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Abstract

Several generalizations and refinements of some Steffensen type inequalities for
Stieltjes integral are established.

1. Introduction

The well-known classical Steffensen’s inequality [6] states:

Theorem 1. Let f and g be integrable functions defined on [a, b] with
f decreasing, and for each t € [a, b], 0 < g(¢t) < 1. Then

b b a+\h
J f(¢)dt < j f(t)g(t)dt < I f(¢)dt, 1)
b—\ a a
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b

where L = I g(t)dt.
a

In [1], the Steffensen’s inequality have been generalized in Stieltjes
integral type.

Recall that if any one of the two Stieltjes integrals
b b
[ rde®) and [ gwyare
a a
exists, then the other one also exists and one has
b b
[ rods+ | sware) = fo)s®) - f@ga).
a a

In what follows, we always assume that p is a finite continuous

strictly increasing function defined on [a, b]. This assures that the
inverse ufl exists and is also a finite continuous strictly increasing

function defined on [u(a), w(®)].

If f is a monotonic function defined on [a, b], then the Stieltjes

integral of f with respect to p, i.e.,

b
[ rwdue).

clearly exists. For brevity, we would like to agree on saying that f is

b
u-integrable if and only if I f(¢)du(t) exists.
a

In [1], the following Stieltjes type inequality for Stieltjes integral was
proved:

Theorem 2. Let f and g be u-integrable functions defined on [a, b]
with f decreasing, and for each t € [a, b], 0 < g(t) < 1. Then

@)+

10a0 = [ rogoa < [ oao, @

J- b
u (u(b)-2

where L = I(I:g(t)dp(t).
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If we take u(t) =t in Theorem 2, then the inequality (2) reduced to

the inequality (1). In [2], a generalization of Theorem 2 was obtained as

follows:

Theorem 3. Let f, g, and h be n-integrable functions defined on
[a, b] with f decreasing, and for each t € [a, b], 0 < g(t) < h(t). Then

-1

[%0  onoao < [ rosoan < [ fona), o
W (u(b)-2) a a

provided that there exists A € [0, u(b) — w(a)] such that

_[ W (u(a)n

(") hodut) = [ aerauo - h(t)duto).
n(u(b)-2) a

If we take p(t) = ¢ in Theorem 3, then the inequality (3) reduced to

the corrected version of a Mercer’s result in [4] which has been proved in

[3] and [7] in different ways as follows:

Theorem 4. Let f, g, and h be integrable functions defined on [a, b]
with f decreasing, and for each t € [a, b], 0 < g(t) < h(t). Then

b b a+\i
j f(Oh(t)dt < j ft)et)dt < j F(Oh(t)dt,
b—-\ a a

provided that there exists A € [0, b — a] such that

a+i b b
I h(t)dt = I gt)dt = I h(t)dt.
a a b-A
Theorem 5. Let f, g, h, and k be a positive p-integrable functions

defined on [a, b] with f |k decreasing, and 0 < g < h. Then

-1

[0 ona < [ rosoan < [ fona), @
u(ud)-2) a a

provided that there exists A € [0, u(b) — w(a)] such that
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“Hula)+

[’ wepe)au = [ soroane = [ oo,
n 7 (u(6)-1) a a

Motivated by [7] and [5], in this paper, we will give a further discussion on
Steffensen type inequalities for Stieltjes integral. Several generalizations

and refinements of some above mentioned inequalities are obtained.
2. Main Results

We first provide a useful lemma.

Lemma. Let f, g, and h be p-integrable functions defined on [a, b].
Suppose also that A e [0, w(b) — w(a)] is a real number such that
-1
p (ula)+n) b b
| he)du@) = | e@ant) - |
a

h(t)du(t).
T (u(d)-2) @)ante)

a
Then

u(u(a)

+1)
[ rogane = [ 10m0 - 110 - 77 @) + 010 - D)t

) O 67 6@ g0,

and

1 (u(d)-2)

a

[ rsodu) = | [7(0) - F(™ (1(8) = 1)) ()

+ jfl " (b)_x)(f (O(e) = [F(0) = £ (u(B) = 2))]
x [A(t) - g@)])du(t). (6)
Proof. Observe that A e [0, u(b) — u(@)], we get u(a) < p(@) + A < u(d)
and p(a) < p(d) — & < p(b), which also imply that a < u '(u(a)+ 1) < b

and a < p (u(d) - 1) < b.
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By assumption

J-Hf (H(a)”‘)h(t)du(t) - J.jg(t)du(t),

a

it is not difficult to deduce that

[ om0 - £ ) + 1I080) - @)

- j b F(Oe(t)du(t)

" MO Fome) - 1)) - £~ (w7 (ula) + 1)][AG) - 2@ dute)

a

+

[ rosano - [ roswaso

a

[ @)+ 0 k0 - s - [T, s
1 (wla@)+2)

a

“Hula)r

- 16wt - ([ a1 gwane)

b
S EVIOEOLTO

- 167 e+ )] s~ [ gwan)

b
S EIOEOLTO

) )[ e [T, fe0d)
u (m(a)+2) u

Hu(a)+n)

[F(07 (@) + 1) = F()]g(t)due),

J. n (@) +n)
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which is just the desired identity (5) asserted by the Lemma.

Now by assumption

[’ e)ante) = [ ae)aute),
w7 (u(b)-1) a

we can also deduce that

I o (F@&)R(E) = [£(t) = F(u (u(B) = 2)][A(E) - gE)])dn(t)
p(u(d)-2)

[ s
[ (O - F0R0) - [0 - 77 )~ D) - 5t
u (u(b)-2)

b b
S PO OLTORY IR(QROET0

7676~ )0 - gohant) - [ oo

J‘ —
b

W (u(b)-2)

B b
= M) -0 L red) - | £)dn(t)

F0e)dute)

j W (o)1

b

W (u(b)-

= 107 o) - 1) ([ g - [T, g0
a )

[ roswauo

= 6 we) - s - [ g0 a

a
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J‘“f (“(l’)’”[ FuHu®d) - 1)) - F(©)] @) du(),

which is just the desired identity (6) asserted by the Lemma.

Theorem 6. Let f, g, and h be p-integrable functions defined on [a, b]
with f decreasing, and 0 < g < h. Suppose also that L € [0, u(b) — w(a)] is a

real number such that

[ o - [ swao - [

h(t)du(t).
e O

a

Then we have the following inequalities:

b
| oy [ORORE)

< Ib_l (FORE) = [£() = F(n™ () = 2)]IAE) - gt)])dut)
n(u(b)-2)

<[ :f(t)g(t)du(t)

-1

(w(@)+1)
: .[: e (FORE) - [£¢) - F(u (@) + L) [AE) - g@)])dn(t)

[ fomeane, ™

Proof. Since fis decreasing on [a, b] and 0 < g < h, we can conclude

that

I“_ B0 = £ (@) + 1)) — O au®) = o ®)

[ 0= ™ @) + 1)1 < o, ©
p (p(a)+hr)



76 ZHENG LIU

[ PO o) - A0 - g@Ddut < 0. (10)
u(n(d)-2)

and

J-;f (u(b)—%)[f(t) — (L w®) - 2)]gt)du) = o. (11)

By (5), (8), and (9), we find that
b
[ r0s@due)

-1

< J.: (“(G)M)(f(t)h(t) —[f@) = fF(p (@) + W)][RE) - g(@)])du(t)

< _[ W (u(a)+2)

f@R()dn(z), (12)
and by (6), (10), and (11), we get

b
J iy )OO

< ORO - ) £ o) ))IAE) - O ()
n (u(d)-2)

b
shﬂw@@@. (13)

Consequently, inequalities (7) follow by combining the inequalities (12)

and (13). The proof is completed.

In particular, if we take h(t) =1, then we obtain the following

refinement of Steffensen type inequality (2).
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Corollary 1. Let f and g be p-integrable functions defined on [a, b]

with f decreasing, and for each t € [a, b], 0 < g(t) < 1. Then
[* )
t)aplt
u T (u(0)-2)

<

I o () = [£®) = F(™ (u(®) = IDI[L - g@])dn()
n(u(b)-2)

< jf(t)g(t)du(t)

Hula)+n)
<] H "0 - 10 - 7 @)+ )T - g @)

(u(a)+)
< j H o), (14)

where ) = I(I:g(t)dp(t).

Theorem 7. Let f, g, h, and v be p-integrable functions defined on
[a, b] with f decreasing, and 0 < y(¢) < g(t) < h(t)—v(t) for t e [a, b].
Suppose also that . € [0, w(b) — w(a)] is a real number such that
-1
u (w(a)+a) b b
| hodu(e) = [ g - |
a

h(t)du(t).
W (u(b)-2) Ou)

a

Then we have the following inequalities:

[0 om0+ [0~ 67 66) - )lolaue)
u(n(0)-2) a

<[ :f(wg(t)du(t)

By J~M_ (H(a)%)f(t)h(t)du(t) 3 J.jl[f(t) — f(u (@) + 2)]p)| dult).

a

(15)
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Proof. Since f is decreasing on [a, b] and 0 < y(t) < g(t) < h(t) — v(¢)

for t € [a, b], we have

Hu(@)+n)
[0 - A0 ) + 1010 - g0l

a

] 70760 20 = FO) 00

= |£&) = F(u™ (wla) + )| [1(e) ~ g(t)]dn(z)

J- W (u(a)+2)

A @) + 1) - 0@ dnte)
n (u(@)+2)

. _[ n ((a)+n)

|£(8) = F(u™ (@) + 2))p(e)dnlz)

* fb_l £ (@) + 1)) = FO()du(t)du(t)
h 7 ((a)+)

= [0 - £ o) - 1)), 16

and

j:_ (u(b)_k)[f(t) — F(u 7 (u®) - 1)]g(t)du()

e AT @) - 1) - O A0 - gO)dut)
po(r(d)-2)

- £(®) = F(n () - 1))|g(t)dn(t)

J~ u (b))

-1
] gy 7 6= FOIRG) - 500
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1) = P () - o dn()

-1 B
. J-u (u(6)-2

b
-1
] 7 00) =) O )

= [0 £ ) - 2o, an

By combining the identities (5), (6) and inequalities (16), (17), we get
the inequality (15) asserted by Theorem 7. Thus the proof is completed.

Corollary 2. Let f and g be p-integrable functions defined on [a, b]
with f decreasing, and 0 < M < g(t)<1- M for t € [a, b]. Then

[0 0« M0 - 767 00 1))
n(u(d)-2) a

< jf(t)g(t)du(t)

< [ raue - v [ 0 - 160 ) e, a9

where L = Ijg(t)du(t).

Remark 1. Clearly, the inequality (18) is a refinement and
generalization of Steffensen type inequality (2). Indeed, in its special case

when M =0, the inequality (18) would reduce to Steffensen type
inequality (2).

Now, we would like to give a general result on a considerably
improved version of Steffensen type inequality (2) by introducing the

additional parameters A; and A,.
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Theorem 8. Let f and g be u-integrable functions defined on [a, b]

with f decreasing, and 0< M < g(t)<1-M for t e [a,b]. Also let

b
0<M SI g(t)du(t) < g < W) - pu(a). Then we have the following
a

inequalities:

b b
j“_l(“(b)_xl)f(t)du(t) + f(b)(J.a g(t)dn(t) - 2q)

b b
# [ 170~ a7 06) - [ e@du))dute

b
< [ f0e@due)

(@) +hg
< [ a0 - 106 - [ s0ane)

b b
- M 170~ £ (@) + [ aOdu@)]due).  (9)
Proof. By assumption, it is clear that
@) < 0(@) + 2y < wla) + [ g)de) < ula) + 2y < ),
and
na) < u(d) =g < u(bd) - J jg(t)du(t) < ud) -2 < pd),
which also imply that
b
a < p (@) +0) < p 7 (ua) + Ia g(t)du(t)) < uH(w(a) + 1g) < b,
and

b
a < p M (ub) - re) < p M (u(d) - ja g(t)du(t)) < wH(u(d) - 1) < b.
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By direct computation, we get

(@) +ng)

[ roeoane - [ " f0due) + 1000 - [ stauto)

[ [ o [ i
b

- | f®)adnt)

[ 150 - e - [ 0 - o)

K (@) g0du)

a

< [ 10~ sVt - | [£(t) - £(®)ldu(t). 20)

where the last inequality follows from the assumption that
-1 b -1
a =1 (1) + [ e@)du) < 1 (@) + 7o) < b,
a
and

f(t)- f(®) = 0 for ¢ € [a, b].

On the other hand, since the function f(¢)- f(b) is p-integrable and
decreasing on [a, b], thus by using Corollary 2 with the following

substitution:
ft) = f@) - f(0),

in (18), we find that

[t - soneoano- [ =M ) o

b b
<=M [ 170~ 16) - fu™ (@) + [ aOdu@)dut). @D
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By combining the inequalities (20) and (21), we obtain

[ roswano - [ i « 10)6 - [ swane)

b b
<=M [ 110~ £0) - 5 (a) + [ eO0due)duo),

which is the second inequality in the assertion (19) of Theorem 8.

Similarly, we can also prove that

b b b
[ foswane -] | f0due) - f6)([ e®du®)-1)
a T ) a

w(bd)-2rq
b

WM uo)-] ” a(0)dule))

> [0 - feNswan - | [£0) - F®)e(®)dn(t)

> M j :If(t) — f(u M (u(d) - j:g(t)du(t))uu(t),

which implies the first inequality in the assertion (19) of Theorem 8.

Thus completes the proof of Theorem 8.

Remark 2. It is clear that Steffensen type inequality (2) would follow

as a special case of the inequality (19) when
M=0 X =hg.

Moreover, it is worth noticing that the inquality (19) is stronger than
Steffensen type inequality (2) if f(b) > 0.

Theorem 9. Let h be a positive p-integrable functions on [a, b] and

f

f, g be u-integrable functions on [a, b] such that - is decreasing, and

h
0<g(t)<1,tela, b]l. Suppose also that X\ € [0, u(b)- u(a)] is a real

number such that

J' u ((a)+a

a

) b b
pane) = [ rogan = [ L HOd0),

po(n(d)-
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Then we have the following inequalities:

Jirura OO

IN

(70 - [ 1O - T 0O =2) 1,091 — goy))due)

I w@)-n) ) h(u (u(b) - 1))

< ::f(t)g(t)du(t)

< [T - (£ A W@ ) gpn - au)
Ja h(t)  h(u™ (u(a) + 1)

e u(u(a)en

)h(t)du(t).

IA

Proof. Take the substitutions f(¢) % and g(t) — h(t)g() in

Theorem 6.

Theorem 10. Let k be a positive p-integrable functions on [a, b] and

f, g, h be p-integrable functions on [a, b] such that % is decreasing,
and 0 < g(t) < h(t), t € [a, b]. Suppose also that A € [0, wb) —p(a)] is a
real number such that
u ((@)+2) b b
| MO = [ gOvOd0 = [ OO,
a il

a n(b)-

Then we have the following inequalities:

J iy OO

< [° O feTH k) - 2) B
< L—uu@_m(f(”h(” L0 b)) 16(0) [1() — g(®)]) du(z)
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< jf(t)g(t)du(t)

u(a)+r) () +
<[ o -1 g - RO o - san)

<[ O b due)

Proof. Take the substitutions f(¢) > 28 g) — k(t)g), and

h(t) = k(t)h(¢) in Theorem 6.

Theorem 11. Let h be a positive p-integrable functions on [a, b] and

f

f, g, v be p-integrable functions on [a, b] such that - is decreasing, and

0 <)< g(t)<1-u() for t € [a, b]. Suppose also that . € [0, u(d) — w(a)]

is a real number such that

“Hula)+n)
J7 T hoan - [ hosoao - [T, e

Then we have the following inequalities:

’ [0 f) T w®) 1)
i OO+ [ 116~ b = Inewlaty

< jf(t)g(t)du(t)

<[ (10 F67 ) + )
<[ a4 T ) MOl

Proof. Take the substitutions f(t) — 22% g(t) — h(t)g(t) and

¥(t) = h(t)(t) in Theorem 7.
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Theorem 12. Let k be a positive p-integrable functions on [a, b] and

f

f, g h,v be p-integrable functions on [a, b] such that " is decreasing,

and 0 <yt)< g(t) < h(t)-vit) for tela,bl. Suppose also that
A € [0, u(d) — w(a)] is a real number such that

()
I, Y hoe)dut) - J j sH)au() - | :-1<u<b>—x>h(t)k(t)d“(t)'

Then we have the following inequalities:

’ £0) _ fu (u(b) =)
J.H—I(H(b) fR(E)dn(t) + I [k(t) ) ) 1k (t)| du(t)

< :f(t)g(t)du(t)

“u@)+r e
< j : (n f(t)h(t)du(t) J Il 28 ’; Eﬁ 1&};1;‘;3 1k w(E) d(t).

(22)

Proof. Take the substitutions f(¢) — 28 , 8(8) > k@)g(2), h(t) = k@)h(t)

and p(t) — k(t)y(t) in Theorem 7.

Remark 3. Clearly, the inequality (22) is a refinement and
generalization of Steffensen type inequality (4).

Corollary 3. Let f, g, h, v be p-integrable functions on [a, b] with
f is decreasing, and 0 < y(t) < g(t) < h(t) - v(t) for t € [a, b]. Suppose
also that L € [0, W) - u(a)] is a real number such that

J': (“(a)-'-k)h(t)du(t) _ J‘jg(t)du(t) — J.:)l( (b),)h)h(t)du(t).

il
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Then we have the following inequalities:

[0, remod) [ 170 - o) - )]s
u (u(d)-2) a

S jul(u(a)ﬂ

[ e

O - [0 - 7 )+ 0], 29

a

Remark 4. Clearly, the inequality (23) is a refinement and

generalization of Steffensen type inequality (3).

(1]

(2]

(3]

(4]

(5]
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(7]
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