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Abstract 

In this paper, we establish the sharp maximal function estimates for some 
Toeplitz type transforms related to the singular integral operator with general 
kernel. As an application, we obtain the boundedness of the transforms on 
weighted Lebesgue and Triebel-Lizorkin spaces. 

1. Introduction and Preliminaries 

As the development of singular integral operators (see [7, 17, 18]), their 
commutators have been well studied. In [5, 15, 16], the authors prove 
that the commutators generated by the singular integral operators and 

BMO functions are bounded on ( )np RL  for .1 ∞<< p  Chanillo (see [3]) 

proves a similar result when singular integral operators are replaced by 
the fractional integral operators. In [4, 9, 14], the boundedness for the 
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commutators generated by the singular integral operators and Lipschitz 

functions on Triebel-Lizorkin and ( ) ( )∞<< pRL np 1  spaces are 

obtained. In [1, 8], the boundedness for the commutators generated by 
the singular integral operators and the weighted BMO and Lipschitz 

functions on ( ) ( )∞<< pRL np 1  spaces are obtained. In [2], some 

singular integral operators with general kernel are introduced, and the 
boundedness for the operators and their commutators generated by BMO 
and Lipschitz functions are obtained (see [2, 12]). In [10, 11], some 
Toeplitz type operators related to the singular integral operators and 
strongly singular integral operators are introduced, and the boundedness 
for the operators generated by BMO and Lipschitz functions are 
obtained. In this paper, we will study the Toeplitz type transforms 
generated by the singular integral operators with general kernel and the 
weighted Lipschitz functions. First, let us introduce some notations. 

Throughout this paper, Q will denote a cube of nR  with sides parallel to 
the axes. For any locally integrable function f, the sharp maximal 
function of f is defined by 

( ) ( ) ( ) ,1sup# dyfyfQxfM Q
QxQ

−= ∫
 

where, and in what follows, ( ) .1 dxxfQf
Q

Q ∫−=  It is well-known that 

(see [7, 17]) 

( ) ( ) ( ) .1infsup# dycyfQxfM
QCcxQ

−≈ ∫∈
 

Let 

( ) ( ) ( ) .1sup dyyfQxfM
QxQ ∫=


 

For ,0>η  let ( ) ( ) ( ) ( ).1 xfMxfM ηη
η =  
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For 10 <η<  and ,1 ∞<≤ r  set 

( ) ( ) ( ) .1sup
1

1,

r
r

QnrxQ
r dyyf

Q
xfM 










= ∫η−η


 

The pA  weight is defined by (see [7]) 

( ) ( ) ( ) ( ) ,11sup:
1

111
loc













∞<














∈=
−

−−∫∫
p

p
QQQ

n
p dxxwQdxxwQRLwA  

,1 ∞<< p  

and 

{ ( ) ( ) ( ) ( ) }.a.e.,:loc1 xCwxwMRLwA np ≤∈=  

The ( )rpA ,  weight is defined by (see [13]), for ,,1 ∞<< rp  

( ) =rpA ,  

( ) ( ) ( )
( )

.11sup:0
1

1
1













∞<














>
−

−−∫∫
pp

pp
Q

r
r

QQ
dxxwQdxxwQw  

Given a non-negative weight function w. For ,1 ∞<≤ p  the weighted 

Lebesgue space ( )wLp  is the space of functions f such that 

( ) ( ) ( ) .
1

∞<






= ∫
p

p
RwL dxxwxff np  

For 1,0 >>β p  and the non-negative weight function w, let 

( )wFp
∞β,�  be the weighted homogeneous Triebel-Lizorkin space (see [14]). 

For 10 <β<  and the non-negative weight function w, the weighted 

Lipschitz space ( )wLipβ  is the space of functions b such that 

( ) ( )
( ) .1sup 1 ∞<−= ∫β+β

dybyb
Qw

b Q
QnQwLip  
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Remark. (1) It has been known that, for ( ) 1, AwwLipb ∈∈ β  and 

,Qx ∈  

( ) ( ) ( ) .22
nj

wLipQQ QwxwbCjbb j
β

β
≤−  

(2) Let ( )wLipb β∈  and .1Aw ∈  By [6], we know that spaces 

( )wLipβ  coincide and the norms ( )wLipb
β

 are equivalent with respect to 

different values .1 ∞≤≤ p  

In this paper, we will study some singular integral operators as 
following (see [2]): 

Definition. Let SST ′→:  be a linear operator such that T is 

bounded on ( )nRL2  and there exists a locally integrable function 

( )yxK ,  on {( ) }yxRRyxRR nnnn =×∈× :,\  such that 

( ) ( ) ( ) ( ) ,, dyyfyxKxfT nR∫=  

for every bounded and compactly supported function f, where K satisfies: 
There is a sequence of positive constant numbers { }jC  such that for any 

,1≥j  

( ) ( ) ( ) ( )( ) ,,,,,
2

CdxxzKxyKzxKyxK
yxzy

≤−+−∫ −<−
 

and 

( ) ( ) ( ) ( )( )
q

q
yzyxyz

dyxzKxyKzxKyxKjj

1

22
,,,,1 








−+−∫ −<−≤− +

 

( ) ,2 qnj
j yzC ′−−≤  

where 21 <′< q  and .111 =′+ qq  
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Let b be a locally integrable function on .nR  The Toeplitz type 
transform related to T is defined by 

,2,1,

1

kk

k

TMTT b

m

b ∑
=

=  

where 1,kT  are T or I±  (the identity operator), 2,kT  are the bounded 

linear operators on ( )np RL  for ∞<< p1  and ( ) .,,,1 bffMm b == …k  

Note that the classical Calderón-Zygmund singular integral operator 

satisfies Definition 1 with δ−= j
jC 2  (see [7, 17]). And note that the 

commutator [ ] ( ) ( ) ( )bfTfbTfTb −=,  is a particular operator of the 

Toeplitz type operators .bT  The Toeplitz type operators bT  are the non-

trivial generalizations of the commutator. It is well known that 
commutators are of great interest in harmonic analysis and have been 
widely studied by many authors (see [15, 16]). The main purpose of this 
paper is to prove the sharp maximal inequalities for the Toeplitz type 

transforms .bT  As the application, we obtain the weighted norm-pL  

inequality and Triebel-Lizorkin spaces boundedness for the Toeplitz type 
transforms .bT  

2. Theorems 

We shall prove the following theorems: 

Theorem 1. Let T be the singular integral operator as Definition, the 

sequence { } ,,10,, 1
1 ∞<≤′<β<∈∈ sqAwljCj  and ( ).wLipb β∈  If 

( ) ( )∞<<∈ pRLg np 1  and ( ) ,01 =gT  then there exists a constant 

0>C  such that, for any ( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ) ( ) ( ( )) ( ).~~~ 2,
,

1

1# xfTMxwbCxfTM s

m
n

wLipb
k

k
β

=

β+ ∑β
≤  
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Theorem 2. Let T be the singular integral operator as Definition, the 

sequence { } ,,10,,2 1
1 ∞<≤′<β<∈∈β sqAwlCj j

j  and ( ).wLipb β∈  

If ( ) ( )∞<<∈ pRLg np 1  and ( ) ,01 =gT  then there exists a constant 

0>C  such that, for any ( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ) ( ) dxcxfT
Q

b
QnRcxQ n

−∫β+∈ 1~
1infsup


 

( ) ( ) ( ( )) ( ).~~ 2,
,

1

1 xfTMxwbC s

m
n

wLip
k

k
β

=

β+ ∑β
≤  

Theorem 3. Let T be the singular integral operator as Definition,    

the sequence { } ( ) ,,,1min0,, 1
1 β<<′′<β<∈∈ npqqnAwljCj  

,11 npr β−=  and ( ).wLipb β∈  If ( ) ( )∞<<∈ pRLg np 1  and 

( ) ,01 =gT  then bT  is bounded from ( )wLp  to ( ( ) ).1 nrprr wL β+−  

Theorem 4. Let T be the singular integral operator as Definition,    

the sequence { } ( ) ,,,1min0,,2 1
1 β<<′′<β<∈∈β npqqnAwlCj j

j  

,11 npr β−=  and ( ).wLipb β∈  If ( ) ( )∞<<∈ pRLg np 1  and 

( ) ,01 =gT  then bT  is bounded from ( )wLp  to ( ( ) ).1, nrpr
r wF β+−∞β�  

3. Proofs of Theorems 

To prove the theorems, we need the following lemmas: 

Lemma 1 (See [2]). Let T be the singular integral operator as 

Definition, the sequence { } .1lC j ∈  Then T is bounded on ( )wLp  for 

∞∈ Aw  with .1 ∞<< p  
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Lemma 2 (See [6]). For any cube ( ) 10,, <β<∈ β wLipbQ  and 

,1Aw ∈  we have 

( ) ( ) ( ) .sup 11 −β+

∈ β
≤− QQwbCbxb n

wLipQ
Qx

 

Lemma 3 (See [14]). For ∞<<<β< p1,10  and ,∞∈ Aw  we have 

( ) ( )
( )wL

Q
QnQwF

pp
dxfxf

Q
f −≈ ∫β+⋅

∞β 1
1sup,


�  

 ( )
( )

.1infsup 1
wLQncQ p

dxcxf
Q

−≈ ∫β+⋅
 

Lemma 4 (See [7]). Let ∞<< p0  and .1 rr Aw ∞<≤∈ ∪  Then, for any 

smooth function f for which the left-hand side is finite, 

( ) ( ) ( ) ( ) ( ) ( ) .# dxxwxfMCdxxwxfM p
R

p
R nn ∫∫ ≤  

Lemma 5 (See [13]). Suppose that ,1,0 η<<<<η≤ npsn  

npr η−= 11  and ( )., rpAw ∈  Then 

( ) ( ) ( )., pprr wLwLs fCfM ≤η  

Proof of Theorem 1. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 

( ) ( ) ( ) ( ) ( ( )) ( ).~~1 2,
,

1

1
0 xfTMxwbCdxCxfTQ s

m
n

wLipb
Q

k

k
β

=

β+ ∑∫ β
≤−  

Without loss of generality, we may assume 1,kT  are ( ).,,1 mT …=k  Fix 

a cube ( )dxQQ ,0=  and .~ Qx ∈  Write 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).2122 xfxfxfTxfTxfTxfT cbbbbbbb QQQQQ +=+== χ−χ−−  
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Then 

( ) ( ) ( ) dxxfxfTQ b
Q

02
1 −∫  

( ) ( ) ( ) .11
210221 IIdxxfxfQdxxfQ QQ

+=−+≤ ∫∫  

For ,1I  by Hölder’s inequality and Lemma 2, we obtain 

( ) ( ) ( ) dxxfTMTQ QQbb
Q

2,1,
2

1 kk
χ−∫  

( ) ( ) ( )
s

s
bb

R
dxxfTMTQ QQn

1
2,1,

2
1








≤ χ−∫ kk  

( ) ( ) ( )
s

s
bb

Q
s dxxfTMQC QQ

1
2,

2
1

2 






≤ χ−
− ∫ k  

( ( ) ( ) ( ) )
s

s
Q

Q
s dxxfTbxbQC

1
2,

2
1 







 −≤ ∫− k  

( ) ( ) ( )
s

s
Q

Q
Qx

s dxxfTbxbQC
1

2,
2

2
1 sup 







−≤ ∫∈

− k  

( )
( ) ( ) ( )

s
s

Qns
ns

n

wLip
s dxxfT

Q
QQ

QwbQC
1

2,
1

1
1

1 1
2

2










≤ ∫β−

β−
β+

−
β

k  

( )
( ) ( ( )) ( )xfTMQ
QwbC s

n

wLip
~2,

,
1

k
β

β+







≤

β
 

( ) ( ) ( ( )) ( ),~~ 2,
,

1 xfTMxwbC s
n

wLip
k

β
β+

β
≤  

thus, 

( ) ( ) ( )dxxfTMTQI QQbb
Q

m
2,1,

1
1 2

1 kk

k
χ−

=
∫∑≤  
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( ) ( ) ( ( )) ( ).~~ 2,
,

1

1 xfTMxwbC s

m
n

wLip
k

k
β

=

β+ ∑β
≤  

For ,2I  by the boundedness of T and recalling that ,qs ′>  we get, for 

,Qx ∈  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0
2,1,2,1,

22 xfTMTxfTMT cbbcbb QQQQ
kkkk

χ−χ− −  

( )
( ) ( ) ( ) ( ) ( )dyyfTyxKyxKbyb Q

Q c
2,

02
2

,, k−−≤ ∫  

( ) ( ) ( ) ( ) ( ) dyyfTbybyxKyxK Qdxydj
jjj

2,
20

221
11

0
,, k

++
−−≤ ∫∑ <−≤

∞

=

 

( ) ( ) ( ) ( ) dyyfTbbyxKyxK QQdxydj
jjj

2,
220

221
11

0
,, k−−+ ++∫∑ <−≤

∞

=

 

( ) ( )
q

q
dxydj

dyyxKyxKC jj

1

0
221

,,1
0









−≤ ∫∑ +<−≤

∞

=

 

( ) ( ) ( )
q

q
QQ

Qy
dyyfTbyb jj

j

′
′

∈







−× ∫ ++
+

1
2,

22
2

11
1

sup k  

( ) ( )
q

q
dxyd

QQ
j

dyyxKyxKbbC jjj

1

0
22

22
1

,,1
0

1 







−−+ ∫∑ ++

<−≤

∞

=

 

( ) ( )
q

q
Q

dyyfTj

′
′ 







× ∫ +

1
2,

2 1
k  

( ) ( )
( )

nsjsqj
wLipj

nj
qnj

j
j

QQb
Q

QwdCC β−+−′+
+

β++
′−

∞

=
β∑≤ 11111

1

11

1
22

2
22  

( ) ( )
s

s
Qnsj dyyfT

Q j

1
2,

211 12
1











× ∫ +β−+

k  
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( ) ( ) ( ) ( ) nsjsqjqnj
j

nj
wLip

j
QQdCQwxwbjC β−+−′+′−β

∞

=
β∑+ 11111

1
2222~  

( ) ( )
s

s
Qnsj dyyfT

Q j

1
2,

211 12
1











× ∫ +β−+

k  

( )
( ) ( ( )) ( )xfTM

Q
QwCbC s

n

j

j
j

j
wLip

~
2
2 2,

,

1

1

1

1

k
β

β+

+

+∞

=










≤ ∑β

 

( )( ) ( ) ( ) ( ( )) ( )xfTM
Q
QwjCxwbC s

n

j

j
j

j
wLip

~
2
2~ 2,

,1

1

1

k
β

β

+

+∞

=










+ ∑β

 

( ) ( ) ( ( )) ( ) ( ) j
j

s
n

wLip CjxfTMxwbC 1~~
1

2,
,

1 +≤ ∑
∞

=
β

β+
β

k  

( ) ( ) ( ( )) ( ),~~ 2,
,

1 xfTMxwbC s
n

wLip
k

β
β+

β
≤  

thus, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) dxxfTMTxfTMTQI cbbcbb

m

Q QQQQ 0
2,1,2,1,

1
2 22

1 kkkk

k
χ−χ−

=

−≤ ∑∫  

( ) ( ) ( ( )) ( ).~~ 2,
,

1

1 xfTMxwbC s

m
n

wLip
k

k
β

=

β+ ∑β
≤  

These complete the proof of Theorem 1.  

Proof of Theorem 2. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 

( ) ( ) ( ) ( ) ( ( )) ( ).~~1 2,

1

1
01 xfTMxwbCdxCxfT

Q
s

m
n

wLipb
Qn

k

k
∑∫
=

β+
β+ β

≤−  
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Without loss of generality, we may assume 1,kT  are ( ).,,1 mT …=k  Fix 

a cube ( )dxQQ ,0=  and .~ Qx ∈  Similar to the proof of main Lemma 1, 

we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),2122 xfxfxfTxfTxfTxfT cbbbbbbb QQQQQ +=+== χ−χ−−  

and 

( ) ( ) ( )dxxfxfT
Q

b
Qn 021

1 −∫β+
 

( ) ( ) ( ) .11
43022111 IIdxxfxf

Q
dxxf

Q QnQn +=−+≤ ∫∫ β+β+
 

By using the same argument as in the proof of Theorem 1, we get 

( ) ( ) ( )
s

s
Q

s
Q

Qxn

m
dxxfTQbxb

Q
CI

1
2,

2
1

2
21

3 sup 






−≤ ∫∑ −

∈β
=

k

k
 

( )
( ) ( ) ( )

s
s

Q

n

wLip

m
dxxfTQQ

Qwb
1

2,
2

1

1
2
1















≤ ∫∑

β+

=
β

k

k
 

( ) ( ) ( ( )) ( );~~ 2,

1

1 xfTMxwbC s

m
n

wLip
k

k
∑
=

β+
β

≤  

( ) ( )yxKyxK
Q

I
dxydjQn

m

jj ,,1
0

221
1

1
4 1

0
−≤ ∫∑∫∑ +<−≤

∞

=
β+

=k
 

( ) ( ) ( ) dydxyfTbyb Qj
2,

2 1
k

+−×  

( ) ( )yxKyxK
Q dxydjQn

m

jj ,,1
0

221
1

1
1

0
−+ ∫∑∫∑ +<−≤

∞

=
β+

=k
 

( ) ( ) dydxyfTbb QQj
2,

22 1
k−× +  
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( ) ( )
q

q
dxydjQn

m
dyyxKyxK

Q
C

jj

1

0
221

1
1

,,1
0









−≤ ∫∑∫∑ +<−≤

∞

=
β+

=k
 

( ) ( ) ( ) dxdyyfTbyb
q

q
QQ

Qy
jj

j

′
′

∈







−× ∫ ++
+

1
2,

22
2

11
1

sup k  

( ) ( )
q

q
dxyd

QQ
jQn

m
dyyxKyxKbb

Q
C

jjj

1

0
22

22
1

1
1

,,1
0

1 







−−+ ∫∑∫∑ ++

<−≤

∞

=
β+

=k

 

( ) ( ) dxdyyfT
q

q
Qj

′
′ 







× ∫ +

1
2,

2 1
k  

( ) ( )
( )

qj
wLipj

nj
qnj

j
j

n
m

Qb
Q

QwdCQC ′+
+

β++
′−

∞

=

β−

=
β∑∑≤ 11

1

11

11
2

2
22

k
 

( ) ( )
s

s
Qj dyyfT

Q j

1
2,

21 12
1











× ∫ ++

k  

( ) ( ) ( ) ( ) qjqnj
j

nj
wLip

j

n
m

QdCQwxwbjQC ′+′−β
∞

=

β−

=
β∑∑+ 11

11
222~

k
 

( ) ( )
s

s
Qj dyyfT

Q j

1
2,

21 12
1











× ∫ ++

k  

( )
( ) ( ( )) ( )xfTM

Q
QwCbC s

n

j

j
j

j

j
wLip

m
~

2
22 2,

1

1

1

11

k

k

β+

+

+
β

∞

==










≤ ∑∑ β

 

( ) ( ) ( ) ( ( )) ( )xfTM
Q
QwCjxwbC s

n

j

j
j

j

j
wLip

m
~

2
22~ 2,

1

1

11

k

k

β

+

+
β

∞

==










+ ∑∑ β

 

( ) ( ) ( ( )) ( ) ( ) j
j

j
s

m
n

wLip CjxfTMxwbC β
∞

==

β+ +≤ ∑∑β
21~~

1

2,

1

1 k

k
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( ) ( ) ( ( )) ( ).~~ 2,

1

1 xfTMxwbC s

m
n

wLip
k

k
∑
=

β+
β

≤  

This completes the proof of Theorem 2.   

Proof of Theorem 3. Choose psq <<′  in Theorem 1, notice 
( )

∞
β+− ∈ Aw nrpr 1  and ( )rpAw p ,1 ∈  we have, by Lemmas 1, 4, and 5, 

( ) ( ( ) )nrprq wLb fT β+− 1  

( ( )) ( ( ) )nrprr wLb fTM β+−≤ 1  

( ( )) ( ( ) )nrprr wLb fTMC β+−≤ 1#  

( ) ( ( )) ( ( ) )nrprr wL
n

s

m

wLip wfTMbC β+−
β

β+
β

=
∑≤ 112,

,
1

k

k
 

( ) ( ( ))) ( )prr wLs

m

wLip fTMbC 2,
,

1

k

k
β

=
∑β

=  

( ) ( ) ( )wL

m

wLip pfTbC 2,

1

k

k
∑
=

β
≤  

( ) ( ).wLwLip pfbC
β

≤  

This completes the proof of Theorem 3.   

Proof of Theorem 4. Choose psq <<′  in Theorem 2, notice that 
( )

∞
β+− ∈ Aw nrpr 1  and ( ).,1 rpAw p ∈  By using Lemma 3, we obtain 

( ) ( ( ) )nrpr
r wFb fT β+−∞β 1,�  

( ) ( )
( ( ) )nrprr wL

b
QnQ

dxCxfT
Q

C
β+−

−≤ ∫β+⋅ 1
01

1sup


 



BO LIU 60

( ) ( ( )) ( ( ) )nrprr wL
n

s

m

wLip wfTMbC β+−
β

β+

=
∑≤ 112,

1

k

k
 

( ) ( ( )) ( )prr wLs

m

wLip fTMbC 2,

1

k

k
∑
=

β
=  

( ) ( ) ( )wL

m

wLip pfTbC 2,

1

k

k
∑
=

β
≤  

( ) ( ).wLwLip pfbC
β

≤  

This completes the proof of Theorem 4.   
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