
Research and Communications in Mathematics and Mathematical Sciences 
Vol. 2, Issue 1, 2013, Pages 1-18 
ISSN 2319-6939 
Published Online on March 30, 2013 
 2013 Jyoti Academic Press 
http://jyotiacademicpress.net 

2010 Mathematics Subject Classification: 42B20, 42B35.
 Keywords and phrases: multilinear commutator, singular integral operator, variable 

Calderón-Zygmund kernel, central-λ  space. 

Communicated by S. Ebrahimi Atani. 

Received September 24, 2012; Revised October 9, 2012 

λ -CENTRAL BMO ESTIMATES FOR  
MULTILINEAR COMMUTATOR OF SINGULAR 

INTEGRAL OPERATOR WITH VARIABLE 
CALDERÓN-ZYGMUND KERNEL  

TAN LU, CHUANGXIA HUANG  
and LANZHE LIU 

College of Mathematics 
Changsha University of Science and Technology 
Changsha, 410077 
P. R. China 
e-mail: lanzheliu@163.com 

Abstract 

In this paper, we establish central-λ  BMO estimates for the multilinear 
commutator related to the singular integral operator with variable       
Calderón-Zygmund kernel in central Morrey spaces. 

1. Introduction 

In recent years, research for singular integral operator is becoming 
more and more popular, and their commutators and multilinear 
operators have also been well studied (see [3-10], [12-15]). Let 
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( )nRBMOb ∈  and T be the Calderón-Zygmund operator, the 

commutator [ ]Tb,  generated by b and T is defined by 

[ ] ( ) ( ) ( )., bfTfbTfTb −=  

In [3] [12], the authors proved that the commutators and multilinear 
operators generated by the singular integral operators and BMO functions 

are bounded on ( )np RL  for .1 ∞<< p  Since q
q CBMOBMO 1>⊂ ∩     

(see [7]), if we only assume ,qCBMOb ∈  or more generally 
λ∈ ,qCBMOb  with ,1>q  then [ ]Tb,  may not be a bounded operator on 

( ).np RL  However, it has some boundedness properties on other spaces. 

As a matter of fact, Grafakos et al. ([5]) considered the commutator with 
qCBMOb ∈  on Herz spaces for the first time. Later, Alvarez et al. ([2]) 

and Komori ([7]) have obtained the λ -central BMO estimates for the 
commutators of a class of singular integral operators on central Morrey 
spaces. Inspired by these results, in this paper, we will establish 

-λ central BMO estimates for the multilinear commutator associated to 

the singular integral operator with variable Calderón-Zygmund kernel in 
central Morrey spaces. 

2. Notations and Results 

Definition 1. Let 10 <λ<  and .1 ∞<< q  A function ( )nq RLf loc∈  

is said to belong to the -λ central bounded mean oscillation space 

( ),, nq RCBMO λ  if 

( ) ( )
( ) ( ) ,

,0
1sup

1

,0
,010

, ∞<









−= ∫λ+>

λ

q
q

rB
rBqrCBMO dxfxf

rB
f q  (1) 

where ( ) { }rxRxrBB n <∈== :,0  and ( )rBf ,0  is the mean value of   

f on ( ).,0 rB  
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Remark 1. If two functions which differ by a constant are regarded 

as a function in the space λ,qCBMO  becomes a Banach space. The space 

( )nq RCBMO λ,  when 0=λ  is just the space ( )nRCBMO  defined as 

follows: 

( ) ( )
( ) ( ) .,0

1sup
1

,0
,00

∞<






 −= ∫>

q
q

rB
rBrCBMO dxfxfrBf

q
 

Apparently, (1) is equivalent to the following condition (see [2]): 

( ) ( )
( ) .

,0
1infsup

1

,010
, ∞<










−= ∫λ+∈>

λ

q
q

rBqcrCBMO dxcxf
rB

f q
C

 

Definition 2. Let R∈λ  and .1 ∞<< q  The central Morrey space 

( )nq RB λ,�  is defined by 

( ) ( )
( ) .

,0
1sup

1

,010
, ∞<










= ∫λ+>

λ

q
q

rBqrB dxxf
rB

f q�  (2) 

Remark 2. It follows from (1) and (2) that ( )nq RB λ,�  is a Banach space 

continuously included in ( )., nq RCBMO λ  We denote by ( )nq RCMO λ,  

and ( )nq RB λ,  the inhomogeneous versions of the λ -central bounded 

mean oscillation space and the central Morrey space by taking the 
supremum over 1≥r  in Definition 1 and Definition 2 instead of 0>r  

there. Obviously, ( ) ( )nqnq RCMORCBMO λλ ⊂ ,,  for nδ<λ  and 

,1 ∞<< q  and ( ) ( )nqnq RBRB λλ ⊂ ,,�  for R∈λ  and .1 ∞<< q  

Remark 3. When ,21 λ<λ  it follows from the property of monotone 

functions that ( ) ( )nqnq RBRB 21 ,, λλ ⊂  and ( ) ( )nqnq RCMORCMO 21 ,, λλ ⊂   

for .1 ∞<< q  If ,1 21 ∞<<< qq  then by Hölder’s inequality, we know 
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that ( ) ( )nqnq RBRB λλ ⊂ ,, 12 ��  for R∈λ  and ,,, 12 λλ ⊂ qq CBMOCBMO  

( ) ( )nqnq RCMORCMO λλ ⊂ ,, 12  for .10 <λ<  

In this paper, we will study some multilinear commutators as follows 
(see [1]): 

Definition 3. Let ( ) ( ) { } KRRxxxK nn .0\: →Ω=  is said to be a 

Calderón-Zygmund kernel, if 

(a) ( { });0\nRC∞∈Ω  

(b) Ω  is homogeneous of degree zero; 

(c) ( ) ( ) 0=σΩ α

∑∫ xdxx  for all multi-indices { }( )nN 0∪∈α  with ,N=α  

where { }1: =∈=∑ xRx n  is the unit sphere of .nR  

Definition 4. Let ( ) ( ) ( { }) KRRRyyxyxK nnn .0\:,, →×Ω=  

is said to be a variable Calderón-Zygmund kernel, if 

(d) ( )⋅,xK  is a Calderón-Zygmund kernel for a.e. ;nRx ∈  

(e) ( )
( )

.,max 2 ∞<=Ω
∂

γ∂

∑×
γ≤γ

∞
Myx

y nRL
n  

Suppose ( )mjbj ,,1 "=  are the fixed locally integrable functions on 

.nR  Let T be the singular integral operator with variable            
Calderón-Zygmund kernel as 

( ) ( ) ( ) ( ) ,, dyyfyxxKxfT nR
−= ∫  

where ( ) ( )
nyx

yxxyxxK
−

−Ω
=−

,,  and that ( ) nyyx,Ω  is a variable 

Calderón-Zygmund kernel. The multilinear commutator of singular 
integral with variable Calderón-Zygmund kernel is defined by 
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( ) ( ) ( ( ) ( )) ( ) ( ) .,
1

dyyfyxxKybxbxfT jj

m

jRb n −−= ∏∫
=

G  

Note that when bTm G,1=  is just the commutator of T and b, which is 

widely studied (see [9-16]). 

For ( ) ( ),,,111, mjRCBMOb np
j

jj "=∈ ++ λ  set 

.1,1,

1
+λ+λ ∏

=

= jjpp CBMOj

m

j
CBMO bb GG

G
 

Given a positive integer m and ,1 mj ≤≤  we denote by m
jC  the family of 

all finite subsets ( ) ( ){ }jσσ=σ ,,1 "  of { }m,,1 "  of j different elements. 

For ,m
jC∈σ  set { } .\,,1 σ=σ mc "  For ( )mbbb ,,1 "

G
=  and 

( ) ( ){ } ,,,1 m
jCj ∈σσ=σ "  set ( ( ) ( ) ) ( ) ( )jj bbbbbb σσσσσσ == ""

G
11 ,,,  and 

( ) ( ) .1,12,2, 1 +λ+λλ σσσ = jjppp CBMOjCBMOCBMO bbb "
G GG  

Now we state our theorems as following: 

Theorem 1. Let 0<λ  and ,1 ∞<< q  then T is bounded from 

( )nq RB λ,�  to ( )., nq RB λ�  

Theorem 2. Let ( )
1

11,111,1 pqmkpq k =+≤≤∞<<∞<<  

.111
12
≤+++

+mpp "  Suppose  ( ),1,,3,210,, 1 +=<λ<∈λλ mii "R  

.121 +λ++λ+λ=λ m"  If ( )np
j RCBMOb jj 11, ++ λ∈  for ,,,1 mj "=  

then bTG  is bounded from ( )np RB 11,λ�  to ( ),, nq RB λ�  and the following 

inequality holds: 

( ) .1,1,, λλλ ≤ ppq BCBMOBb fbCfT ��G GG
G
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3. Proof of Theorems 

To prove the theorems, we need the following lemmas: 

Lemma 1 (see [1]). Let T be the singular integral operator as 

Definition 4 and .1 ∞<< p  Then T is bounded from ( )np RL  to ( ).np RL  

Lemma 2. Let .0,1 >λ∞<< p  Suppose ( ),, np RCBMOb λ∈  then 

for any ,1≥k  we have 

.2 1
2 ,1

λ+
λ+ ≤− BkbCbb k

CBMOBB pk  

Proof. 

BB

k

j
BB jjk bbbb 22

0
2 11 −≤− ++ ∑

=

 

( ) dybyb
B BBj

k

j
jj 1220 2

1
+−≤ ∫∑

=

 

( )
p

p
BBj

k

j
dybyb

B
C jj

1

221
0

112
1











−≤ ++∫∑ +

=

 

λ+

=
∑λ≤ BbC j

k

j
CBMO p 1

0
2,  

( ) λ++≤ λ BkbC k
CBMO p 121,  

.2 1, λ+
λ≤ BkbC k

CBMO p  

Proof of Theorem 1. Let f be a function in ( )., nq RB λ�  For fixed 

,0>r  set ( ),,0 rBB =  we write 
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( ) ( )
q

dxxfT
B

q
Bq

1

1
1











∫λ+

 

( )( ) ( ( ) ) ( )
q

c
q

dxxfT
B

dxxfT
B

q
BBq

q
B

Bq

11

2121
11











χ+










χ≤ ∫∫ λ+λ+

 

.21 II +=  

For ,1I  by the boundedness of T, we have 

( )
q

q dxxfBCI q
B

1
1

2
1 







≤ ∫λ−−  

λ
λ+λ−−≤ ,

11
qqq BfBBC �  

.,λ≤ qBfC �  

For ,2I  given ,Bx ∈  by Hölder’s inequality, we get 

( ( ) ) ( ) ( ) ( ) dyyfyxxKxfT
BBk

B kkc −≤χ ∫∑ +

∞

=

,
2\21

2 1  

( ) dyyf
B

C
Bk

k
k∫∑ +

∞

=

≤ 121 2
1  

( ) q
q

k Bdyyf
B

C kq
Bk

k

1
1

1
11

21
2

2
1 −+

∞

=








≤ ∫∑ +
 

qqq BfB
B

C k
B

k
k

k

1
,

1 111

1
22

2
1 −+λ++

∞

=

λ∑≤ �  

λ
∞

=
∑λ≤ BfC k

k
Bq 2

1
,�  

,,
λ

λ≤ BfC qB�  
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therefore, 

.,
1

,
1

2 λλ ≤≤ λλ−−
pqqq BB fCBBfBCI ��  

This completes the proof of Theorem 1. 

Proof of Theorem 2. Let f be a function in ( ),11, np RB λ�  we will 

consider the cases 1=m  and ,1>m  respectively. 

We first consider the case :1=m  Set ( ) ( ) ,1
11 dyybBb

BB ∫=  we have 

( ) ( ) ( ( ) ( ) ) ( ) ( ) (( ( ) ( ) ) ) ( ).11111 xfbybTxfTbxbxfT BBb −−−=  

So, 

( ) ( )
q

dxxfT
B

q
b

Bq

1

11
1











∫λ+

 

( ( ) ( ) ) ( ( )) ( )
q

dxxfTbxb
B

q
BBBq

1

2111
1











χ−≤ ∫λ+

 

( ( ) ( ) ) ( ( ( ) )) ( )
q

c dxxfTbxb
B

q
BBBq

1

2111
1











χ−+ ∫λ+

 

(( ( ) ) ) ( )
q

dxxfbbT
B

q
BBBq

1

2111
1











χ−+ ∫λ+

 

(( ( ) ) ( ) ) ( )
q

c dxxfbbT
B

q
BBBq

1

2111
1











χ−+ ∫λ+

 

.4321 JJJJ +++=  

For ,1J  by Hölder’s inequality and boundedness of T from ( )np RL 1  to 

( ),1 np RL  we have 
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( ) ( ) ( ) ( ) 1
1

12
1

2
1

2111
pp

q p
B

B
p

BB
xfTdxbxbBJ 







 χ






 −≤ ∫∫λ−−  

( ) 1
1

12,222
11

1
p

ppq dxxfbBBC p
BCBMO 







≤ ∫λ
λ+λ−−  

1,111
1

2,222
11

1 λλ
λ+λ++λ−−≤ ppppq BCBMO fBbBC �  

.1,12,21 λλ≤ pp BCBMO fbC �  

For ,2J  with the same method which we use above, we get 

( ( ) ) ( ) ( ) ( ) dyyfyxxKxfT
BBk

B kkc −≤χ ∫∑ +

∞

=

,
2\21

2 1  

( ) 1
11

1
1

1
11

21
2

2
1

p
p

k Bdyyf
B

C kp
Bk

k

−+
∞

=








≤ ∫∑ +
 

1
1

1,111
1 111

1
22

2
1

ppp BfB
B

C k
B

k
k

k

−+λ++
∞

=

λ∑≤ �  

11,1 2
1

λ
∞

=
∑λ≤ BfC k

k
B p�  

,11,1
λ

λ≤ BfC pB�  

then, we can get 

( ( ) ( ) ) ( ( ( ) )) ( )
q

cq dxxfTbxbBCJ q
BBB

1
1

2112 






 χ−≤ ∫λ−−  

( ) ( ) 2
112

211,1
1 1

11 pqpq BdxbxbBfBC
p

p
BBB

−λλ−− 






 −≤ ∫λ�  

( ) ( )
2,21,122

1
2

11
1

1
1 λλ

λ++−+λ+λ−−≤ ppppqq CBMOB bfBC �  
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.1,12,21 λλ≤ pp BCBMO fbC �  

For ,3J  using the boundedness of T and Hölder’s inequality, we have 

( ) ( ) ( )
q

q dxxfbxbBCJ q
BB

1
1

113 






 −≤ ∫λ−−  

 ( ) ( ) ( ) 1
1

12
1

2
1

11
pp

q dxxfdxbxbBC p
B

p
BB
















 −≤ ∫∫λ−−  

 1,111
1

2,222
11

1 λλ
λ+λ+λ−−≤ ppppq BCBMO fBbBBC �  

 .1,12,21 λλ≤ pp BCBMO fbC �  

For ,4J  given ,Bx ∈  by Hölder’s inequality and Lemma 2, we have 

(( ( ) ) ( ) ) ( )xfbbT cBB 211 χ−  

( ) ( ) ( ) ( ) dyyfyxxKbyb BBBk
kk −−≤ ∫∑ +

∞

=

,11
2\21

1  

( ) ( ) 2
1

2
1 11

21 2
1 p

k dybyb
B

C p
BBk

k







 −≤ ∫∑ +

∞

=

 

( ) 2
1

1
11

1
1

1
11

2
2 pp

p

k Bdyyf kp
B

−−+






× ∫ +
 

( ) ( )













 −≤ +
+∫∑

∞

=

2
1

21
1 211

21 2
1 p

k
k dybyb

B
C p

BBk
k

 

( ) ( ) 2
1

1
1

1,111
1

2
1

1 1111
121 222 pppppk BfBBbb k

B
kk

BB
−−+λ+++

λ+





−+ �  


≤ λ

λ++
∞

=
∑ 2,222

1
1

1

1
2

2
1

pp CBMO
k

k
k

bB
B

C  
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+ +λ+

λ 2
1

2,22 1
1

1 22 pp BbBk k
CBMO

k  

2
1

1
1

1,111
1 111 22 pppp BfB k

B
k −−+λ++

λ× �  

211,12,2 2
1

1
λ+λ

∞

=
∑λλ≤ BkfbC k

k
BCBMO pp �  

,211,12,21
λ+λ

λλ≤ BfbC pp BCBMO �  

therefore, 

qppq BBfbBCJ BCBMO
1

211,12,2
1

14
λ+λλ−−

λλ≤ �  

.1,12,21 λλ≤ pp BCBMO fbC �  

This completes the proof of the case .1=m  

Now, we consider the case .1>m  Set (( ) ( ) ),,,1 BmBB bbb "
G

=  

where ( ) ( ) ( ) ydybBb jBBj ∫µ
= 1  for ,1 mj ≤≤  we have 

( ) ( ) ( ( ) ( )) ( ) ( )dyyfyxxKybxbxfT jj

m

jRb n −−= ∏∫
=

,
1

G  

( ) ( ( ) ( ) )σ
−

∈σ=

−−= ∑∑ Bjj
jm

C

m

j
bxb

m
j

1
0

 

( ( ) ( ) ) ( ) ( )dyyfyxxKbyb c
n Bjj

R
−−× σ∫ ,  

( ( ) ( ) ) ( ) ( )dyyfyxxKbxb
n

RBjj

m

j
−−= ∫∏

=

,
1
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( ) ( ( ) ( ) ) ( ) ( )dyyfyxxKbyb Bjj

m

j

n

R
m −−−+ ∏∫

=

,1
1

 

( ) ( ( ) ( ) )σ
−

∈σ

−

=

−−+ ∑∑ Bjj
jm

C

m

j
bxb

m
j

1
1

1
 

( ( ) ( ) ) ( ) ( )dyyfyxxKbyb c
n Bjj

R
−−× σ∫ ,  

( ( ) ( ) ) ( ) ( ) ( ) ( ( ( ) ) ) ( )xfbbTxfTbxb Bjj

m

j

m
Bjj

m

j
−−+−= ∏∏

== 11
1  

( ) ( ( ) ( ) ) ( ( ) ) ( ) ( ),1
1

1
xfbbTbxb c

m
j

BjjBjj
jm

C

m

j
σσ

−

∈σ

−

=

−−−+ ∑∑  

thus, 

( ) ( )
q

dxxfT
B

q
bBq

1

1
1











∫λ+

G  

( ( ) ( ) ) ( ( ) ( ) ) ( ( )) ( )
q

dxxfTbxbbxb
B

q
BBmmBBq

1

2111
1











χ−−≤ ∫λ+

"  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ( ) )) ( )
q

c dxxfTbxbbxb
B

q
BBmmBBq

1

2111
1











χ−−+ ∫λ+

"  

(( ( ) ) ( ( ) ) ) ( )
q

dxxfbbbbT
B

q
BBmmBBq

1

2111
1











χ−−+ ∫λ+

"  

(( ( ) ) ( ( ) ) ( ) ) ( )
q

c dxxfbbbbT
B

q
BBmmBBq

1

2111
1











χ−−+ ∫λ+

"  
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( ( ) ( ) ) (( ( ) ) ) ( )

q

c
m
j

dxxfbbTbxb
B

q

BBjjBjj
C

m

jBq

1

2

1

1
1
1



















χ−−+ σσ

∈σ

−

=
λ+ ∑∑∫  

( ( ) ( ) ) (( ( ) ) ( ) ) ( )

q

cc
m
j

dxxfbbTbxb
B

q

BBjjBjj
C

m

jBq

1

2

1

1
1
1



















χ−−+ σσ

∈σ

−

=
λ+ ∑∑∫  

.654321 BBBBBB +++++=  

For ,1B  by Hölder’s inequality and the boundedness of T, we have 

( ) ( ) ( ( )) ( ) 1
1

11
1

1
1

2
1

1
pjpjq dxxfTdxbxbBB p

B
B

p
Bjj

B

m

j







 χ






 −≤ ∫∫∏ ++

=

λ−−  

( ) 1
1

11,111
11

1

p
jjpjjpq dxxfbBBC p

BCBMOj

m

j













≤ ∫∏ +λ++

+
λ+

=

λ−−  

1,111
1

,121
1

2
11

λλ+
+

λ+λ++λ+++λ−−≤ pppmmppq BCBMO fBbBBC �
"" GG

G
 

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

For ,2B  by the inequality ( ( ) ) ( ) 11,12
λ

λ≤χ BfCxfT pc BB �  from the proof 

of Theorem 1, we can get 

( ( ) ( ) )
q

pq dxbxbBfBCB q
Bjj

m

jBB

1

11,1
1

1
2 













−≤ ∏∫

=

λλ−−
λ�  

( ( ) ( ) ) 1
1

2
111

1

111,1
1

1
+

++λ
−−−

=

λλ−− 






 −≤ ∫∏ mppq
jpjpq BdxbxbBfBC p

Bjj
B

m

j
B

"
�  
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1
1

2
11

1,111
1

11,1
1

1
++λ++

+λ
−−−λ+

=

λλ−− ∏≤ mppqjjpjjppq BbBBfBC CBMOj

m

j
B

"
�  

1,11,1
1

λ+λ+∏
=

≤ pjjp BCBMOj

m

j
fbC �  

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

For ,3B  using the boundedness of T and Hölder’s inequality, we have 

( ( ) ( ) ) ( ( ) ( ) ) ( )
q

q dxxfbxbbxbBCB q
BBmmBB

1
1

211
2

3 






 χ−−≤ ∫λ−− "  

( ( ) ( ) ) ( ) 1
1

11
1

1
1

221

pipiq dxxfdxbxbBC p
B

p
Bjj

B

m

j















 −≤ ∫∫∏ ++

=

λ−−  

11,111
1

1,111
11

22
1

λλ+λ+

=

λ−−
λ+λ+

+
+∏≤ BfBbBBC ppiipiipq BCBMOi

m

j
�  

1,11,1
1

λ+λ+∏
=

≤ piip BCBMOi

m

i
fbC �  

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

For ,4B  given ,Bx ∈  for R∈λλ 1,  and ,121 +λ++λ+λ=λ m"  by 

Hölder’s inequality and Lemma 2, we have 

(( ( ) ) ( ( ) ) ( ) ) ( )xfbbbbT cBBmmB 211 χ−− "  

( ) ( ) ( ) ( ) ( ) ( ) dyyfyxxKbybbyb BmmBBBk
kk −−−≤ ∫∑ +

∞

=

,11
2\21

1 "  

( ( ) ( ) ) 1
1

1
1211 2

1 ++
+








 −≤ ∫∏∑
=

∞

=

jpj
k dybyb

B
C p

Bjj
B

m

j
k

k
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( ) 1
1

2
1

1
11

1
1

1
11

2
2 ++

−−−−+






× ∫ mppp
p

k Bdyyf kp
B

"  

∏∑
=

∞

=

≤
m

j
k

k B
C

11 2
1  

( ) ( ) ( ) ( )













−+







 − ++
+++

+
+∫ 1

1
1

1
1

11
1

1
222

2 jpk
jpjk

k Bbbdybyb k
BjBj

p
Bjj

B
 

1
1

2
1

1
1

1,111
1 111 22 +λ

−−−−+λ++× mppppp BfB k
B

k "
�  

1211,11,1
1

11
2 ++λ+λ

λ++λ+λ+
∞

==
∑∏≤ mjjpp BkbfC km

k
CBMOj

m

j
B

"
�  

1211,1, +λλ
λ++λ+λ≤ mpp BfbC BCBMO

"
�

GG
G

 

,1,1, λ
λλ= BfbC pp BCBMO �

GG
G

 

so, we obtain 

qppq BBfbBJ BCBMO
1

1,1,
1

4
λλ−−

λλ≤ �
GG

G
 

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

For ,5B  let ,,,1 321 ∞<< qqq  set 
21

111
qqq +=  and ,111

131 pqq +=  we 

denote ,,11
1

12
+

+
λ=λ′= ∑∑ j

jpq  where j satisfies ( ) ,σ∈σ j  

( ) ,,,11
1

13
c

j
j

jpq σ∈σλ=λ ′′= +
+

∑∑  and ,01 <λ ′′+λ  by the 

boundedness of T and Hölder’s inequality, we have 

( ( ) ) 2
1

2
1 1

1
5

q

m
j

q dxbxbBCB q
Bjj

B
C

m

j







 −≤ σ

∈σ

−

=

λ−− ∫∑∑  
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(( ) ) ( ) 1
1

12
q

c dxxfbbT q
BBjj

B







 χ−× σ∫  

( ( ) ) 2
1

2
1 1

1

q

m
j

q dxbxbBC q
Bjj

B
C

m

j







 −≤ σ

∈σ

−

=

λ−− ∫∑∑  

( ( ) ) ( ) 1
1

1 q
c dxxfbb q

Bjj
B








 −× σ∫  

( ( ) ) 2
1

2
1 1

1

q

m
j

q dxbxbBC q
Bjj

B
C

m

j







 −≤ σ

∈σ

−

=

λ−− ∫∑∑  

( ( ) ) ( ) 1
1

13
1

3 pq
c dxxfdxbb p

B
q

Bjj
B
















 −× ∫∫ σ  

λ ′′λ′
σ

λ ′′+
σ

λ′+

∈σ

−

=

λ−− ∑∑≤ ,33
1

,22
11 1

1
qcqqq

m
j

q CBMOCBMO
C

m

j
bBbBBC
GG

 

1,111
1

λ
λ+× pp BfB �  

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

For ,6B  given ,Bx ∈  using the same notations in ,, 15 λ ′′+λ′+λ=λB  

by Hölder’s inequality and Lemma 2, we have 

(( ) ( ) ) ( )xfbbT cc
BBjj 2χ− σ  

 ( ) ( ) ( ) dyyfyxxKbb c
kk Bjj

BBk
−−≤ σ

∞

=
∫∑ +

,
2\21

1  

 ( ) 3
1

3
121 2

1 q
c

k dybb
B

C q
Bjj

Bk
k








 −≤ σ

∞

=
∫∑ +

 



λ -CENTRAL BMO ESTIMATES FOR MULTILINEAR … 17

( ) 3
1

1
11

1

1
1

11
2

2 qp
p

k Bdyyf kp
B

−−+






× ∫ +
 

 11
1

,33
1 11

1
22

2
1 λ++

σ
λ ′′++

∞

=

λ ′′∑≤ pqcq BbB
B

C k
CBMO

k
k

k

G
 

3
1

1
1

1,1
112 qpp Bf k

B
−−+

λ× �  

 λ ′′+λ
∞

=
σ ∑λλ ′′≤ 11,1,3 2

1
BfbC k

k
BCBMO pqc �

G
 

 ( ) ,11,1,3
λ ′′+λ

σ
µ≤ λλ ′′ BfbC pqc BCBMO �

G
 

thus, 

( ) ( ) λ ′′+λ
σ

∈σ

−

=

λ−− µµ≤ λλ ′′∑∑ 11,1,3
1 1

1
6 BfbBCB pqc

m
j

q BCBMO
C

m

j
�

G
 

( ( ) ( ) ) ( ) ( ) 2
112

1

2 qq
q

Bxdbxb q
Bjj

B
−

σ µ






 µ−× ∫  

( ) ( ) λ′λλ ′′ σ
λ ′′+λ

σ
λ−− µµ≤ ,21,11,3

1
qpqcq CBMOBCBMO bfBbBC

GG
�  

( ) ( ) 2
1

2
1 1

qqq BB −λ′+ µµ×  

.1,1, λλ≤ pp BCBMO fbC �
GG

G
 

This completes the total proof of the Theorem 2. 
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