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Abstract 

Several generalizations and refinements of some Steffensen type inequalities for 
Stieltjes integral are established. 

1. Introduction 

The well-known classical Steffensen’s inequality [6] states: 

Theorem 1. Let f and g be integrable functions defined on [ ]ba,  with 

f decreasing, and for each [ ] ( ) .10,, ≤≤∈ tgbat  Then 

( ) ( ) ( ) ( ) ,dttfdttgtfdttf
a

a

b

a

b

b ∫∫∫
λ+

λ−
≤≤  (1) 
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where ( ) .dttg
b
a∫=λ  

In [1], the Steffensen’s inequality have been generalized in Stieltjes 
integral type. 

Recall that if any one of the two Stieltjes integrals 

( ) ( ) ( ) ( )tdftgtdgtf
b

a

b

a ∫∫ and  

exists, then the other one also exists and one has 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).agafbgbftdftgtdgtf
b

a

b

a
−=+ ∫∫  

In what follows, we always assume that µ  is a finite continuous 
strictly increasing function defined on [ ]., ba  This assures that the 

inverse 1−µ exists and is also a finite continuous strictly increasing 
function defined on ( ) ( )[ ]., ba µµ  

If f is a monotonic function defined on [ ],, ba  then the Stieltjes 
integral of f with respect to ,µ  i.e., 

( ) ( ),tdtf
b

a
µ∫  

clearly exists. For brevity, we would like to agree on saying that f is 

integrable-µ  if and only if ( ) ( )tdtf
b
a

µ∫  exists. 

In [1], the following Stieltjes type inequality for Stieltjes integral was 
proved: 

Theorem 2. Let f and g be ntegrablei-µ  functions defined on [ ]ba,  
with f decreasing, and for each [ ] ( ) .10,, ≤≤∈ tgbat  Then 

( )( )
( ) ( ) ( ) ( ) ( )

( )( )
( ) ( ),

1

1 tdtftdtgtftdtf
a

a

b

a

b

b
µ≤µ≤µ ∫∫∫

λ+µµ

λ−µµ

−

−
 (2) 

where ( ) ( ).tdtg
b
a

µ=λ ∫  
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If we take ( ) tt =µ  in Theorem 2, then the inequality (2) reduced to 

the inequality (1). In [2], a generalization of Theorem 2 was obtained as 
follows: 

Theorem 3. Let ,, gf  and h be ntegrablei-µ  functions defined on 

[ ]ba,  with f decreasing, and for each [ ] ( ) ( ).0,, thtgbat ≤≤∈  Then 

( )( )
( ) ( ) ( ) ( ) ( ) ( )

( )( )
( ) ( ) ( ),

1

1 tdthtftdtgtftdthtf
a

a

b

a

b

b
µ≤µ≤µ ∫∫∫

λ+µµ

λ−µµ

−

−
 (3) 

provided that there exists ( ) ( )[ ]ab µ−µ∈λ ,0  such that 

( )( )
( ) ( ) ( ) ( )

( )( )
( ) ( ).

1

1 tdthtdtgtdth
a

a

b

a

b

b
µ=µ=µ ∫∫∫

λ+µµ

λ−µµ

−

−
 

If we take ( ) tt =µ  in Theorem 3, then the inequality (3) reduced to 

the corrected version of a Mercer’s result in [4] which has been proved in 
[3] and [7] in different ways as follows: 

Theorem 4. Let ,, gf  and h be integrable functions defined on [ ]ba,  

with f decreasing, and for each [ ] ( ) ( ).0,, thtgbat ≤≤∈  Then 

( ) ( ) ( ) ( ) ( ) ( ) ,dtthtfdttgtfdtthtf
a

a

b

a

b

b ∫∫∫
λ+

λ−
≤≤  

provided that there exists [ ]ab −∈λ ,0  such that 

( ) ( ) ( ) .dtthdttgdtth
b

b

b

a

a

a ∫∫∫ λ−

λ+
==  

Theorem 5. Let ,,, hgf  and k  be a positive ntegrablei-µ  functions 

defined on [ ]ba,  with kf  decreasing, and .0 hg ≤≤  Then 

( )( )
( ) ( ) ( ) ( ) ( ) ( )

( )( )
( ) ( ) ( ),

1

1 tdthtftdtgtftdthtf
a

a

b

a

b

b
µ≤µ≤µ ∫∫∫

λ+µµ

λ−µµ

−

−
 (4) 

provided that there exists ( ) ( )[ ]ab µ−µ∈λ ,0  such that 
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( )( )
( ) ( ) ( ) ( ) ( ) ( )

( )( )
( ) ( ) ( ).

1

1 tdtthtdttgtdtth
a

a

b

a

b

b
µ=µ=µ ∫∫∫

λ+µµ

λ−µµ

−

−
kkk  

Motivated by [7] and [5], in this paper, we will give a further discussion on 
Steffensen type inequalities for Stieltjes integral. Several generalizations 
and refinements of some above mentioned inequalities are obtained. 

2. Main Results 

We first provide a useful lemma. 

Lemma. Let ,, gf  and h be ntegrablei-µ  functions defined on [ ]., ba  

Suppose also that ( ) ( )[ ]ab µ−µ∈λ ,0  is a real number such that 

( )( )
( ) ( ) ( ) ( )

( )( )
( ) ( ).1

1

tdthtdtgtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

 

Then 

( ) ( ) ( )
( )( )

( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthaftfthtftdtgtf
a

a

b

a
µ−λ+µµ−−=µ −

λ+µµ

∫∫
−

1
1

 

( )( )
[ ( ) ( ( )( ))] ( ) ( ),1

1 tdtgaftf
b

b
µλ+µµ−+ −

λ−µµ∫ −
 (5) 

and 

( ) ( ) ( )
( )( )

[ ( ) ( ( )( ))] ( ) ( )tdtgbftftdtgtf
b

a

b

a
µλ−µµ−=µ −

λ−µµ

∫∫
−

1
1

 

( )( )
( ( ) ( ) [ ( ) ( ( )( ))]λ−µµ−−+ −

λ−µµ∫ −
bftfthtf

b

b
1

1  

( ) ( )[ ]) ( ).tdtgth µ−×  (6) 

Proof. Observe that ( ) ( )[ ],,0 ab µ−µ∈λ  we get ( ) ( ) ( )baa µ≤λ+µ≤µ  

and ( ) ( ) ( ),bba µ≤λ−µ≤µ  which also imply that ( )( ) baa ≤λ+µµ≤ −1  

and ( )( ) .1 bba ≤λ−µµ≤ −  
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By assumption 

( )( )
( ) ( ) ( ) ( ),

1

tdtgtdth
b

a

a

a
µ=µ ∫∫

λ+µµ−

 

it is not difficult to deduce that 

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthaftfthtf

a

a
µ−λ+µµ−− −

λ+µµ

∫
−

1
1

 

( ) ( ) ( )tdtgtf
b

a
µ− ∫  

( )( )
( ( ) ( ) ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthaftftgtfthtf

a

a
µ−λ+µµ−−−= −

λ+µµ

∫
−

1
1

 

( )( )
( ) ( ) ( ) ( ) ( ) ( )tdtgtftdtgtf

b

a

a

a
µ−µ+ ∫∫

λ+µµ−1

 

( )( )
( ( )( )) ( ) ( )[ ]) ( )

( )( )
( ) ( ) ( )tdtgtftdtgthaf

b

a

a

a
µ−µ−λ+µµ= ∫∫ λ+µµ

−
λ+µµ

−

−

1

1
1  

( ( )( )) (
( )( )

( ) ( )
( )( )

( ) ( ))tdtgtdthaf
a

a

a

a
µ−µλ+µµ= ∫∫

λ+µµλ+µµ
−

−− 11
1  

( )( )
( ) ( ) ( )tdtgtf

b

a
µ− ∫ λ+µµ−1  

( ( )( )) ( ( ) ( )
( )( )

( ) ( ))tdtgtdtgaf
a

a

b

a
µ−µλ+µµ= ∫∫

λ+µµ
−

−1
1  

( )( )
( ) ( ) ( )tdtgtf

b

a
µ− ∫ λ+µµ−1  

( ( )( ))
( )( )

( ) ( )
( )( )

( ) ( ) ( )tdtgtftdtgaf
b

a

b

a
µ−µλ+µµ= ∫∫ λ+µµλ+µµ

−
−− 11

1  

( )( )
[ ( ( )( )) ( )] ( ) ( ),1

1 tdtgtfaf
b

a
µ−λ+µµ= −

λ+µµ∫ −
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which is just the desired identity (5) asserted by the Lemma. 

Now by assumption 

( )( )
( ) ( ) ( ) ( ),1 tdtgtdth

b

a

b

b
µ=µ ∫∫ λ−µµ−

 

we can also deduce that 

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthbftfthtf

b

b
µ−λ−µµ−− −

λ−µµ∫ −
1

1  

( ) ( ) ( )tdtgtf
b

a
µ− ∫  

( )( )
( ( ) ( ) ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthbftftgtfthtf

b

b
µ−λ−µµ−−−= −

λ−µµ∫ −
1

1  

( )( )
( ) ( ) ( ) ( ) ( ) ( )tdtgtftdtgtf

b

a

b

b
µ−µ+ ∫∫ λ−µµ−1  

( )( )
( ( )( )) ( ) ( )[ ]) ( )

( )( )
( ) ( ) ( )tdtgtftdtgthbf

b

a

b

b
µ−µ−λ−µµ= ∫∫

λ−µµ
−

λ−µµ

−

−

1

1
1  

( ( )( )) (
( )( )

( ) ( )
( )( )

( ) ( ))tdtgtdthbf
b

b

b

a
µ−µλ−µµ= ∫∫ λ−µµλ+µµ

−
−− 11

1  

( )( )
( ) ( ) ( )tdtgtf

b

a
µ− ∫

λ−µµ−1

 

( ( )( )) ( ( ) ( )
( )( )

( ) ( ))tdtgtdtgbf
b

b

b

a
µ−µλ−µµ= ∫∫ λ−µµ

−
−1

1  

( )( )
( ) ( ) ( )tdtgtf

b

a
µ− ∫

λ−µµ−1

 

( ( )( ))
( )( )

( ) ( )
( )( )

( ) ( ) ( )tdtgtftdtgbf
b

a

b

a
µ−µλ−µµ= ∫∫

λ−µµλ−µµ
−

−− 11
1  
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( )( )
[ ( ( )( )) ( )] ( ) ( ),1

1

tdtgtfbf
b

a
µ−λ−µµ= −

λ−µµ

∫
−

 

which is just the desired identity (6) asserted by the Lemma. 

Theorem 6. Let ,, gf  and h be ntegrablei-µ  functions defined on [ ]ba,  

with f decreasing, and .0 hg ≤≤  Suppose also that [ ( ) ( )]ab µ−µ∈λ ,0  is a 

real number such that 

( )( )
( ) ( ) ( ) ( )

( )( )
( ) ( ).1

1

tdthtdtgtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

 

Then we have the following inequalities: 

( )( )
( ) ( ) ( )tdthtf

b

b
µ∫ λ−µµ−1  

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthbftfthtf

b

b
µ−λ−µµ−−≤ −

λ−µµ∫ −
1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthaftfthtf

a

a
µ−λ+µµ−−≤ −

λ+µµ

∫
−

1
1

 

( )( )
( ) ( ) ( ).

1

tdthtf
a

a
µ≤ ∫

λ+µµ−

 (7) 

Proof. Since f is decreasing on [ ]ba,  and ,0 hg ≤≤  we can conclude 

that 

( )( )
[ ( ) ( ( )( ))] ( ) ( )[ ]) ( ) ,01

1

≥µ−λ+µµ− −
λ+µµ

∫
−

tdtgthaftf
a

a
 (8) 

( )( )
[ ( ) ( ( )( ))] ( ) ( ) ,01

1 ≤µλ+µµ− −

λ+µµ∫ −
tdtgaftf

b

a
 (9) 
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( )( )
[ ( ) ( ( )( ))] ( ) ( )[ ]) ( ) ,01

1 ≤µ−λ−µµ− −

λ−µµ∫ −
tdtgthbftf

b

b
 (10) 

and 

( )( )
[ ( ) ( ( )( ))] ( ) ( ) .01

1

≥µλ−µµ− −
λ−µµ

∫
−

tdtgbftf
b

a
 (11) 

By (5), (8), and (9), we find that 

( ) ( ) ( )tdtgtf
b

a
µ∫  

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthaftfthtf

a

a
µ−λ+µµ−−≤ −

λ+µµ

∫
−

1
1

 

( )( )
( ) ( ) ( ),

1

tdthtf
a

a
µ≤ ∫

λ+µµ−

 (12) 

and by (6), (10), and (11), we get 

( )( )
( ) ( ) ( )tdthtf

b

b
µ∫ λ−µµ−1  

( )( )
( ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )[ ]) ( )tdtgthbftfthtf

b

b
µ−λ−µµ−−≤ −

λ−µµ∫ −
1

1  

( ) ( ) ( ).tdtgtf
b

a
µ≤ ∫  (13) 

Consequently, inequalities (7) follow by combining the inequalities (12) 
and (13). The proof is completed. 

In particular, if we take ( ) ,1≡th  then we obtain the following 

refinement of Steffensen type inequality (2). 
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Corollary 1. Let f and g be ntegrablei-µ  functions defined on [ ]ba,  

with f decreasing, and for each [ ] ( ) .10,, ≤≤∈ tgbat  Then 

( )( )
( ) ( )tdtf

b

b
µ∫ λ−µµ−1  

( )( )
( ( ) [ ( ) ( ( )( ))] ( )[ ]) ( )tdtgbftftf

b

b
µ−λ−µµ−−≤ −

λ−µµ∫ −
11

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( )( )
( ( ) [ ( ) ( ( )( ))] ( )[ ]) ( )tdtgaftftf

a

a
µ−λ+µµ−−≤ −

λ+µµ

∫
−

11
1

 

( )( )
( ) ( ),

1

tdtf
a

a
µ≤ ∫

λ+µµ−

 (14) 

where ( ) ( ).tdtg
b
a

µ=λ ∫  

Theorem 7. Let ,,, hgf  and v/  be ntegrablei-µ  functions defined on 
[ ]ba,  with f decreasing, and ( ) ( ) ( ) ( )tvthtgtv /−≤≤/≤0  for [ ]., bat ∈  
Suppose also that ( ) ( )[ ]ab µ−µ∈λ ,0  is a real number such that 

( )( )
( ) ( ) ( ) ( )

( )( )
( ) ( ).1

1

tdthtdtgtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

 

Then we have the following inequalities: 

( )( )
( ) ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )tdtvbftftdthtf

b

a

b

b
µ/λ−µµ−+µ −

λ−µµ ∫∫ −
1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( )( )
( ) ( ) ( ) [ ( ) ( ( )( )] ( ) ( ).1

1

tdtvaftftdthtf
b

a

a

a
µ/λ+µµ−−µ≤ −

λ+µµ

∫∫
−

  

(15) 



ZHENG LIU 78

Proof. Since f is decreasing on [ ]ba,  and ( ) ( ) ( ) ( )tvthtgtv /−≤≤/≤0  

for [ ],, bat ∈  we have 

( )( )
[ ( ) ( ( )( ))] ( ) ( )[ ] ( )tdtgthaftf

a

a
µ−λ+µµ− −

λ+µµ

∫
−

1
1

 

( )( )
[ ( ( )( )) ( )] ( ) ( )tdtgtfaf

b

a
µ−λ+µµ+ −

λ+µµ∫ −
1

1  

( )( )
( ) ( ( )( )) ( ) ( )[ ] ( )tdtgthaftf

a

a
µ−λ+µµ−= −

λ+µµ

∫
−

1
1

 

( )( )
( ( )( )) ( ) ( ) ( )tdtgtfaf

b

a
µ−λ+µµ+ −

λ+µµ∫ −
1

1  

( )( )
( ) ( ( )( )) ( ) ( )tdtvaftf

a

a
µ/λ+µµ−≥ −

λ+µµ

∫
−

1
1

 

( )( )
( ( )( )) ( ) ( ) ( ) ( )tdtdtvtfaf

b

a
µµ/−λ+µµ+ −

λ+µµ∫ −
1

1  

[ ( ) ( ( )( ))] ( ) ( ) ,1 tdtvbftf
b

a
µ/λ−µµ−= −∫  (16) 

and 

( )( )
[ ( ) ( ( )( ))] ( ) ( )tdtgbftf

b

a
µλ−µµ− −

λ−µµ

∫
−

1
1

 

( )( )
[ ( ( )( )) ( )] ( ) ( )[ ] ( )tdtgthtfbf

b

b
µ−−λ−µµ+ −

λ−µµ∫ −
1

1  

( )( )
( ) ( ( )( )) ( ) ( )tdtgbftf

b

a
µλ−µµ−= −

λ−µµ

∫
−

1
1

 

( )( )
( ( )( )) ( ) ( ) ( )[ ] ( )tdtgthtfbf

b

b
µ−−λ−µµ+ −

λ−µµ∫ −
1

1  
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( )( )
( ) ( ( )( )) ( ) ( )tdtvbftf

b

a
µ/λ−µµ−≥ −

λ−µµ

∫
−

1
1

 

( )( )
( ( )( )) ( ) ( ) ( )tdtvtfbf

b

b
µ/−λ−µµ+ −

λ−µµ∫ −
1

1  

[ ( ) ( ( )( ))] ( ) ( ).1 tdtvbftf
b

a
µ/λ−µµ−= −∫  (17) 

By combining the identities (5), (6) and inequalities (16), (17), we get 
the inequality (15) asserted by Theorem 7. Thus the proof is completed. 

Corollary 2. Let f and g be ntegrablei-µ  functions defined on [ ]ba,  

with f decreasing, and ( ) MtgM −≤≤≤ 10  for [ ]., bat ∈  Then 

( )( )
( ) ( ) [ ( ) ( ( )( ))] ( )tdbftfMtdtf

b

a

b

b
µλ−µµ−+µ −

λ−µµ ∫∫ −
1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( )( )
( ) ( ) [ ( ) ( ( )( )] ( ),1

1

tdaftfMtdtf
b

a

a

a
µλ+µµ−−µ≤ −

λ+µµ

∫∫
−

 (18) 

where ( ) ( ).tdtg
b
a

µ=λ ∫  

Remark 1. Clearly, the inequality (18) is a refinement and 
generalization of Steffensen type inequality (2). Indeed, in its special case 
when ,0=M  the inequality (18) would reduce to Steffensen type 

inequality (2). 

Now, we would like to give a general result on a considerably 
improved version of Steffensen type inequality (2) by introducing the 
additional parameters 1λ  and .2λ  
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Theorem 8. Let f and g be ntegrablei-µ  functions defined on [ ]ba,  

with f decreasing, and ( ) MtgM −≤≤≤ 10  for [ ]., bat ∈  Also let 

( ) ( ) ( ) ( ).0 21 abtdtg
b
a

µ−µ≤λ≤µ≤λ≤ ∫  Then we have the following 

inequalities: 

( ( ) )
( ) ( ) ( ) ( ( ) ( ) )1

1
1 λ−µ+µ ∫∫ λ−µµ−

tdtgbftdtf
b

a

b

b
 

( ) ( ( ( ) ( ) ( )) ( )tdtdtgbftfM
b

a

b

a
µµ−µµ−+ ∫∫ −1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ) ( ) ( ) ( ( ) ( ))tdtgbftdtf

b

a

a

a
µ−λ−µ≤ ∫∫

λ+µµ−

2
2

1

 

( ) ( ( ( ) ( ) ( )) ( ).1 tdtdtgaftfM
b

a

b

a
µµ+µµ−− ∫∫ −  (19) 

Proof. By assumption, it is clear that 

( ) ( ) ( ) ( ) ( ) ( ) ( ),21 batdtgaaa
b

a
µ≤λ+µ≤µ+µ≤λ+µ≤µ ∫  

and 

( ) ( ) ( ) ( ) ( ) ( ) ( ),12 bbtdtgbba
b

a
µ≤λ−µ≤µ−µ≤λ−µ≤µ ∫  

which also imply that 

( )( ) ( ( ) ( ) ( )) ( )( ) ,2
11

1
1 batdtgaaa

b

a
≤λ+µµ≤µ+µµ≤λ+µµ≤ −−− ∫  

and 

( )( ) ( ( ) ( ) ( )) ( )( ) .1
11

2
1 bbtdtgbba

b

a
≤λ−µµ≤µ−µµ≤λ−µµ≤ −−− ∫  
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By direct computation, we get 

( ) ( ) ( )
( ( ) )

( ) ( ) ( ) ( ( ) ( ))tdtgbftdtftdtgtf
b

a

a

a

b

a
µ−λ+µ−µ ∫∫∫

λ+µµ−

2
2

1

 

( ) ( ) ( )
( ( ) )

( ) ( )
( ( ) )

( ) ( )tdbftdtftdtgtf
a

a

a

a

b

a
µ+µ−µ= ∫∫∫

λ+µµλ+µµ −−
2

1
2

1

 

( ) ( ) ( )tdtgbf
b

a
µ− ∫  

( ) ( )[ ] ( ) ( )
( ( ) )

( ) ( )[ ] ( )tdbftftdtgbftf
a

a

b

a
µ−−µ−= ∫∫

λ+µµ− 2
1

 

( ) ( )[ ] ( ) ( )
( ( ) ( ) ( ) )

( ) ( )[ ] ( ),
1

tdbftftdtgbftf
tdtga

a

b

a

b
a µ−−µ−≤ ∫∫

µ+µµ ∫−

 (20) 

where the last inequality follows from the assumption that 

( ( ) ( ) ( )) ( )( ) ,2
11 batdtgaa

b

a
≤λ+µµ≤µ+µµ≤ −− ∫  

and 

( ) ( ) [ ].,for0 batbftf ∈≥−  

On the other hand, since the function ( ) ( )bftf −  is integrable-µ  and 

decreasing on [ ],, ba  thus by using Corollary 2 with the following 

substitution: 

( ) ( ) ( ),bftftf −  

in (18), we find that 

[ ( ) ( )] ( ) ( )
( ( ) ( ) ( ) )

[ ( ) ( )] ( )tdbftftdtgbftf
tdtga

a

b

a

b
a µ−−µ− ∫∫

µ+µµ ∫−1

 

( ) ( ) ( ( ( ) ( ) ( ))) ( ).1 tdtdtgafbftfM
b

a

b

a
µµ+µµ−−−≤ ∫∫ −  (21) 
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By combining the inequalities (20) and (21), we obtain 

( ) ( ) ( )
( ( ) )

( ) ( ) ( ) ( ( ) ( ))tdtgbftdtftdtgtf
b

a

a

a

b

a
µ−λ+µ−µ ∫∫∫

λ+µµ−

2
2

1

 

( ) ( ) ( ( ( ) ( ) ( ))) ( ),1 tdtdtgafbftfM
b

a

b

a
µµ+µµ−−−≤ ∫∫ −  

which is the second inequality in the assertion (19) of Theorem 8. 

Similarly, we can also prove that 

( ) ( ) ( )
( ( ) )

( ) ( ) ( ) ( ( ) ( ) )1
1

1 λ−µ−µ−µ ∫∫∫ λ−µµ−
tdtgbftdtftdtgtf

b

a

b

b

b

a
 

[ ( ) ( )] ( ) ( )
( ( ) ( ) ( ) )

[ ( ) ( )] ( ) ( )tdtgbftftdtgbftf
b

tdtgb

b

a b
a

µ−−µ−≥ ∫∫ µ−µµ ∫−1  

( ) ( ( ( ) ( ) ( )) ( ),1 tdtdtgbftfM
b

a

b

a
µµ−µµ−≥ ∫∫ −  

which implies the first inequality in the assertion (19) of Theorem 8. 
Thus completes the proof of Theorem 8. 

Remark 2. It is clear that Steffensen type inequality (2) would follow 
as a special case of the inequality (19) when 

.0 21 λ=λ=M  

Moreover, it is worth noticing that the inquality (19) is stronger than 
Steffensen type inequality (2) if ( ) .0≥bf  

Theorem 9. Let h be a positive ntegrablei-µ  functions on [ ]ba,  and 

gf ,  be ntegrablei-µ  functions on [ ]ba,  such that h
f  is decreasing, and 

( ) [ ].,,10 battg ∈≤≤  Suppose also that ( ) ( )[ ]ab µ−µ∈λ ,0  is a real 

number such that 

( ( ) )
( ) ( ) ( ) ( ) ( )

( ( ) )
( ) ( ).1

1

tdthtdtgthtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−
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Then we have the following inequalities: 

( ( ) )
( ) ( )tdtf

b

b
µ∫ λ−µµ−1  

( ( ) )
( ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( )[ ]) ( )tdtgth
bh
bf

th
tftf

b

b
µ−

λ−µµ

λ−µµ
−−≤

−

−

λ−µµ∫ −
11

1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( )[ ]) ( )tdtgth
ah
af

th
tftf

a

a
µ−

λ+µµ

λ+µµ
−−≤

−

−λ+µµ

∫
−

11

11

 

( ( ) )
( ) ( ).

1

tdth
a

a
µ≤ ∫

λ+µµ−

 

Proof. Take the substitutions ( ) ( )
( )th
tftf  and ( ) ( ) ( )tgthtg  in 

Theorem 6. 

Theorem 10. Let k  be a positive ntegrablei-µ  functions on [ ]ba,  and 

hgf ,,  be ntegrablei-µ  functions on [ ]ba,  such that 
k
f  is decreasing, 

and ( ) ( ) [ ].,,0 batthtg ∈≤≤  Suppose also that [ ( )bµ∈λ ,0  ( )]aµ−  is a 

real number such that 

( ( ) )
( ) ( ) ( ) ( ) ( ) ( )

( ( ) )
( ) ( ) ( ).1

1

tdtthtdttgtdtth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

kkk  

Then we have the following inequalities: 

( ( ) )
( ) ( ) ( )tdthtf

b

b
µ∫ λ−µµ−1  

( ( ) )
( ( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( )[ ]) ( )tdtgtht
b
bf

t
tfthtf

b

b
µ−

λ−µµ

λ−µµ
−−≤

−

−

λ−µµ∫ −
k

kk 1

1

1  
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( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( )[ ]) ( )tdtgtht
a
af

t
tfthtf

a

a
µ−

λ+µµ

λ+µµ
−−≤

−

−λ+µµ

∫
−

k
kk 1

11

 

( ( ) )
( ) ( ) ( ).

1

tdthtf
a

a
µ≤ ∫

λ+µµ−

 

Proof. Take the substitutions ( ) ( )
( ) ( ) ( ) ( ),, tgttgt
tftf k
k

 and 

( ) ( ) ( )thtth k  in Theorem 6. 

Theorem 11. Let h be a positive ntegrablei-µ  functions on [ ]ba,  and 

vgf /,,  be ntegrablei-µ  functions on [ ]ba,  such that h
f  is decreasing, and 

( ) ( ) ( )tvtgtv /−≤≤/≤ 10  for [ ]., bat ∈  Suppose also that [ ( ) ( )]ab µ−µ∈λ ,0  

is a real number such that 

( ( ) )
( ) ( ) ( ) ( ) ( )

( ( ) )
( ) ( ).1

1

tdthtdtgthtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

 

Then we have the following inequalities: 

( ( ) )
( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( )tdtvth
bh
bf

th
tftdtf

b

a

b

b
µ/

λ−µµ

λ−µµ
−+µ

−

−

λ−µµ ∫∫ − 1

1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( ).1

11

tdtvth
ah
af

th
tftdtf

b

a

a

a
µ/

λ+µµ

λ+µµ
−−µ≤

−

−λ+µµ

∫∫
−

 

Proof. Take the substitutions ( ) ( )
( ) ( ) ( ) ( )tgthtgth
tftf ,  and 

( ) ( ) ( )tvthtv //  in Theorem 7. 
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Theorem 12. Let k  be a positive ntegrablei-µ  functions on [ ]ba,  and 

vhgf /,,,  be ntegrablei-µ  functions on [ ]ba,  such that 
k
f  is decreasing, 

and ( ) ( ) ( ) ( )tvthtgtv /−≤≤/≤0  for [ ]., bat ∈  Suppose also that 

( ) ( )[ ]ab µ−µ∈λ ,0  is a real number such that 

( ( ) )
( ) ( ) ( ) ( ) ( ) ( )

( ( ) )
( ) ( ) ( ).1

1

tdtthtdttgtdtth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−

kkk  

Then we have the following inequalities: 

( ( ) )
( ) ( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( )tdtvt
b
bf

t
tftdthtf

b

a

b

b
µ/

λ−µµ

λ−µµ
−+µ

−

−

λ−µµ ∫∫ −
k

kk 1

1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ) ( ) ( ) [ ( )

( )
( ( )( ))
( ( )( ))

] ( ) ( ) ( ).1

11

tdtvt
a
af

t
tftdthtf

b

a

a

a
µ/

λ+µµ

λ+µµ
−−µ≤

−

−λ+µµ

∫∫
−

k
kk

 

(22) 

Proof. Take the substitutions ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )thtthtgttgt
tftf kk
k

,,  

and ( ) ( ) ( )tvttv // k  in Theorem 7. 

Remark 3. Clearly, the inequality (22) is a refinement and 
generalization of Steffensen type inequality (4). 

Corollary 3. Let vhgf /,,,  be ntegrablei-µ  functions on [ ]ba,  with    

f is decreasing, and ( ) ( ) ( ) ( )tvthtgtv /−≤≤/≤0  for [ ]., bat ∈  Suppose 

also that ( ) ( )[ ]ab µ−µ∈λ ,0  is a real number such that 

( ( ) )
( ) ( ) ( ) ( )

( ( ) )
( ) ( ).1

1

tdthtdtgtdth
b

b

b

a

a

a
µ=µ=µ ∫∫∫ λ−µµ

λ+µµ

−

−
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Then we have the following inequalities: 

( ( ) )
( ) ( ) ( ) [ ( ) ( ( )( ))] ( ) ( )tdtvbftftdthtf

b

a

b

b
µ/λ−µµ−+µ −

λ−µµ ∫∫ −
1

1  

( ) ( ) ( )tdtgtf
b

a
µ≤ ∫  

( ( ) )
( ) ( ) ( ) [ ( ) ( ( )( ))] ( ) ( ).1

1

tdtvaftftdthtf
b

a

a

a
µ/λ+µµ−−µ≤ −

λ+µµ

∫∫
−

  (23) 

Remark 4. Clearly, the inequality (23) is a refinement and 
generalization of Steffensen type inequality (3). 
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