[ﬁ _[inbj(y) ~ (b; )erdy] < ] J1esllso
j=1 =

Proof. Choose 1< pj <0 j=1,---,m such that 1/p; +---+1/p,, =1,
we obtain, by the Holder’s inequality,

LT (1 N
@IlebJ(y)‘ (b))qldy < H(@JQV’M)— (b;)q!™ dy]

k
< [ [sllsao-
j=1
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and

1 k v : 1 1/pjr
{@JQH'[”'(”‘(Z’”@"@] (g [~ 6erra)
j1 .

J=1

k
< [ [1oslzao-
-1

The lemma follows.

Proof of Theorem 1. It suffices to prove for f € Cy(R") and some

constant Cy, the following inequality holds:
& [ 16 @) - Cold
@ Je™™

< C| 18330 My s (N @ + D> 1Bollpao M (W5 (1 @) |
J=lgee™
j
Fix a cube @ = Q(x(, d) and X € . We first consider the case m = 1.
We write, for fi = me and fy = fXR”\2Q>
FP(F) (5, ) = (b () = (51 )og ) (F) (3) = Fy((by = (b1 )og ) ) (3)
= Fy (b1 = (b1 )o@ )2 ) (9)

then

2507 () = s, 5(((By )agy — b1 )fe) ()]
= ‘"%F(X)Ftb1 () (s Y = 1% ) F (((By ) — b1)f2)(3’)||‘

< e FE () (0 3) = 2 (g 1 E (B )ag = B)F2 ) (9]
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< ) (B (%) = (b1 )2 VEL (F) )] + [rr () Fe (B = (b1)9g )fi ) ()]
+ ) Fe (b1 = (b1)9g )2 ) (¥) = Ar(xg) i (b1 = (b1 )ag )2 ) )|
— A(x) + B(x) + C(x).
For A(x), by Holder's inequality with exponent 1/r +1/r" = 1, we get

1 1
@J.QA(x)dx - @Ilel(x) = (b1 )agl[ms, 5(f) (x)| dx

<151 - >2Q|r’dx]1/r’[|g| J st (x)rdle/r

< Clb || gpgo M (s, 5(F)) (%)
For B(x), taking 1<r<p<gq<n/3,1/q=1/p-38/n,r = pt, by the
boundness of pg 5 from LP(R") to L?(R"™) and Holder’s inequality with

exponent 1/t +1/t' = 1, we have
1 1
i ] o B = g [l al(r = (1)ag ) @)
(1 0y 1/q
< [@ [ D061 = (B o) @] ]
1 1/p
< 0] )~ (gl ez e) |

@

(<1/q +(1/pt'y+(1-3pt/n)/pt[ 1 o P
- + +(1— n
<ClQ|(Har/p pt/n)/p (mszlbl_(bl)lep dxj

1 1/pt
X | ———— pt
[lell—Spt/n JZQlf(x)l dx]
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(-1/q)+(1/pt W(1-8r/n)/r[ 1 o\
- + +(1-8r/n)/r
=ClQ[" p (WLlel —(b )Zle dxj

1/r
hquW”“J

< Clby | gpro My, 5(F) (%)

For C(x), by the Minkowski’s inequality, we obtain

1/2
C(x) < (J.j n+l "(XF(x XF(xo))Ft((bl -(n )2Q )fz(y)")Z dydt}

n+3

<cf ILIORICYRAIC)

X

” tre)(y: dydt J'J' 1r(z)(y, t)dydt |1/2dz
|x—y|<t |y lxo—y|<t |y

B Z|2n72725tn+3 B Z|2n72726tn+3|

< [ @)~ G zgl162)

2
| 1 1 | dyd
x - dz
U J plstesyzlst|fc 4+ y— 22722 g 4y — 22220 B j

< [ @)~ B zgl162)

1/2
X =X —n—
x ” [# =%l onsggr| g
i<t fe+y-zl<t | + y — 27712

note that |x -2z <2, |x+y—2/2|x—2 -t 2|x—2 -3 when [y <t

|x + y — 2| < ¢, then, for x € @,
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Cw < Cf o I = gl @l o

1/2
-n
8 j‘J‘ tdydt dz
DIt [+ y—2l<t g + y — 2212720

<c| oo @)~ (gl @ = 5o

1/2
-n
5 j‘J‘ t"dydt dz
It e y-zl<t (|jx — 2| — 3¢)2 220

<c| ooy ®) = Bl = w02

w di 1/2
X I dz
[ e—2l/2 (|x — 2| — 3t)2n+2_28J

< Cf o 1)~ (gl e )ll'lﬁdz

0

< O [ s quatgl =0 =<l b e) - (g

k=1

< O 2 QP L Ih(e) - (gl e

k=1

1/r
< sz_k/z{lzkﬂQll 8/n j.2k+1Q|(b1(Z) - (b )2Q)|r dz]

1/r
1 r
[ [ grere]
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-C X 2,k/2|2k+1Ql(6/r’n)+5(1—r)/m
1 RNy
X [M I po1qlr®) = (Bl dZJ

1/r
1 r
’ (W J gl Gl dz}

< 3 272 k|by | gy My, () R)
k=1

< Clby | gpgo My, 5(f) (%),

thus
1 I C(x)dx < C||b1 || M s(f) (x)
|Q| BMO“"r,

Now, we consider the case m > 2, we have known that, for

b::(bl’""bm)>

FP (N ) = | Q(yln 2y —z2) [H(bj(x> - b,»(z»] fle)dz

\y—z\<t |y j=1

[, 0= (b)) = (u(2) = (B )ag)) (b))

- (b (@) - (b, >2Q>>]%f<z>dz

Z > 0" ) - (b)ag) j _0)

Jj= OceCm

- (B)ag s % f(e)dz



32 QIONG CHEN
= (By() - (b)) (b () ~ (b Do ) () ()
DBy~ (B)ag) (b~ (B )ag ) ()
m—1 ) s
+ -1 x)=(0)2g )s 2)=0(x))ge ——=1(2)dz
> Y 00l (bE)-b(x)e X o)
Jj=0 GEC}n =zt |y_2|

= (b1(x) = (b1 )ag ) -+ (byn (x) = (B, ) JFL (F) ()

+ ()M EF (0 = (51)eq) - (b = (b )2 ) ()
m—1 B
TS 0 (b)~(b)ag o i (Fx,),
Jj=1 ceC™
thus,

Iué,a(f) () = s, 5((b1 = (b1 )3 )+ (b = (b )a )2 ) (x0)|

= "Xl"(x)FtE(f) (%, ) = xr(xg) F2 (81 )o@ = b1 )+ (B Jagg = bm )f2) ()]
< o) (1) = (b1 )ag ) -+ (b (%) = (b ) VE(F) ()]
m-1 -
=S r® @) - (b o )o Fr (1) . )
Jj=1 GEC]'-”
+ [y Fr (b = (b1)ag )+ (b = (b Do )i ) ()]
+ [lr@)F ((br = (B1)ag )+ (b = (b Do )2 ) (¥) = Ar(xg)
x Fy((by = (b1)ag) - (bm = (b )ag )f2) Wl
= S(x) + Sa(xx) + Sz(x) + Sy (x).

For S;(x), by Hélder’s inequality with exponent 1/r'+1/r =1 and

Lemma 2, we get
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|%| .[Q S;(x)dx

1 m
- C@ leg(bJ(x) - (b; )ZQ Mg, 5(f) () dx

L Y 1/r
1 r 1 .
< c{mjwlg(bj(x)—(bj)m ) de (@ijs,a(f)(xn dx]

< C18] ag0 M (115, 5()) ).

For Sy(x), by Hélder’s inequality with exponent 1/r'+1/r =1 and

Lemma 2, we get
LJ Sy (x)dx
Qe

m

-1
1
:@jQ;

Do) - (b)ag )Guifg (F) (x)||dax
GEC?

m-1 ~
DIDI I NEOROREIMAGIBES

jZIGeC?

m-1

< Cz Z [lZQlj |(b(x) = (0)gg )o|” dle/r,

G
J

1 b, 1/r
(o] s reoras)

m-1 -
<Y Pl M (075 (1) @)
=1

=l seC™
J
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For Ss(x), we choose 1<r<p<qg<n/$,1/q=1/p-38/n,r = pt,
by the boundness of g5 from LP(R™) to LI(R") and Hélder’s

inequality with 1 /¢ +1/t' =1, we get

|%| IQ S3(x)dx

1 m
= 1 [ les T T8 = (s )f) )
s 105 - @) o

m 1/‘1
1
<\ s,5(] (65 = (b))eg rog) (x)|? dx
(lQl jRnlu 8 !:1[ J i )o@ JTX2Q | ]

<C IQli/q Umlg(bj(x) —(0))2q )|p|f(x)X2Q)(x)|pdx]

= e 1/ pt
1 p t
<C IQI1/q [IQng(bj(x) - (bj )zQ )i de (LQV(x)lp dxj

< |1/ pt)-(1-(3pt/n)/pt)

) m 1/pt
oo | ] - ®)) >|pt'dx]
|2Q| IZQ H J 7/2Q

) 1/ pt
X | ——— pt
|2Q|1—8pt/n J.lef(x)l dx]

< C|b| g0 Mr.5(F) ®).

For S,(x), similar to the proof of C(x) in case m = 1, we obtain

51005 OF [ gl o o =2 Jloe) - gl
=1 j=
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< 0227k/2|2k+1Q|6/n—1J‘ . H|bj(2)_(bj )og If (2)|dz
k=1 2GS

NI

dz

< 022 K2 WIWQHUD (2) = (b )ag)

k=1

1/r
1 r
[ [ grere]

= Cz 2—k/2|2k+1 Ql(S/r’n J+8(1-r)/rn

1/r

H( (2) - (b; )ZQ) dz

1
|2k+1Q| J‘ZI”HQ

1/r
_ 1 r
X (lzkqul—Br/n j2k+1Q|f(2)| dz}

< Clblgpr0 My, 5(F) (%),

thus,
1 I Sy (x)dx < C||l;|| M, 5(f)(%).
|Q| BMO “™r,

This completes the proof of Theorem 1.

35

Proof of Theorem 2. We first consider the case m = 1. Choose

1 <r < p in Theorem 1 and by Lemma 2, we have

s (Plle < IMWB) (Nlga < ClR () 0

= C"Mr(l-’-s,B(f))"Lq + C"Mr,B(f)"Lq
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< Cllus,s(Nllgg + C1My,5(F) o
< Clflzy + Clle

< Clflzp-

When m > 2, we may get the conclusion of Theorem 2 by induction. This

finishes the proof.
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