
Research and Communications in Mathematics and Mathematical Sciences 
Vol. 3, Issue 1, 2013, Pages 21-46 
ISSN 2319-6939 
Published Online on December 17, 2013 
 2013 Jyoti Academic Press 
http://jyotiacademicpress.net 

2010 Mathematics Subject Classification: 42B20, 42B25.
 Keywords and phrases: multilinear commutator, Triebel-Lizorkin space, Herz-Hardy space, 

Herz space, Lipschitz space. 

Communicated by Liu Lanzhe. 

Received August 13, 2013 

LIPSCHITZ ESTIMATES FOR MULTILINEAR 
COMMUTATOR OF MARCINKIEWICZ OPERATOR 

DAZHAO CHEN 

Department of Science and Information Science 
Shaoyang University 
Hunan Shaoyang, 422000 
P. R. China 
e-mail: chendazhao27@sina.com 

Abstract 

In this paper, we will study the continuity of multilinear commutator generated 
by Marcinkiewicz operator and b on Triebel-Lizorkin space, Hardy space, and 
Herz-Hardy space, where the function b belongs to Lipschitz space. 

1. Introduction 

The Marcinkiewicz operator Ωµ  (introduced below) was first defined 

by Stein [14]. Stein proved that Ωµ  is bounded on ( )np RL  for ,21 ≤< p  

when Ω  is continuous and satisfies a ( ) ( )101 ≤α<−
α

nSLip  condition. 

Many authors have improved the result. On the other hand, Torchinsky 
and Wang (see [15]) considered the boundedness for the commutator        
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of .Ωµ  They proved the commutator [ ]b,Ωµ  is bounded on ( )wLp  for 

,,,1 pAwBMObp ∈∈∞<<  when Ω  is continuous and satisfies a 

( ) ( )101 ≤α<−
α

nSLip  condition. Following them, the main purpose of 

this paper is to discuss the boundedness of multilinear commutator 
generated by Marcinkiewicz operator and b on Triebel-Lizorkin space, 
Hardy space, and Herz-Hardy space, where .β∈ Lipb  

2. Preliminaries and Definitions 

Throughout this paper, ( )fM  will denote the Hardy-Littlewood 

maximal function of f, and write ( ) ( ( )) pp
p fMfM 1=  for ,0 ∞<< p     

Q will denote a cube of nR  with sides parallel to the axes. Let 

( )dxxfQf
QQ ∫−= 1  and ( ) ( ) .sup 1# dyfyfQxf QQxQ −= ∫−

  Denote the 

Hardy spaces by ( ).np RH  It is well known that ( ) ( )10 ≤< pRH np  has 

the atomic decomposition characterization (see [2], [8], [11]). For 0>β  

and ,1>p  let ∞β,
pF  be the homogeneous Triebel-Lizorkin space. The 

Lipschitz space ( )nRLipβ  is the space of functions f such that 

( ) ( ) .sup
,

∞<
−

−
=

β

≠
∈

β yx
yfxff

yx
Ryx

Lip n
 

Lemma 1 (See [10]). For ,1,10 ∞<<<β< p  we have 

( )
pp

L
Q

QnQF dxfxf
Q

f −≈ ∫β+
∞β 1

1sup,  

( ) .1infsup 1
pLQncQ

dxcxf
Q

−≈ ∫β+∈⋅
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Lemma 2 (See [10]). For ,1,10 ∞≤≤<β< p  we have 

( ) dxfxf
Q

f Q
QnQLip −≈ ∫β+β 1

1sup  

 ( ) .11sup
1 p

p
Q

QnQ
dxfxfQQ








 −≈ ∫β
 

Lemma 3 (See [1]). For ∞<≤ r1  and ,0>β  let 

( ) ( ) ( ) ,1sup
1

1,

r
r

QnrxQ
r dxyf

Q
xfM 










= ∫β−β


 

suppose that npr β<<  and ,11 npq β−=  then 

( ) ., pq LLr fCfM ≤β  

Lemma 4 (See [14]). If ( )rxBy ,0∈  and ( )( ) .,2 0
CrxBx ∈  Then 

( ) ( ) .1
0

0

0

0
1

0

0
1 











−

−
+

−

−
≤

−

−Ω
−

−

−Ω
γ+−

γ

−− nnnn yx
xx

yx
xxC

yx
yx

yx
yx  

Definition 1. Let .10 ≤< p  A function ( )xa  on nR  is called an 

,atom-pH  if 

(1) ( )rxBa ,Supp 0⊂  for some 0x  and for some 0>r  (or for some 

1≥r ); 

(2) ( ) ;, 1
0

p
L rxBa −≤∞  

(3) ( ) .0=∫ dxxanR
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Lemma 5 (See [7], [11]). Let .10 ≤< p  A distribution f on nR  is in 

( )np RH  if and only if f can be written as jjj af λ= ∑∞
−∞=

 in the 

distributional sense, where each ja  is atomH p -  and each jλ  is a 

constant, .∞<λ∑∞
−∞=

p
jj  Moreover, 

,inf
1 p

p
j

j
H pf 













λ≈ ∑

∞

−∞=

 

with the infimum take over all decompositions of f as above. 

Definition 2. Let { },2,,,,0 k
k ≤∈=∈α∞<< xRxBRqp n  

,\ 1−= kkk BBE  and 
kk Eχ=χ  for .Z∈k  

(1) The homogeneous Herz space is defined by 

( ) { ( { }) },:0\ ,Loc
, ∞<∈= α

α p
qK

nqnp
q fRLfRK  

where 

.2
1

,

p
p
L

p
K qp

q
ff












χ= α

∞

−∞=
∑α k

k

k
 

(2) The nonhomogeneous Herz space is defined by 

( ) { ( ) },: ,Loc
, ∞<∈= α

α p
qK

nqnp
q fRLfRK  

where 

( ) .2
1

1
0,

p
p
LB

p
L

p
RK qqnp

q
fff












χ+χ= α

∞

=
∑α k

k

k
 

Definition 3. Let .,0, ∞<<∈α qpR  

(1) The homogeneous Herz type Hardy space is defined by 

( ) { ( ) ( ) ( )},: ,, np
q

nnp
q RKfGRSfRKH αα ∈′∈=  
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and 

( ) .,, p
q

p
q KKH fGf αα =  

(2) The nonhomogeneous Herz type Hardy space is defined by 

( ) { ( ) ( ) ( )},: ,, np
q

nnp
q RKfGRSfRHK αα ∈′∈=  

and 

( ) ,,, p
q

p
q KHK fGf αα =  

where ( )fG  (see [11]) is the grand maximal function of f. 

The Herz type Hardy spaces have the atomic decomposition 
characterization. 

Definition 4. Let .1, ∞<<∈α qR  A function ( )xa  on nR  is called 

a central ( ) atom-, qα  (or a central ( ) atom-qa,  of restrict type), if 

(1) ( )rBa ,0Supp ⊂  for some 0>r  (or for some 1≥r ); 

(2) ( ) ;,0 n
L rBa q

α−≤  

(3) ( ) 0=η∫ dxxxanR
 for any ( )[ ].11 qn −−α≤η  

Lemma 6 (See [9]). Let ,1,0 ∞<<∞<< qp  and ( ).11 qn −≥α     

A temperate distribution f belongs to ( ) ( ( )),,, np
q

np
q RHKorRKH αα  if and 

only if there exist central ( ) atomsq -,α (or central ( ) atomsq -,α  of restrict 

type) ja  supported on ( )j
j BB 2,0=  and constants ∞<λλ ∑ p

jjj ,  

such that ( )jjjjjj aforaf λ=λ= ∑∑ ∞
=

∞
−∞= 0  in the ( )nRS′  sense, and 

( ) .~
1

,,

p
p

j
j

HKKH p
q

p
q

forf 












λ∑αα  
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Definition 5 (See [13]). Let .,1, ∞<<∈α qpR  

(1) A measure function f is said to belong to homogeneous weak Herz 

space ( ),, nRp
qKW α  if 

( { ( ) } ) .:2sup 1
0

, ∞<λ>∈λ= α
+∞

∞−>λ
∑α

qqpp
KW xfExf p

q k
k  

(2) A measure function f is said to belong to inhomogeneous weak 

Herz space ( ),, nRp
qWK α  if 

( { ( ) } qpp
WK xfExf p

q
λ>∈λ= α

+∞

=>λ
∑α :2sup

10
, k

k

k

 

{ ( ) } ) .: 1
0 ∞<λ>∈+ pqpxfBx  

Definition 6. Let 10 ≤γ<  and Ω  be homogeneous of degree zero 

on nR  such that ( ) ( ) .01 =′σ′Ω∫ − xdxnS
 Assume that ( ),1−

γ∈Ω nSLip  

that is there exists a constant 0>M  such that for any ,, 1−∈ nSyx  

( ) ( ) .γ−≤Ω−Ω yxMyx  The Marcinkiewicz multilinear commutator is 

defined by 

( ) ( ) ( ) ( ) ,
21

3
2

0 







=µ ∫

∞
Ω

t
dtxfFxf b

t
b  

where 

( ) ( ) ( ) ( ( ) ( )) ( ) .
1

1 dyyfybxb
yx

yxxfF jj

m

j
ntyx

b
t












−

−

−Ω= ∏∫
=

−≤−
 

Set 

( ) ( ) ( ) ( ) ,1 dyyf
yx

yxxfF ntyx
t −≤− −

−Ω= ∫  
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we also define that 

( ) ( ) ( ) ( ) ,
21

3
2

0 







=µ ∫

∞
Ω

t
dtxfFxf t  

which is the Marcinkiewicz operator (see [12]). 

Let H be the space ( ( ) ) .: 2132
0 






 ∞<== ∫

∞
tdtthhhH  Then, it 

is clear that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .and xfFxfxfFxf b
t

b
t =µ=µ ΩΩ  

Note that when b
mbb Ωµ== ,1  is just the m order commutator. It 

is well known that commutators are of great interest in harmonic 
analysis and have been widely studied by many authors (see [5], [6], [9], 
[12], [13]). Our main purpose is to establish the boundedness of the 
multilinear commutator on Triebel-Lizorkin space, Hardy space, and 
Herz-Hardy space. 

Given a positive integer m and ,1 mj ≤≤  we set ∏ =
=

β

m
jLipb 1  

βLipjb  and denote by m
jC  the family of all finite subsets 

( ) ( ){ }jσσ=σ ,,1  of { }m,,1  of j different elements, j=σ  is the 

element number of .σ  For ,m
jC∈σ  set { } .\,,1 σ=σ mc  For  

( )mbbb ,,1=  and ( ) ( ){ } ,,,1 m
jCj ∈σσ=σ  set ( ( ) ( ) ),,,1 jbbb σσσ =  

( ) ( ),1 jbbb σσσ =  and ( ) ( ) .1 βββ σσσ = LipjLipLip bbb  

3. Theorems and Proofs 

Theorem 1. Let ( ) ( )mbbbpmm ,,,1,,21min0 1=∞<<γ<β<   

with ( )n
j RLipb β∈  for mj ≤≤1  and b

Ωµ  be the multilinear 

commutator of Marcinkiewicz operator as in Definition 6. Then 
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(a) b
Ωµ  is bounded from ( )np RL  to ( )., nm

p RF ∞β  

(b) b
Ωµ  is bounded from ( )np RL  to ( )nq RL  for nmqp β=− 11  

and .1 nmp β>  

Proof. (a) Fixed a cube ( )lxQQ ,0=  and .~ Qx ∈  Set (( ) ,1 QQ bb =  

( ) ),, Qmb  where ( ) ( ) .1,1 mjdyybQb jQQj ≤≤= ∫−  Write ,21 fff +=   

where ,, 2\221 QRQ nffff χ=χ=  we have 

( ) ( ) ( ( ) ( )) ( ( ) ( )) ( ) ( )dyyf
yx

yxybxbybxbxfF nmm
R

b
t n 111 −−

−Ω
−−= ∫  

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )xfFbxbbxb tQmmQ −−= 11  

( ) (( ( ) ) ( ( ) ) ) ( )xfbbbbF QmmQt
m −−−+ 111  

( ) ( ( ) )σ
−

∈σ

−

=

−−+ ∑∑ Q
jm

C

m

j
bxb

m
j

1
1

1
 

( ( ) ) ( ) ( )dyyf
yx

yxbyb nQ
tyx

c 1−σ
≤− −

−Ω
−× ∫  

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )xfFbxbbxb tQmmQ −−= 11  

( ) (( ( ) ) ( ( ) ) ) ( )xfbbbbF QmmQt
m

1111 −−−+  

( ) (( ( ) ) ( ( ) ) ) ( )xfbbbbF QmmQt
m

2111 −−−+  

( ) ( ( ) ) (( ) ) ( ),1
1

1
xfbbFbxb c

m
j

QtQ
jm

C

m

j
σσ

−

∈σ

−

=

−−−+ ∑∑  
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then 

( ) ( ) ((( ) ) (( ) ) ) ( )0211 xfbbbbxf mQmQ
b −−µ−µ ΩΩ  

( ) ( ) ( ) ((( ) ) (( ) ) ) ( )02111 xfbbbbFxfF mQmQt
mb

t −−−−≤  

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )xfFbxbbxb tQmmQ −−≤ 11  

( ( ) ) (( ) ) ( )xfbbFbxb c
m
j

QtQ
C

m

j
σσ

∈σ

−

=

−−+ ∑∑
1

1
 

(( ( ) ) ( ( ) ) ) ( )xfbbbbF QmmQt 111 −−+  

(( ( ) ) ( ( ) ) ) ( )xfbbbbF QmmQt 211 −−+  

(( ( ) ) ( ( ) ) ) ( )0211 xfbbbbF QmmQt −−−  

( ) ( ) ( ) ( ),4321 xIxIxIxI +++=  

thus, 

( ) ( ) (( ) ) (( ) ) ) ( ) dxxfbbbbxf
Q

mQmQ
b

Qnm 02111
1 −−µ−µ ΩΩβ+ ∫  

( ) ( )dxxI
Q

dxxI
Q QnmQnm 2111

11 ∫∫ β+β+
+≤  

( ) ( )dxxI
Q

dxxI
Q QnmQnm 4131

11 ∫∫ β+β+
++  

.IVIIIIII +++=  

For I, by using Lemma 2, we have 

( ) ( ) ( ) ( ) ( ) ( ) dxxfbxbbxb
Q

I
QQmmQ

Qxnm Ω
∈β+

µ−−≤ ∫111 sup1  

( ) ( ) dxxfQ
Q

bC
Q

nm
nmLip Ω

β
β+

µ≤ ∫β 1
1  
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( ( )) ( ).~xfMbC Lip Ωµ≤
β

 

Fix .1 pr <<  For II, by using the Hölder’s inequality and the 

boundedness of Ωµ  on rL  and Lemma 2, we get 

( ( ) ) (( ) ) ( ) dxxfbbbxb
Q

II c
m
j

QQ
Qnm

C

m

j
σΩσβ+

∈σ

−

=

−µ−≤ ∫∑∑ 1

1

1

1  

( ( ) )
r

r
Q

Qnm
C

m

j
dxbxb

Q
C

m
j

′
′

σβ+
∈σ

−

=








 −≤ ∫∑∑
1

1

1

1

1  

(( ) ) ( )
r

r
Q

Q
dxxfbb c

1







 −µ× σΩ∫  

( ( ) )
r

r
Q

Qnm
C

m

j
dxbxb

Q
C

m
j

′
′

σβ+
∈σ

−

=








 −≤ ∫∑∑
1

1

1

1

1  

( ( ) ) ( )
r

r
Q

Q
dxxfbxb c

1







 −× σ∫  

rn
Lip

n
Lip

r
nm

C

m

j
QQbQbQ

Q
C

c
c

m
j

11
1

1

1

1 βσ
σ

βσ
σ

′
β+

∈σ

−

=
ββ∑∑≤  

( )
r

r
Q

dxxfQ

11







× ∫  

( ) ( ).~xfMbC rLipβ
≤  

For III, by Hölder’s inequality, we have 

(( ( ) ) (( ) ) ) ( ) dxxfbbbb
Q

III QmmQQnm 1111
1 −−µ= Ωβ+ ∫  
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( ( ( ) ) ) ( ) r
r

r
Qjj

m

jRnm Qdxxfbb
Q

C n
11

1

1
1

1
1 −

=
Ωβ+ 













−µ≤ ∏∫  

( ( ) ( ) ) ( )
r

r
Qjj

m

jQ
r

nm dxxfbxbQ
Q

C
1

12
11

1
1














−≤ ∏∫

=

−
β+

 

( )
r

r
Q

rnm
Lip

r
nm dxxfQQQbQ

Q
C

1

2
111

1 2
11








≤ ∫β−
β+ β

 

( ) ( ).~xfMbC rLipβ
≤  

For IV, since yxyx −≈−0  for ( ) ,2 cQy ∈  we have 

(( ( ) ) (( ) ) ) ( )xfbbbbFI QmmQt 222114 −−=  

(( ( ) ) (( ) ) ) ( )022211 xfbbbbF QmmQt −−−  

( ( ) ( ) ( ( ) ( ) ) dybyb
yx

yfyx
Qjj

m

j
ntyx 











−

−

−Ω
= ∏∫∫

=
−≤−

∞

2
1

1
2

0
 

( ) ( ) ( ( ) ( ) ) ) 21
3

2
2

1
1

0

20

0 t
dtdybyb

yx
yfyx

Qjj

m

j
ntyx 











−

−

−Ω
− ∏∫

=
−≤−

 

( ) ( ) ( ( ) ( ) )

21

3

2

2
1

1
2

,0 00 


























−

−

−Ω
≤ ∏∫∫

=
−>−≤−

∞

t
dtdybyb

yx
yfyx

Qjj

m

j
ntyxtyx

 

( ) ( ) ( ( ) ( ) )

21

3

2

2
1

1
0

20
,0 0 



























−

−

−Ω
+ ∏∫∫

=
−≤−>−

∞

t
dtdybyb

yx
yfyx

Qjj

m

j
ntyxtyx

 

( ) ( ) ( ( ) ( ) ) ( )

21

3

2

22
1

1
0

0
1,0 0 



























−

−

−Ω
−

−

−Ω
+ ∏∫∫

=
−−≤−≤−

∞

t
dtdyyfbyb

yx
yx

yx
yx

Qjj

m

j
nntyxtyx

 

.321 JJJ ++≡  
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For ,1J  since ,21<βm  

( )
( ( ) ( ) ) ( ) dy

t
dt

yx
yfbybCJ

yxtyxnQjj

m

jQ c

21

312
12

1
0










−
−≤ ∫∏∫ −<≤−−

=

 

( )
( ( ) ( ) ) ( ) dy

yxyxyx
yfbybC nQjj

m

jQ c

21

2
0

212
12

11
−

−
−−

−≤
−

=
∏∫  

( )
( ( ) ( ) ) ( ) dy

yx
xx

yx
yfbybC nQjj

m

jQ c 23

21
0

12
12 −

−

−
−≤

−
=
∏∫  

( ( ) ( ) ) ( ) dy
yx

yfQbybC n

n

Qjj

m

jQQ 21
0

21

2
12\21

1 +
=

∞

= −
−≤ ∏∫∑ + kk

k
 

( ) ( ) dyyfQQQbC
Q

nnnnm
Lip ∫∑ +β

−−β+
∞

=

≤ 12
21211

1
22

k
kk

k
 

( ) ( ) ( )xfMQbC nmmnm
Lip

~2 21

1

+β+β−−
∞

=

β ∑β
≤ k

k
 

( ) ( ) .~ nm
Lip QxfMbC β

β
≤  

For ,2J  similar to ,1J  we have 

( ) ( ) .~
2

nm
Lip QxfMbCJ β

β
≤  

For ,3J  by using Lemmas 2, 4 and ,γ<βm  

( )
( ( ) ( ) ) ( ) dy

t
dt

yx
xxyfbybCJ

tyxtyxnQjj

m

jQ c

21

3,0

0
2

12
3

0









−

−
−≤ ∫∏∫ ≤−≤−=

 

( )
( ( ) ( ) ) ( ) dy

t
dt

yx
xxyfbybC

tyxtyxnQjj

m

jQ c

21

3,1
0

0
2

12 0









−

−
−+ ∫∏∫ ≤−≤−γ+−

γ

=

 



LIPSCHITZ ESTIMATES FOR MULTILINEAR … 33

( ( ) ( ) ) (
( ) ( )

) ( ) dyyf
yx

Q
yx

QbybC n

n

n

n

Qjj

m

jQQ γ+

γ

+
=

∞

= −
+

−
−≤ ∏∫∑ +

0
1

0

1

2
12\21

1 kk
k

 

( ( ) ( ) ) ( ) dyyf
Q
Q

Q
QQbC

Qnn

n

nn

n
nm

Lip ∫∑ +β γ+

γ

+
β+

∞

=

+≤ 121

1
1

1 22
2

kkk
k

k

 

( ( ) ( ) ) ( ) ( )xfMQbC nmmnmmnm
Lip

~22 1

1

+β+β−γ−+β+β−−
∞

=

β +≤ ∑β
kk

k
 

( ) ( ) .~ nm
Lip QxfMbC β

β
≤  

Thus, 

( ) ( ).~xfMbCIV Lipβ
≤  

We put these estimates together, by using Lemma 1 and taking the 
supremum over all Q such that ,Qx ∈  we obtain 

( ) ( ) ., pm
p LLipF

b fbCxf
β

∞β ≤µΩ  

This complete the proof of (a). 

(b) By some argument as in the proof of (a), we have 

( ) ( ) ((( ) ) (( ) ) )( ) dxxfbbbbxfQ mQmQ
b

Q
0211

1 −−Ωµ−µΩ∫  
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4321
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thus, 

( ( )) ( ( ( )) ( ) ( )).1,,1,
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b
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By using Lemma 3 and the boundedness of ,Ωµ  we have 

( ) ( ( )) qq L
b

L
b fCf #

ΩΩ µ≤µ  

( ( ( )) ( ) ( ) )qqq LmLrmLmLip fMfMfMbC 1,,1, ββΩβ ++µ≤
β

 

.pLfC≤  

This complete the proof of (b). 

Theorem 2. Let ( ) ( ) ,1,21,min0 ≤<β+γ<β< pnnmm  

( )mbbbnmpq ,,,11 1=β−=  with ( )n
j RLipb β∈  for .1 mj ≤≤  

Then b
Ωµ  is bounded from ( )np RH  to ( ).nq RL  

Proof. By Lemma 5, it suffices to show that there exists a constant 

,0>C  such that for every , atom- aH p  

( ) .Ca qL
b ≤µΩ  

Write 
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q
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q
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
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


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Ω

≤−
Ω ∫∫  

.III +=  

For I, choose β<< mnp11  and 1q  such that .11 11 nmpq β−=  By 

the boundedness of b
Ωµ  from ( )np RL 1  to ( )nq RL 1  (see Theorem 1), the 

size condition of a and Hölder’s inequality, we get 

( ) ( ) ( ) .1111
1111

ββ
≤≤µ≤ −−
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qqn
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qqn

L
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For II, since ,20 rxx >−  we have 
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Observe that from rxx 20 >−  and ( ),,0 rxBBy =∈  it follows that 

.2~~ 00 rxxxxyx +−−−  By the Minkowski inequality and 

( ) ( ),11 −∞−
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1
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β
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0
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Notice that from ,20 rxxt +−≥  and ,By ∈  it follows +−≥ 0xxt  
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( ( ) ( ) ).11
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Therefore, since ( ) ( ) ( )121 +>+>β+> nnnnnnp  and ( )β+> nnp  
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.
β

≤ LipbC  

Combining the estimates for I and II, then leads to the desired result. 

It is well-known that the dual space of ( )nRH1  is ( ).nRBMO  From 

this and Theorem 2, by a dual argument, we easily deduce the following 
conclusion: 

Corollary 1. Let ( ) ( ) .1,,21,min0 mjRLipbmm n
j ≤≤∈γ<β< β  

Then b
Ωµ  maps ( )nmn RL β  continuously into ( ).nRBMO  

Theorem 3. Let ,11,,1,0,10 2121 nmqqqqp β=−∞<<∞<<≤β<  

( ) ( ) ( )mbbbqnqn ,,,1111 111 =β+−<α≤−  with ( )n
j RLipb β∈  for 

.1 mj ≤≤  Then b
Ωµ  is bounded from ( )np

q RKH ,
1
α  to .,

2
p

qK α  
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Proof. By Lemma 6, let ( )np
q RKHf ,
1
α∈  and ,jjj af λ= ∑∞

−∞=
 

( ) k
k
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p
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For ,1I  by the boundedness of b
Ωµ  on ( )21 , qq LL  (see Theorem 1), it is 

easy to verify that 
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For ,2I  note that 
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When lEx ∈  and tyx <−  with ,2 1++< kxt  it follows from 2+≥ kl  

that .2~~ 1++− kxxyx  Then, by the Minkowski inequality, 
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By the method to the estimate for 2J  in the proof of the Theorem 2, we 
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The estimates for 1I  and 2I  lead to 
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and desired estimate follows from taking infimum over all decompositions 
of f. 

When ( ) ,11 1 β+−=α qn  this kind of boundedness fails. In [15], Lu 

and Xu prove it when .1=m  Now, we give an estimate of weak type. 
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By the ( )21 , qq LL  boundedness of b
Ωµ  and an estimate similar to that for 
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To estimate ,2G  let us now use the estimate 
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So, we obtain 
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Now, combining the above estimates for 1G  and ,2G  we obtain 
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Theorem 4 follows by taking the infimum over all central atomic 
decompositions. 
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