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Abstract

In this paper, we will study the continuity of multilinear commutator generated
by Marcinkiewicz operator and b on Triebel-Lizorkin space, Hardy space, and

Herz-Hardy space, where the function b belongs to Lipschitz space.

1. Introduction

The Marcinkiewicz operator ng (introduced below) was first defined
by Stein [14]. Stein proved that pq is bounded on LP(R") for 1 < p < 2,

when Q is continuous and satisfies a Lip,(S"1)(0 < o < 1) condition.

Many authors have improved the result. On the other hand, Torchinsky

and Wang (see [15]) considered the boundedness for the commutator
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of ug. They proved the commutator [pg, b] is bounded on LP(w) for

l<p<ow,be BMO,w e Ap,, when Q is continuous and satisfies a

Lip,(S"1)(0 < a < 1) condition. Following them, the main purpose of

this paper is to discuss the boundedness of multilinear commutator
generated by Marcinkiewicz operator and b on Triebel-Lizorkin space,

Hardy space, and Herz-Hardy space, where b € Lipg.

2. Preliminaries and Definitions

Throughout this paper, M(f) will denote the Hardy-Littlewood
maximal function of f, and write M, (f) = (M(f? ))1/p for 0 < p < o,

@ will denote a cube of R" with sides parallel to the axes. Let

fo = |Q|71J'Qf(x)dx and f#(x) = supQ9x|Q|*1J‘Q|f(y) — fgl|dy. Denote the
Hardy spaces by HP(R™). It is well known that H”(R")(0 < p < 1) has
the atomic decomposition characterization (see [2], [8], [11]). For B > 0
and p >1, let Fg’w be the homogeneous Triebel-Lizorkin space. The
Lipschitz space LipB(R” ) is the space of functions f such that

o @O

x,yeR" |x - y|B
XY

iy -

Lemma 1 (See [10]). For 0 < B <1,1 < p < o, we have

1
lgge = Joup—imr [ 1Fx) = fglax
Fy Q |Q|1+[3/n Q Q 1
. 1
~ supmf—j |f(x) - c|dx
€@ ¢ |Q|1+B/n Q o
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Lemma 2 (See [10]). For 0 < B <1,1 < p < o, we have

1

umwzwﬁmﬁwmwmm

~ SEPWU@J.QV(X)— lepdle/p.
Lemma 3 (See [1]). For 1 <r < w and B > 0, let
1r
M, (f) (%) = sup {WIQIf(y)I’dxj :

supposethat r < p<B/nand1/q =1/p-B/n, then

IMg, (g < Clifllzp-

Lemma 4 (See [14]). If y € B(x, r) and x € (2B(x, ¢, Then

IQ@—yg_Quo—qlgc(w—xa4_|x—%q+}
n— n— n n—
I e R U

Definition 1. Let 0 < p <1. A function a(x) on R" is called an

HP?.atom, if

(1) Suppa < B(xg, r) for some x; and for some r > 0 (or for some

r>1);

@) |a = < [Blxo, r)[V?;

3) .[R” a(x)dx = 0.
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Lemma 5 (See [7], [11]). Let 0 < p < 1. A distribution fon R" isin
HP(R") if and only if f can be written as f = Z?z_ookjaj in the
distributional sense, where each a; is HP-atom and each Aj is a

constant, Zj}:_wlkjlp < . Moreover,

© 1/p
IFlge = inf{z |M|p] :

Jj=—0
with the infimum take over all decompositions of f as above.

Definition 2. Let 0<p, g <, oeR, B, = {x € R", x| < 2"},
E, = B\\Bj,_1, and y;, = xg, for k € Z.

(1) The homogeneous Herz space is defined by
KFP(R") = {f € LY (R™N0}) : [flgoop < oo}
where

0

1/p
> z’%‘“pnkau;} -

k=—w0

Mig.» =

(2) The nonhomogeneous Herz space is defined by
Kg’p(R”) ={fe L%OC(R”) : "f”Kg,p < o},

where

Mo (e ) =

o 1/p
k

> 2P, + s, M .

k=1

Definition 3. Let o € R, 0 < p, ¢ < .
(1) The homogeneous Herz type Hardy space is defined by

HKGP(R") = {f € S(R"): GUf) € Ky (R"),



LIPSCHITZ ESTIMATES FOR MULTILINEAR ... 25

and
Wicg-» = 16 o
(2) The nonhomogeneous Herz type Hardy space is defined by
HKyP(R") = {f € S(R"): G(f) e Kg*P(R" )},
and
"f”HKg’p = ||G(f)||Kg’P’
where G(f) (see [11]) is the grand maximal function of f.

The Herz type Hardy spaces have the atomic decomposition

characterization.

Definition 4. Let o € R, 1 < ¢ < «. A function a(x) on R" is called

a central (a, g)-atom (or a central (a, q)-atom of restrict type), if

(1) Suppa < B(0, r) for some r > 0 (or for some r > 1);
@) lala < |BO, )"
3) IR” a(x)x"dx = 0 for any n| < [o — n(1 —1/q)].

Lemma 6 (See [9]). Let 0 < p <o, 1<q <o, and a > n(l —1/q).
A temperate distribution f belongs to HKg’p(Rn )(or HK"P(R")), if and

only if there exist central (o, q)-atoms (or central (o, q)-atoms of restrict

type) a; supported on B; = B(0, 2j) and constants Mj, ij‘jlp <

such that f = Z?:_wkjaj(orf = Z;O:O?»jaj) inthe S'(R™) sense, and

1/p
e or Wlpenr) ~ [Zw] .
j
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Definition 5 (See [13]). Let o € R, 1 < p, ¢ < .

(1) A measure function f is said to belong to homogeneous weak Herz

space WKg’p(Rn), if

+00
k . 1
Pk = sup (2"l € By : o] > 1197 < o

(2) A measure function f is said to belong to inhomogeneous weak

Herz space WKg’p(Rn), if
+00 /
Ji[— =supk22k°‘per.:fx > AP
" "WKq p 250 ( — |{ k | ( )l }l

+|lx e By : |f(x) > AP/OYP < o,
Definition 6. Let 0 <y <1 and Q be homogeneous of degree zero
on R" such that jsn—l Q(x")do(x') = 0. Assume that Q e Lipy(Sn—l),
that is there exists a constant M > 0 such that for any x, y € snt

|Q(x) — Q(y)| < M|x — y['. The Marcinkiewicz multilinear commutator is

defined by

ki

i@ = ([ 1R O % "

where

{H(b (x) = b; (y))] F(y)dy.

F (D@ - |

le—yl<t |
Set

FO@=[ 2 pay,

e-yl<t | — y|""
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we also define that

ha(f) (x) = [ [ 1En@P %jm,

which is the Marcinkiewicz operator (see [12]).

Let H be the space H = {h R = (j:|h(t)|2dt/t3 )1/2 < oo}. Then, it

is clear that
1o (f) (x) = |F,(F) (x)] and pby(f) () = | FL (F) (x)].

Note that when b; = --- = b,,, ug is just the m order commutator. It

is well known that commutators are of great interest in harmonic
analysis and have been widely studied by many authors (see [5], [6], [9],
[12], [13]). Our main purpose is to establish the boundedness of the
multilinear commutator on Triebel-Lizorkin space, Hardy space, and

Herz-Hardy space.

. oy . . 7 m
Given a positive integer m and 1 < j < m, we set "b”LipB = Hj:1
Ib; "LipB and denote by C;n the family of all finite subsets
c ={o(l), -+, o(j)} of {l,---, m} of j different elements, |o| = j is the

element number of o. For o e CJ'-”, set o ={1,--, mN\o. For
5 = (bl’ T bm) and ¢ = {G(]')’ T G(])} € C;n’ set I;G = (b6(1)7 T bG(]))’

b = ot bofs a0 1Bl = Ity 160 iy
3. Theorems and Proofs

Theorem 1. Let 0 < B < min(1/2m, y/m), 1< p < w0, b = (by, -, by, )

with b; € Lipg(R") for 1<j<m and ué be the multilinear

commutator of Marcinkiewicz operator as in Definition 6. Then
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(a) }J.lg;) is bounded from LP(R") to ngﬁ’w(Rn ).

(b) ug is bounded from LP(R"™) to LI(R") for 1/p-1/q = mB/n
and 1/p > mB/n.

Proof. (a) Fixed a cube @ = Q(x(, [) and X € Q. Set EQ = ((b1)g-
. (b )g ), where (b} )g = |Q|‘1ijj(y)dy, 1<j<m Write f = f, + fy,

where fi = frog, fo = fXR"\ZQ’ we have

FP @ = [ 01~ 51 0)) (b )~ by (3) 2E= 2L ()
R e = o]

= (b1(x) = (b1 )g )+ (b (%) = (byn )@ ) (£) (x)

+ (D" F (b = (by)g ) (b = (b )@ )f ) ()

m-1
Y D) (bl) - by ),

j=1 GEC;n

[ 00 b HE=2) f(y)ay
e—yl<t lx — o

= (b1(x) = (b1 )g )+ (b (%) = (byn )@ ) (£) (x)
+ (D" F (b = (by)g ) (b = (b )g )i ) (%)

+ (D" F (b = (by)g ) (b = (b ) )f2) (%)

m-1

£ > C(b) - b )y Fol(b = B )oe ) (x),

7 gecm
GECJ
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then
KB () () = ra (b )g = 1) (b g = b )fe ) (x0))

<|E () (@)~ (D" F((b)g —01) - (b g — b Vo) o)
< [[(by (@) — (b )g )+ (b (@) = (b ) )3 (1) ()
m-1
£ (b() - b )o Fol(b = b )t ) ()]
Jj=1 ceC}n
HF(By = (b1)g) (b = (b )@ ) @)
+HF(b1 = (b1)g) (b = (b ) )fe ) ()
— Fi((by = (01)g)+ (b — (b ) o) (o)
= L) + Iy(x) + Iy(x) + 1, (x),

thus,

ijémm- ha((By)g - b))+ (b )g — bm V) (o)l

1 1

1 1
+ —|Q|1+mB/n IQI3(x)dx + —|Q|1+ml3/n IQ I,(x)dx

=I+1IT+1II+1V.

For I, by using Lemma 2, we have

1
I< |Q|1+—mB/nasclelglbl(x) - (& )Q| |6 () = (b )Q |JQ|HQ(f) (x)| dx

< Wl g™ [ ot e
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< C”l;"LipB M(uqa(f))(X).

Fix 1 <r<p For II, by using the Hoélder's inequality and the

boundedness of pp on L and Lemma 2, we get

11 < Z |Qllfmﬁ/n j 1(6(x) - 8 )o | Ia((B — b )oe £) ()] dx

<0, Z |Q|1+lmﬁ/n [IQKE(x)— o %l’“’dx]l/r,

(] o - o)

m-1

. . ;T
< Cz D WUJ@@)-@)J dle

GECm

J (6~ B ). f(x)lrdel/r

X
N

<0 2 ol el [ 18 e L @1

(alrores]”

< CJBl 3 M, (1) ().
For III, by Holder’s inequality, we have

11 - W J ol = b)g) G = (b ) o) )
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m 1/r
RN o e
<C |Ql1+m[3/n {JRnll’lQ(H(bj (bj )Q ) ()] dx] Q|

m 1/r
< 1 -1/r (x) = (b: o dx
s C oty ¥ UQQlﬂ(b,( ) - (b)) )" d J

1
|Q|1+m[3/n

~ 1/r
<c @161, QR i [ SNt |

< ClBl 5, M, (1) ).
For IV, since |xg — y] ~ |x — »| for y € (2Q)°, we have
Iy = [|F((by = (b1)gg )+ (b = (b o )f2 ) (%)

= Fy((by = (b1)gq ) (b = (b )ag )2 ) (20|

_ (.“:lj Mlg(bﬂy) —(bj)2q )] dy

\x—y\ﬁt |x — yln_l

_J Q(x() _y)fQ(y) l:]]:!:(bj(y)_(b])ZQ )] dy|2 % )1/2

ko-ylst Jxg — "

. m 2 2
L [J’: _.[xo_yst,xo—y>t|Q(T;__yy)||’Jﬁ(y)l g(bj(y) —(b)2q) dy_ %
_ m 2 M2
g T A L N
m 2 \/*
. J-:“x_yq’xo_yqil(_x;nyl _Jsclo(x_oy—n;g g(bj(y)_(bj)QQ)fz(y)dy] j;}

EJl +J2 +J3.
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For JJ;, since mp < 1/2,

eef,

m fl | 1
scj(ZQ)cg(bxy)—(bj)zQ) o) |

=" - o - of?]

) ( dtj”zd
‘| o Jiscuonicn) ¥

|1/2

dy

1/2

~ f Xg — X
< CI(2Q)C H(bj(y)_(bj)QQ) | (y)l_ | 0_ y|:|3/2 dy

j=1 e ="

8

Zj2k+1Q\2k

k=1

1/2n
H( )~ (by g ‘M y
< C"g"Lip Z|2k+1leﬁ/n|Q|1/2n|2kQ|(*n—1/2)/nJ' . |f(y)|dy
= 2Q

< B, QU™ Y 27K mB B (1) ()
k=1

< CIB ], MF) ) |QI™/"
For J5, similar to J/;, we have
Tz < Clbll, M(F) @)]Q™".

For J3, by using Lemmas 2, 4 and mf < vy,

<cf, )CH< )~ () "fﬁy)"x gl @y

y |x—y|<t,|xg-y|<t ¢
" Jiar

H( i(y)- (b) ‘l |n—1+Y jx—yﬁt,xo—yﬁttS @
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i m Q|1/(n) |Q|Y/(n)
<c T 0) = 350 (! JIF(y)|dy
;J‘gkﬂQ\sz ]]:!: J 772Q |x0 _ y|n+1 |x0 B y|n+y
7 - o mpB/n Qll/n |Q|Y/n
< by, Y jerqpin T ) a
Lpﬁk; |2kQ|(n 1)/n |2le(n y)/n J;k 19

< ClBll QMY (27T B gklmmBYemBen (1) ()
k=1
< Clel 1, M(F) @)|Q™.
Thus,
IV < C||5||LipB M(f)(X).

We put these estimates together, by using Lemma 1 and taking the

supremum over all @ such that x € @, we obtain

l; —
I (F) @)l omp.o < Cl0] L I -

This complete the proof of (a).

(b) By some argument as in the proof of (a), we have

101 [ ) ) = 1B )g = 01)-+ (5 g = b o o i
1 1 1 1
< @IQII(x)dx + @J.QI2(x)dx + @jQI3(x)dx + @IQI4(x)dx
< ClB iy (M1 (0 (1) + Mo (F) + My 1 (F)).
thus,

(BN < CBl iy (Mo 1 (02 (1)) + Mo (1) + Mgy 1(F)):
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By using Lemma 3 and the boundedness of pg, we have

& ()Y 0

IA

(s
< CIBl i, (1M1 (B (Dls + 1M, (P g+ 1M1 (P )

< Clfl -
This complete the proof of (b).
Theorem 2. Let 0 < B < min(y/m, 1/2m), n/(n +B) < p < 1,
1/q =1/p—mB/n, b = (by, -, b,,) with bj € Lipg(R") for 1< j<m.
Then ug is bounded from HP(R™) to LY(R").

Proof. By Lemma 5, it suffices to show that there exists a constant

C > 0, such that for every H”-atom a,

b (@ < C.

Write

1/q

bl <[] wbaera] (] o)

|x—2xg|<2r
=1+1I.
For I, choose 1 < p; < n/mB and ¢ such that 1/q; = 1/p; - mB/n. By

the boundedness of ulg’; from LPL(R") to L(R") (see Theorem 1), the

size condition of @ and Hoélder’s inequality, we get

1 < Club@ln "M < Clalyan Bl 7" < Cll



LIPSCHITZ ESTIMATES FOR MULTILINEAR ... 35

For II, since |x — x| > 2r, we have

wh@ e ([ H<b ()= b0 alasf? & 2

\x y\<t |x |n -1

f(T [ S ”H(b (51 atr)dy? &

|c—xq [+2r ¥ |x—y|<t |x yln
= Jl + Jz.

Observe that from |x — xo| > 2r and y € B = B(x, r), it follows that
|x — ¥ ~|x —xg| ~ |[x —xg| + 2. By the Minkowski inequality and
Lipy(Sn_l) c L*(S™ '), we obtain

lx—xq [+2r gz 1 a(y) m
sscf T S T ey

2=y "7 4

) 1/2
16 12ip, le A e — 3" e — o P2 ’
; a(y) rl/2
< Bl [ o - ot — ) —

= xo" ™" [ = xo

< Clblyip e = x| a()]dy
< C"E"Lipﬁ |x _ xolmﬁ—n—1/2 r1/2+n(1—1/p).

Notice that from ¢ > |x — xo| +2r, and y € B, it follows ¢ > |x — x| +

|y — xo| > |x - y|, we obtain

2 dt 1/2
J2 < C .[x x0+2r|-[x -yt |x yln -1 H(b (x) b; (y))a(y)dyl
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“ U 2r'z Z [(B(x) = Bx0))s IJRn e y_>|
X |(5(y)— E(xo))gc| |a(y)|dy|2 jl_gt )1/2

- - Qx - y)
+ C(Ix_x0+2r|g(bj(x) - bj(xo))_[Rn ( W

_M) (y)dy |2 dt 1/2

e = ol
< cZ 3 1(B(x) - Bx0))s |j
GECm
(B0 =B [l ([ G
+ CH|b (x) - b; (xo)|I (|x ol

Nalax([~ Ly

+—
e — x| 1+ |oc—xg [+2r 3

—

m—

< ClBl

+ C"l;”LLpﬁ (|x — x()le_n_l r1+n(1—1/p) i |x _ xolﬁm_n_yry+n(1_l/p))

m—1
b - ¢ 1-1
= Cz Z ||b||LipB|x —x0|m“\ nrﬁ\c l+n(1-1/p)

J=0 gec™
GECJ
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+ C"l;”Lipﬁ (|x - xO|Bm—n—1 r1+n(1—1/p) + |x _ xolﬁm_n_yry+n(1_l/p) )

Therefore, since p >n/(n+B)>n/(n+1/2)>n(n +1) and p > n/(n +B)

>n/(n+vy).

1/q
II < C"E"LipB .r1/2+n(1—1/p)U. |x _ xol(mB—nfl/z)q dxj

|x—xg |[>2r

m 1/q
i Blocln-1/p) o |(Bioln)
OIPIN I Ux_xo>2r|x | quj

J=0sec™
GEC]

1/q
+ ClBl 4, - r“"“‘”P’U b = 0/~ dxj

|x—xq|>2r

1/q
¢ gy N[ e

|x—2x0|>2r
< Cllb I Lipg-

Combining the estimates for I and I1, then leads to the desired result.

It is well-known that the dual space of H*(R") is BMO(R"). From

this and Theorem 2, by a dual argument, we easily deduce the following

conclusion:

Corollary 1. Let 0 < B < min(y/m, 1/2m), b; € Lipg(R"),1 < j < m.
Then ug maps Ln/mB(R”) continuously into BMO(R™).

Theorem 3. Let 0 <B<1,0< p<m,1<q,q9 <®o,1/q; —1/q9 = mB/n,
n1-1/g;)<a<nl=1/q)+B, b = (b, -, by, ) with b; € Lipg(R"™) for

1< j<m. Then u% is bounded from HK;‘lvP(Rn) to K(‘;;P.
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Proof. By Lemma 6, let feHK“ P(R™) and f = Z _jaj,

suppa;, < By, = B(0,2"), a; bea central (o, ¢1 )-atom, and Z;):_OOP\]- [P < oo,
Then, we have

D
Iud (f)||Kap < Z zlap( Z P‘kl"“Q(ak)Xl”L J

|=—0

-2 p
+ CZ 21@{ Z e b (a il ]
[=—0
= Il + 12.

For I;, by the boundedness of ug on (L%, L72) (see Theorem 1), it is

easy to verify that

I
I < Clpl7,, Z 2lop ( Z it lpon )P

l——oo

7 =
< ClpIg, D Zm e

l=—0 k=

0 k+1 1
Zkz_w|xk|pzl=_w- oll=kp g o p <1

ZZ_JZZZ,_IIMI" .Q(Z—k)ocp/.?)(Z::l_lg(l—k)ap’/Z PIP 1< p <o

< ClB17,,, Z nilP

k=—w
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For I, note that

- xleok+1 _
whia@i < ([ Q("—l)H(b ()= by 0Ny ) 4

0 e —y|<t |x

) 2 dt
' (Ix+2k+lljx ylst |x y| H(b (x) = b; (y))ak(y)dyl

= Jl +J2.

When x € E; and |x — 3| < ¢t with ¢ < || + 2", it follows from [ > k + 2

that |x -y ~ || ~ || + 2%+1 Then, by the Minkowski inequality,

[ s LTl o

Jp<C il 1 T |y (v)ldy
; e = 5"Pay ()] (2512
< ClBl i [ S S NS
< Clol,

o(k+1)/2 mp-n-1/2
27 5, g ()l
< C|p| Ling o(++1)/ 2| mp-n=1/2gknl(1-1/q1 )-/n]

By the method to the estimate for /o in the proof of the Theorem 2, we
get

Jy < cz > 1Bl el (2 Ploclon(1-1/a -

Jj= GECm
C(; Bm-n—-1/ok \1+n(1-1/q; )-a Bm-n—y ok yy+n(1-1/q1 )-a
+ " ”Lipﬁ(l‘xl (2 ) +|x| (2 ) )’
since o < n(1 —1/q; ) + B, then

b
Wbl < Wl + 1l
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< C||E||LipB [J'El (2(k+1)/2|x|mﬁ—n—1/22kn(1—1/q1 )~ 92 ]1/q2

j=0 GEC;n

m-1
ey 1115, j i (el (2 o n(11 o)t yao g 1/
l

+ C"E”Lipﬁ [IEZ (|x|mB—n—1(2k )1+n(1—1/q1 )-a )22 dx]l/q2

+ C"E”Lipﬁ [J.El (lxlmenfv(2k )Y+n(171/CI1 )-o 2 dx]l/q2

< C"E"Lipﬁ 2(k+1)/2|2l |((mﬁ*nfl/2)q2+n)/q2 an(l_l/(h )-ka

+Clb|;, (2! )((mB-n-Llaz+n)/az (gk yl+n(1-1/a1)-o
lpB
+ Clb]|;, (2! )((mB-n=v)az+n)/az gk yr+n(1-1/q1)-a
LpB
< Cllg"Lipﬁ 2—la2(l—k)(oc—n(l—l/ql)—l/Q) i C”E”Lipﬁ 2—la2(l—k)(a—n(1—1/q1)—B)
n C"E”Lipﬁ o-log(l=k)(a-n(1-1/g1)-1) | C"E"Lipﬁ o-lag(l=k)(a-n(1-1/q1)~7)

Thus,

w 12

Iy < Cllgllfipﬁ[ Z ( Z |7»k|2(l_k)(°“”(1—1/q1)—1/2) )P

|=—0 k=—o

0 12
+ Z ( Z |xk|2(l*k)(0°*n(171/q1)*ﬁ) )P

|=—0 k=-o0
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) -2

+ Z ( Z |;Lk|2(l*k)(0t*n(1*1/tﬂ)*1) )P

l=—00 k‘:—oo

o0 -2

+ Z ( Z i |2(l—k)(0t—n(1—1/q1)—v) "],

l=—00 k=—o0

When p <1,
o -2 :
b —k)(a-n(1-1/q1)-1/2
Iy < C"b"fipﬁ[z Z | [P 2U-R) (emn(-1/a1)-1/2)p
|=—00 fk=—o0

o -2
+ Z Ay |p2(l—k)(a—n(l—1/q1)—l3)p

Z=—<)O ]C:—OO

o [-2
£ iy paltD et a) e

l=—00 k:—OO

o [-2

+ Z Z |;Lk|P2(l*k)(a*n(1*1/Q1)*v)p]

[=—0k=—0

o0
< B2, D Pl

k=—o0
When p > 1,

0 -2

Iy < C||5||§ipﬁ[z ( Z |0 [P 2R emn-1/ar)-1/2)p/2 )

l=—00 k:—oo

1-2
x ( Z g(=k)(a-n(-1/q1)-1/2)p'/2 p/ 1’

k=—c0

0 -2

-2
+ () [hgl? gU=k)(a-n(=1/q1)-P)p/2 ) ( g(i=k)(a=n(1-1/a}-p)p'/2 p/ P
2 2

=—0 k=-0 k=—o0
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0 -2 -2
eSS g Pl om0/ a)0p/2) (5 ot-R)amn1-1/ay)-0p 2 /b
ZZE; k=—0 ;EE;
S~ (1) (@-n(-1/a)-1)p/2 (S oll-k) (anll-1/a)-1)p'/2 \p/
+ ( |7‘k|p2 —r)lo—n\l—-1/q91)-Y)P )( o= a-n\l-1/q1)-7)p )P P
< Clol7, D 1l
k=—0

The estimates for I; and I, lead to

b . b N Py/p
bl < Clblg (D )2,

k=—0

and desired estimate follows from taking infimum over all decompositions

of f.
When o = n(l —1/q;) + B, this kind of boundedness fails. In [15], Lu
and Xu prove it when m = 1. Now, we give an estimate of weak type.
Theorem 4. Let 0 < B < min(y/m, 1/2m), 0 < p <1,1 < qq, g9 < ®,

1/qs =1/qy —mB/n, b =(by, -, by, ) with bj € Lipg(R™) for 1< j <m. Then

ué’; maps HKZl(l_l/ql)JrB’p(Rn)continuously into Wng(l_l/ql)+B’p(R” )-

Proof. We write f = Zj:z_wkkak, where each q; is a central

(n(1 —1/qy) + B, q;) atom supported on B;, and Zf:ml}‘klp < oo, Write

o0
by . z: U(n(1-1/q; +B)p
wir1-1/q)+p.p < su A 2
"HQ " (r;z e k>g {

|=—0

0

xJx e By s b Y Ayay) @) > 22}/ 1/

k=1-3
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s sup i Sln(1-1/a)+p)p

A>0

l=—0

. 14
x [{x e E; : |p?—2( Z Apay) (x)] > x/2}|P/02 }1/17

k=—o0
= Gl + G2.
By the (L%, L) boundedness of p2 and an estimate similar to that for
I; in Theorem 3, we get
o0

I - b N -
Gp < ¢y 2PUHWDNG D Ay @hal?, < CIBIZ,, D 11l
-3

I=—o0 k=—0

To estimate Go, let us now use the estimate

ud(ap)| < C"E"Lipﬁ BRI gk L/ 2411 1)

m-1
+ CZ Z ||5||Lipﬁ|x|ﬁ\c\*n(2k )B‘Gchn(l*l/ql)fa

Jj=0 GEC}”
+ C"E"Lipﬁ |x|ﬁm_n_1(2k )1+”(1—1/Q1)—cx
+ C"g"LipB |9C|Bm_n_y(2’C )Y+”(1—1/<I1)—0t,

which we get in the proof of Theorem 3. Note that when x e E,

o =nl-1/q;)+8B,

-4 N 1—-4
h< D Il Inb(e) < Clo i, > g [P 2 (g 2o )
k=—00

k=—c0
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m-1
+ Cz Z lefPlol= (gF YPloel+n(-1/a1)-o
J=0 gec™
J
Bm—n—l(Zk )1+n(1—1/q1 )-a

+ |«

+ |x|Bmfnfv(2k )v+n(1*1/fn)*0c ]

1-4 -4
< C"b"Lipﬁ Z |7"k| [(2l)m5—n—1/2 Z (2k )1/2—5
k=-0 k=—00

m-1 -4
. Z (2! )Blet-n Z (2F plockn(-1/a)-o
j=0 GECJ'-" h=—eo

-4
n (21 )mB—n—l Z (2k )1+n(1—1/q1)—(1

k=—o0

-4
n (21 )mﬁ—n—Y Z (2k )y+n(1—1/q1)—a]

k=—c0

-4
< C"b"LipB Z |7"k|(21 )((mfl)ﬁfn)
k=—c0

< Clblly, 2" Y 1)
k

=—0

for & > 0, let I, be the maximal positive integer satisfying
o0
b (n—(m-1 7 -1 1
2T < OBl 2 Pl
s =—00

then if [ > [, , we have

. 14
[{x € By :[ud( D) ey )| > 2/21] = 0.
k=—00
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So, we obtain

9)
)
A\

[
< sup A{ i 21(”(1’1/‘11)*5)17(21 )np/q2 }1/p
A>0

|=—0

l

)
sup A{ Z (21 )(n—(m—l)ﬁ)}

A>0

IA

[=—0

sup }Lzlx(n—(m—l)ﬁ)
A>0

IA

IA

7 1
ClB ], ( D 1141 V2.
k=—x

Now, combining the above estimates for G; and Gy, we obtain

b - © )
||MQ(f)||WK;2(1—1/q1)+B,p < C"b"LiPB(kZ I [P)P

Theorem 4 follows by taking the infimum over all central atomic

decompositions.
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