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Abstract

In this paper, we determine the relation between the Frenet-Serret invariants
of ¥y and the Frenet-Serret curvatures of the spherical indicatrix of tangent

vector, principal normal vector, and Bishop Darboux vector to give a new
characterization of a general helix and a slant helix. Additionally, the new study
of Bishop Darboux spherical indicatrix is given. Finally, we have presented
some examples that are computed in detail.

1. Introduction

In differential geometry, a general helix in Euclidean 3-space E 3 is
defined by the property that tangent vector makes a constant angle with
a fixed direction. A necessary and sufficient condition that a curve be a

general helix is that the ratio of curvature to torsion be constant.
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In [7], a slant helix in Euclidean space E3 was defined by the
property that the principal normal vector makes a constant angle with a

fixed direction. Moreover, Izumiya and Takeuchi [7] showed that y is a

slant helixin E 3, if and only if the geodesic curvature

ols) = ﬁ (Z)

of the principal normal indicatrix of a space curve y is a constant

function. In [5], the authors have studied spherical images of tangent
vector and binormal vector of a slant helix and they showed that the

spherical images are spherical helix.

The new spherical images of regular curve, which are called Bishop

spherical images are determined by using Bishop frame vectors in [6].

2. Preliminaries

The Euclidean 3-space E? provided with the standard flat metric
given by

(,) = dx? + dx§ + dx3,

where (x;, x9, x3) is a rectangular coordinate system of E3. The curve

o:Ic R— E? is called a unit speed curve if (a/(s), o/(s)) = 1 for each
s e I. T(s) = o'(s) is a unit tangent vector of a and k(s) = [a"(s)| is the
curvature of o at s. If k(s) # 0, then the unit principal normal vector
N(s) of the curve o at s is given by o” = k(s)N(s). The unit vector
B(s) = T(s)x N(s) is called the unit binormal vector of o at s. The

Frenet-Serret formulae are given in [2] written under matrix form



where

and
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T 0 K o|[T
N' =|—K 0 T N )
B’ 0 —T O||B

(T, T)=(N, Ny = (B, B)=1,

(T, Ny = (T, B) = (N, B) = 0,

= (B, N).

11

The Bishop frame or parallel transport frame is an alternative

approach to defining a moving frame that is well defined even when the

curve has vanishing second derivative.

One can express parallel

transport of an orthonormal frame along a curve simply by parallel

transporting each component of the frame. The tangent vector and any

convenient arbitrary basis for the remainder of the frame are used (for

details, see [1]). The Bishop frame is expressed as [1, 3]

T 0 b k[T
M| =|—Fk 0 0| M|
My | | —ky 0 0 || M,

Here, we shall call the set {T, M;, My} as Bishop trihedra and k; and

ko as Bishop curvatures. The relation matrix may be expressed as

T 1 0 0 T
N|=1|0 cos 0(s) sin 0(s) | | M, |,
B 0 — sin 0(s) cos 0(s) | | M,



12 M. IZID et al.

where

0(s) = arctan k—z, (1)
ky

7(s) = 6'(s), @)

and

k(s) = VEE + k2. ()

Here, Bishop curvatures are defined by

k; = w cos 6(s),

k’z K sin 9(3) .

Yilmaz et al. [6] investigated spherical images of a regular curve
which correspond to each vector fields of the Bishop frame.

It is well known that for a unit speed curve with non-vanishing

curvatures, the following definition and result hold [6]:

Definition 2.1. Let y =y(s) be a regular curve in E3. If we
translate of the first vector field (tangent) of Bishop frame to the center O
of unit sphere in the E3, we obtain a spherical image & = &(sz ). This
curve is called tangent Bishop spherical image or indicatrix of curve

Y = v(s).

The first curvature Ke of & = é(sQ) 1s given in [6] by

k3 i 112 k3 k 112
Tl = s —2(_1) N —1(_2j . )
- Lkmgf )] LoE kg7

As it is indicated in [3], if a rigid body moves along a regular curve,

then the motion of body consists of translation and rotation along the

curve o. The rotation is determined by an angular velocity vector o,

which is called the Bishop Darboux vector and given by
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o = —kQMl + klMZ’

® satisfies these equations

T =oxT,
M = ox M,
M5 = ox My,

if we unitize the Bishop Darboux vector, we get
¢ oo kMt My
Jlof N klz 4 l<;22

3. Main Results

3.1. A new characterization of general helix according to tangent

vector field of Bishop frame

Theorem 38.1. Let ¢ = ¢(s) be a regular curve with curvatures v and T.

If ¢ lies on the surface of sphere, then

2(r22 —1) = (%)2 ®)

where r = constant is the radius of sphere.

Proof 3.2. To prove that the condition is necessary, we differentiate

lo(s)I? = 77,
we obtain
(9(s), T) = 0.

By differentiating, we have

(ofs). N) = -+ ©
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since

2
1
RCOR ™
So, by differentiating of the formula (6), we get

(o(s). BT =

K

Take a square of this result and using (7), we have

()

By multiplying by k2, we get the equation as desired.

Corollary 3.3. Let ¢ = ¢(s) be a curve lies on the surface of radius r
with the curvatures v and T.k is a constant function if and only if

T=0.

In another words, any spherical curve with w = constant (resp., T = 0)

is a circle.

Proof 3.4. The sufficiency condition is clear. For to prove that the

condition is necessary, we suppose that k = constant. Two situations are

distingue

(1) If k = constant # %, then T = 0 (by Equation (5)).
@ If k= %, the Equation (7) became

(o(s), B)? = o.

Differentiate this equation and using the Equation (6), we obtain

<%, B> + <(p(s), ‘Zi—f> = % = 0.
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Since, we immediately arrive at
T7=0.
Theorem 3.5. Let & = &(sz) be a spherical indicatrix of tangent

vector of y regular curve. There exists a relation among Frenet-Serret

invariants of & = &(sz) and the Frenet-Serret invariants of vy = y(s) as

follows:

%:1+GT. ®

K

Proof 3.6. Let & = &(sz) be a spherical indicatrix of the tangent

vector of y regular curve. From (4), we have

2 2
2 ! 2 !
ke = 1+ k. R 3 (:—lj + M M 3 (Z—QJ .
VRE 4 kE (6 + )z \F2 VR + k3 (6 + k)2 VM

Using (1) in (2), we have

’

+(s) = (arctan(’z—m

o ko , of k1 ’
i) ) ©

T 3 3
O k)2 (WK )2

We have immediately

2 2
ko T ky T T \2
ke = |1+ | === +|———=—| =41+(=)".
N V2 + k2 K
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Corollary 3.7. Let & = &(s; ) be the tangent Bishop spherical image of

the curve y = y(s). v is a general helix if and only if & = &(s; ) is a circle.

Proof 3.8. If y is a general helix, then

-
— = constant.
K

By Theorem 3.5,

kg = constant.

By the Corollary 3.3, we deduce that the & is a circle.

Inversely, if § is a circle, using the Equation (8) and the property of a

general helix, we conclude that y is a general helix.

3.2. A new characterization of a slant helix according to principal

normal indicatrix

In this section, we give a characterization for a unit speed curve y in
E? to be a slant helix by using its principal normal indicatrix (NN).

The following remark is given in [4]:

Remark 3.9. If the Frenet frame of the principal normal indicatrix N

of a curve v is {Ty, Ny, By}, then we have the first curvature of

Frenet frame

_ \/(&2 + 12 )3 + (k7' - r@"r)2

IQN 3
(Hz 412 )2

’

from this, the curvature of principal normal indicatrix (V) is

ky =1+ 62(s), (10)
(see [4]).

Using the result of the Corollary 3.3 and the expression (10), it is

easy to state the following theorem:
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Theorem 3.10. v = v(s) is a slant helix according to Frenet frame if
and only if the principal normal spherical image is a circle.

3.3. A new characterization of general helix according to Bishop

Darboux spherical indicatrix

As indicated in [3], another Bishop spherical image is determined in
order to studies this curve, we determine its Frenet-Serret invariants in

terms of Frenet invariants and Bishop invariants of 7.

Definition 3.11. Let y = y(s) be a regular curve in E2. If we

translate of the Bishop Darboux vector field C = @ to the center O of

o]
unit sphere, we obtain a spherical image a¢ = ac(sq, ). This curve is

called Bishop Darboux spherical image or indicatrix of curve y = y(s).
One can differentiate of o with respect to s

o = dOLC dSC
¢ dsc ds

= C'(s).

Here, we shall denote differentiation according to s by dash, and

differentiation according to s¢ by dot.

So, we have

. dSC
— =C." 11
UC g (11)
In [3], the authors have expressed C’, in the terms of Bishop frame

vector fields, as follows:

!’ _ ! 2 ’ 2 _ ’
_ kol kg — kokq M,y + kiky — kikoky M,

¢ 2 242 2 242
(ki + k3 )2 (ki + k3 )2

’ ’

k k
2 3
klkz (—kl j kz (—kl )
2 M1 + 2 Mz.

- 3 3
(kf + k3 )2 (kf + k3 )2
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Using the Equation (9), we may write
C = - kl Ml - ]{/’2 M2

We have the tangent vector of spherical image as follows:

k k 1
T, = —?1M1 —%Mz = —— (kM + kM) = -N
where
dSC _
ds

Or, using the Equation (3), we can write

I S VA S
2 2
1+ (k_zj 1+ (k—lj
ky ko

where

In order to determine the first curvature of o, one can calculate

Ty =T dSc _ _ N _ w1 - 1B,

“C ds

since, we have

since, we express

R2
oo = Mgl = {1 +(2]

using (9), we will also have
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2
(2 + k2
K’OlC = |1+ 1—2,
K2
1 kl
Therefore, we have the principal normal
_ TaC _ 1 [E T — B]
o - .
C Tl o T

From the relation matrix, Equations (3) and (9) we have

ko

k
M, -—L__M,|
JkE + k2 NI

3
N,. = ?2T+
Foc (ks
1 7

By the cross product of T, , x N, ,, we obtain the binormal vector field

1
BO‘C:H

[T +EB].
ac T

On the other hand, we can express B, in term of Bishop invariants

as follows:

2 . .2 2
B _ 1 T_kz(kl +k2)Ml+l€1 +k2M
o ’
¢ e ,ﬁz(k_zj " (k_z]
ky ky

In order to determinate the torsion, we differentiate B, and we

write
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since, we have

N GO I G
T )

By the formulae of the torsion, we have

Tac = _<Bac’ Nac>

using (9), we will also have

o

Theorem 3.12. Let op = ac(sac) be Bishop Darboux spherical

image of y = y(s). y is a general helix if and only if a¢ is a circle.

Proof 3.13. Similar to proof of the Corollary 3.7, the above result can
be obtained by the equation

H2
K/GC: 1+(:j,

property of general helix and Corollary 3.3.
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4. Examples
Example 4.1. Let us consider a unit speed circular helix by
B=p@s)=(acoss, asin E)
c’ ¢ ¢’

where ¢ = Va? + b2 € R. One can calculate its Frenet-Serret apparatus
as the following:

.8 s
T ==(-asin>, acos~, b),
c c c

N =(-cos2, —sin2,0),
¢ ¢

B :l(bsinf, “beos?, a).
c c c

In order to determine the Bishop frame of the curve B = B(s), let us

from

b bs
—ds = —.
c? c?

0(s) =

Oty 0

Since, we can write the transformation matrix

T 1 0 0 T

N|=1|0 cosi’—é9 sin([:—ég M |.
o b b

B 0 —s1nc—g cosc—g My

By the method of Cramer, one can obtain the Bishop trihedra as follows:

The tangent:

1 .8 s
T ==(-asin>, acos—, b).
c ¢ ¢
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The Mj:
s bs b . s . bs b s . bs .8 bs a . bs
M; = (- cos~cos— ——sin—sin—, ~cos~sin = —sin ~cos —, - —sin —-).
c c c c 2 e c c c c c c
The My:
b . s bs s . bs b s bs . s . bs a bs
My = (=sin=cos — — cos—sin ——, — — €COS — COS — — Sin — §in —, — — COS — ).
c c c? c c? c c c? c c? c c?

So, one can calculate the Bishop Darboux field as follows:

b . s b s\ a
C—(ESID(E),—ZCOS(;),FJ.

Figure 1. Bishop Darboux spherical indicatrix of B = B(s).
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Example 4.2. Let us consider the following unit speed curve
v = (11, v2, ¥3):

9 1
M= 508 ——sin(16s) - — s1n(363)
Yo = 23 cos(16s) I cos(SGs)

6 .
Y3 = gsm(lOs),

this curvature’s functions are expressed in [6] as
k(s) = — 24 sin(10s),
T = 24 cos(10s).
The vectors of Frenet-Serret frame along the curve y are given by

The tangent:

V] = 1% cos(16s) — cos(SGs)
9 . .
T =17 = 13 sin(16s) — ﬁ sin(36s),

.12
Y3 = I3 cos(10s).

The principal normal:

6 sin(16s) 6 sin(36s)
N]_ = Ta T A AN T e T A~
13 sin(10s) 13 sin(10s)
6 cos(16s) 6 cos(36s)
N=IN, = 5
27 13 sin(10s) 13 sin(10s)’
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The binormal:

By = 22 Gin(16s) - 22 sin(36s) + -2 COS(165) 72 cos(36s)

169 169 169 tan(10s) 169 tan(10s)’
3 45 20 72 sin(16s) 72 sin(36s)
B = 1By = ~{gg c0s(165) + {55 cos(365) + 155 - n(10s) ~ 169 tan(i0s)’
156 .
B; = —@sm(ws).

We also need
S
0(s) = j24 cos(10s)ds = %sin(lOs).
0

The transformation matrix for the curve y = y(s) has the form

T 1 0 0 T

N|=1|0 cos( 24 sin(10s)) sin( 24 sin(10s)) | | M; |.
10 10

B 0 — sin( % sin(10s)) cos( % sin(10s)) | | Mo

By the method of Cramer, one can obtain the Bishop trihedra as follows:
The tangent:
9 4
13 cos(16s) — 13 cos(36s),
7-]2 sin(16s) — 4 sin(36s)
13 13 ’

12
13 cos(10s).

The M1:

B
1l

cos( % sin(10s))N — sin( ?—g sin(10s))B.

The My:

S
|

.24 . 24 .
sin( 0 sin(10s))N + cos( 0 sin(10s))B.
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Using the expression of C, the Bishop Darboux field, we have

(1]

(2]

(3]

(4]

C = —sin( f_gsm(ms))Ml + cos( %sin(lOs))M2.

Figure 2. Bishop Darboux spherical indicatrix of y = y(s).
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