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Abstract 

The paper presents some result on the existence and behaviour of parameter 
classes of solutions for system of quasilinear differential equations. Behaviour of 
integral curves in neighbourhoods of solution of corresponding linear system is 
considered. The obtained results contain the answer to the question on 
approximation of solutions, whose existence is established. The errors of the 
approximation are defined by the functions that can be sufficiently small.      

The theory of qualitative analysis of differential equations and topological 
retraction method are used. 
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1. Introduction 

In [5] are presented some results on existence and approximation of 
solutions for system of quasilinear differential equations in 
neighbourhoods of an arbitrary curve. Now, we consider behaviour of 
solutions of the system of quasilinear differential equations in 
neighbourhoods of integral curve of corresponding linear system. 

Let us consider the systems of differential equations: 

( ) ( ),,, txFxtxAx +=�   (1.1) 

( ) ( ),tGxtCx +=�   (1.2) 

where 

( ) ( ) ( )

( ) ( ) ( )
,
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

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+=

+=

txHtGtxF

txDtCtxA
 (1.3) 

( ) ( ( ) ( )) nT
n DaaItntxtxtx RR ⊂∈∞=∈≥= ;,,;2,,,1 …  is open 

set, ( ) ( ( )) nnij txatxAID ×=×=Ω ,,,  is the matrix-function with 

elements ( ) ( ) ( ) ( ( ) ( ))Tnij txftxftxFnjiCa ,,,,,,,,1,, 1 …… ==Ω∈ R  

is the vector-function with elements ( )., RΩ∈ Cfi  The matrix-functions 

( ) ( ( )) ( ) ( ( )) ( ) ( ( )) ,,,,, 1 nnijnijnnij txdtxDtgtGtctC ××× ===  and ( ) =txH ,  

( ( )) 1, ×nij txh  are given by (1.3). Moreover, ( )txA ,  and ( )txF ,  satisfy 

sufficient conditions for existence and uniqueness of solution of any 
system (1.1) in .Ω  

Let 

( ) ( ){ },,:, Ittxtx ∈ϕ=Ω∈=Γ  

where ( ) ( ( ) ( )) ( ) ( ),,,,, 1
1 RICtttt in ∈ϕϕϕ=ϕ …  is an integral curve of 

(1.2) 
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In this paper, the behaviour of the solutions of system (1.1) in 
neighbourhood of curve Γ  is considered. The qualitative analysis theory 
of differential equations and the topological retraction method of 
Wažewski [10], are used. 

2. Notation and Preliminaries 

We shall consider the behaviour of integral curves ( )( ) ,,, Itttx ∈  of 

system (1.1) with respect to the set 

{( ) ( ) ( ) },,,1,:, nitrtxtx iii …=<ϕ−Ω∈=ω  

where ( ) .,,1,,1 niICri …=∈ +R  The boundary surfaces of the set ω  

with respect to the set Ω  

( ) ( ) ( ) ( ( )) ( ){ },01:,:, =−ϕ−−=Ωω∈= trtxtxBCltxW iiiii
kkk ∩  

where .2,1;,,1 == kni …  In direct axis,-ix  we have .2,1, =kkiW  

Let us denote the tangent vector field to an integral curve 

( )( ) ,,, Itttx ∈  of (1.1) by T. The vectors k
iB∇  are the external normal on 

surfaces .kiW  We have 
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fxafxafxaT ……  

( )( ),1,,, 1
1 iiniii rB ′−ϕ′−δδ=∇ +kk …  

where jiδ  is the Kronecker delta symbol. 

By means of the scalar products 

( ) ( ) ,,,1,2,1,on,, niWTBtxP iii …==∇= kkkk  

we shall establish the behaviour of integral curve of (1.1) with respect to 
the set .ω  
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Let us denote by ( ) { },,,1,0, npIS p …∈  a class of solutions of the 

system (1.1), defined on I, which depends on p parameters. We shall 

simply say that the class of solutions ( )IS p  belongs to the set ,ω  if 

graphs of function in ( )IS p  are contained in .ω  In that case, we shall 

write ( ) .ω⊂IS p  For ,0=p  we have the notation ( ) ,0 IS  which means 

that exist at least one solution ( )( )ttx ,  on I of the system (1.1), whose 

graph belongs to the set .ω  

The results of this paper are based on the following lemma (see [4], [7]). 
In the following, ( )nnn ,,1 "  denote a permutation of the indices 

( ).,,1 n"  

Lemma 2.1. If, for the system (1.1), the scalar product 

( ) ( ) ;,,,2,1,0,, 1 piii nniWonTBtxP …==<∇= kkkk  (2.4) 

and 

( ) ( ) ,,,,2,1,0,, 1 npiii nniWonTBtxP …+==>∇= kkkk  (2.5) 

where { },,,1,0 np …∈  then the system (1.1) has a class of solutions 

( )IS p  belonging to the set σ  for all ,It ∈  i.e., ( ) { }.,,1,0, npIS p …∈σ⊂  

Notice that, according to this lemma, the case 0=p  means that the 
system (1.1) has at least one solution belonging to the set ω  for all .It ∈  

The conditions (2.4) and (2.5) imply that the set ( )21

1
ii

n

ni
WWU

p
∪∪

=
=  

has no point of exit and ( )21

1
ii

n

ni
WWV

n

p
∪∪

+=
=  is the set of points of strict 

exit from set ω  with respect to the set ,Ω  for integral curves of system 

(1.1), which according to the retraction method [10], makes the statement 
of lemma valid (see [6], [7], [9]). In the case ,np =  this lemma gives the 
statement of Lemma 1, and for ,0=p  the statement of Lemma 2 in [8]. 
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3. The Main Results 

Theorem 3.1. Let Γ  be an integral curve of the system (1.2) and 

( ).,1 +∈ RICri  If 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )trtrtxatxhttxdxtxa iiiiiiiijij

n

ijj
′+−<+ϕ+∑

≠=

,,,,
1

 (3.6) 

on ;,,,2,1, 1 pi nniW …==kk  and 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )trtrtxatxhttxdxtxa iiiiiiiijij

n

ijj
′−<+ϕ+∑

≠=

,,,,
1

 (3.7) 

on ,,,,2,1, 1 npi nniW …+==kk  then the system (1.1) has a p-parameter 

class of solutions ( ),IS p  which belongs the set ω  for all ,It ∈  i.e., 

( ) .ω⊂IS p  

Proof. For the scalar product ( ) ( )TBtxP ii ,, kk ∇=  on ,2,1, =kkiW  

,,,1 ni …=  we have 

( ) ( )
( )

( ) iiiiiiiiijij

n

ijj
iiii rhgdcxaratxP ′−













ϕ′−++ϕ++−+= ∑

≠=1
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n

ijj
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
+ϕ+−+= ∑

≠=

k  

Now, according to (3.6) and (3.7), the following estimates valid, 
respectively, 

( )
( )

0,
1

<′−+ϕ++≤ ∑
≠=

iiiiijij

n

ijj
iiii rhdxaratxPk  

on ;,,,2,1, 1 pi nniW …==kk  and 
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( )
( )

0,
1

>′−+ϕ+−≥ ∑
≠=

iiiiijij

n

ijj
iiii rhdxaratxPk  

on .,,,2,1, 1 npi nniW …+==kk  

Hence, in direct p axis, we have ( ) 0, <txPi
k  on ,kiW  and in direct 

rest pn −  axis, we have ( ) 0, >txPi
k  on .2,1, =kkiW  According to 

Lemma 2.1, the above estimates for ( )txPi ,k  on ,kiW  confirms the 

statements of the theorem.   

Corollary 3.1. Let ( )+∈ R,1 ICri  and C be a diagonal matrix ( .,.ei  

).0 jiforcij ≠=  If 

( ) ( ) ( ) ( ) ( ) ( )trtrtxatxhttxd iiiiiiii ′+−<+ϕ ,,,  

on ;,,,2,1, 1 pi nniW …==kk  and 

( ) ( ) ( ) ( ) ( ) ( )trtrtxatxhttxd iiiiiiii ′−<+ϕ ,,,  

on ,,,,2,1, 1 npi nniW …+==kk  then the system (1.1) has a                    

p-parameter class of solutions ( ),IS p  which belongs the set ω  for all 

,It ∈  i.e., ( ) .ω⊂IS p  

Theorem 3.2. Let Γ  be an integral curve of the system (1.2). If 

( )
( ) ( ( )) ( ) ( ) ( ) ( )trtrtctxftxtc iiiiijjij

n

ijj
′+−<+ϕ−∑

≠=

,
1

 (3.8) 

on ;,,,2,1, 1 pi nniW …==kk  and 

( )
( ) ( ( )) ( ) ( ) ( ) ( )trtrtctxftxtc iiiiijjij

n

ijj
′−<+ϕ−∑

≠=

,
1

 (3.9) 

on ,,,,2,1, 1 npi nniW …+==kk  then the system (1.1) has a p-parameter 

class of solutions ( ) .ω⊂IS p  



APPLICATIONS OF THE RETRACTION METHOD … 7

Proof. Here we have 

( ) ( ) iiiijij

n

j
i rfgxctxP ′−
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In view of (3.8) and (3.9), the following estimates valid, respectively, 

( )
( )

( ) 0,
1

<′−+ϕ−+≤ ∑
≠=

iijjij

n

ijj
iiii rfxcrctxPk  

on ;,,,2,1, 1 pi nniW …==kk  and 

( )
( )

( ) 0,
1

>′−+ϕ−−≥ ∑
≠=

iijjij

n

ijj
iiii rfxcrctxPk  

on .,,,2,1, 1 npi nniW …+==kk  

Hence, in direct p axis, we have ( ) 0, <txPi
k  on ,kiW  and in direct 

rest pn −  axis, we have ( ) 0, >txPi
k  on .2,1, =kkiW  The estimates for 

( )txPi ,k  on ,kiW  according to Lemma 2.1, imply the statement of the 

theorem.  
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Corollary 3.2. If C be a diagonal matrix ( )jiforcei ij ≠= 0.,.  and 

( ) ( ) ( ) ( )trtrtctxf iiiii ′+−<,  

on ;,,,2,1, 1 pi nniW …==kk  and 

( ) ( ) ( ) ( )trtrtctxf iiiii ′−<,  

on ,,,,2,1, 1 npi nniW …+==kk  then the system (1.1) has a class of 

solutions ( ) .ω⊂IS p  

4. Applications 

Let us consider the Lotka-Volterra model ([3]) 

,2111 xxxx −=�  

.2122 xxxx +−=�  (4.10) 

Theorem 4.3. Let functions ( )+∈ R,, 1
21 ICrr  satisfy the conditions 

( ) ( )
( ) ( ) ( )

( ) .,1,1
1
1

2
2
2

1 Ittr
trtrtr

trtr ∈
′

−<
′

+<  

The system (4.10) has a one-parameter class of solutions ( ( ) ( ))txtx 21 ,  

satisfying the condition 

( ) ( ) ( ) ( ) .,, 2211 Ittrtxtrtx ∈<<  

Proof. Here, we consider the behaviour of integral curves 
( ( ) ( ) ) ,,,, 21 Itttxtx ∈  of system (4.10) with respect to the set 

{( ) ( ) },2,1,:,, 3
21 =<∈=ω itrxtxx iiR  

where ( ) .2,1,,1 =∈ + iICri R  The boundary surfaces of the set ω  

( ) ( ) ( ) ( ){ },01:,:, 3 =−−=ω∈= trxtxBCltxW iiii
kkk R∩  
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where .2,1;2,1 == ki  In direct axis,-ix  we have .2,1, =kkiW  We 

have 

( ) ( ) ( ) ( ) ( ( ) ) ( ) ( ) ,011,, 221221212 <′−−≤′−−= trtrtrtrtrxtxxPk  

( ) ( ) ( ) ( ) ( ( )) ( ) ( ) .011,, 112112211 >′−−≥′−−= trtrtrtrtrxtxxPk  

According to Lemma 2.1, these estimates for ( )txxPi ,, 21
k  on k

iW  imply 

the statement of the theorem.  

For functions ,ir  we can take, for example, 

( ) ( ) ( ) .0,1,,,exp21 >≤β+α∈βαβ−α== + tttrtr R  

Remark. We can note that the obtained results immediately possible 
to determine the approximate solutions with the assessment errors. The 
obtained results give the sufficient conditions for the existence of a class 

of the ( ) ,ω⊂IS p  where the set of ω  precisely defined and whose 

“width” is given by the function of ( ) ,,2 Ittr ∈  which takes a sufficiently 

small value for every .It ∈  In this case, each function ( )tξ  whose graph 

belongs to ω  and for which ( ) ( ) ( ) ,,, 00000 ω∈==ξ txxtxt  can serve as 

an approximation of the unknown solutions ( )tx  on I with error of 

approximation exactly ( ).2 tr  
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