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Abstract

In this paper, we establish A-central BMO estimates for the multilinear

commutator related to the singular integral operator with variable

Calderén-Zygmund kernel in central Morrey spaces.

1. Introduction

In recent years, research for singular integral operator is becoming

more and more popular, and their commutators and multilinear

operators have also been well studied (see [3-10], [12-15]).
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be BMO(R") and T be the Calderén-Zygmund operator, the
commutator [b, T'] generated by b and T is defined by

[b, T1(f) = bT(f) - T(bf).

In [3] [12], the authors proved that the commutators and multilinear

operators generated by the singular integral operators and BMO functions

are bounded on LP(R"™) for 1< p <. Since BMO c (;.; CBMO?

(see [7]), if we only assume b e CBMO?, or more generally
b e CBMO?" with g > 1, then [b, 7] may not be a bounded operator on

LP(R™). However, it has some boundedness properties on other spaces.
As a matter of fact, Grafakos et al. ([5]) considered the commutator with

b € CBMOY on Herz spaces for the first time. Later, Alvarez et al. ([2])
and Komori ([7]) have obtained the A-central BMO estimates for the
commutators of a class of singular integral operators on central Morrey
spaces. Inspired by these results, in this paper, we will establish
A-central BMO estimates for the multilinear commutator associated to
the singular integral operator with variable Calderén-Zygmund kernel in

central Morrey spaces.

2. Notations and Results
Definition 1. Let 0 <A <1 and 1 < ¢ < . A function f e L{ (R")

is said to belong to the A-central bounded mean oscillation space

CBMOY*(R"), if

1/q

1
.[B(o, r)lf(x) - feo,nlfdx| <o, (1)

A= Sup| ——————
Iflepaion = sup [|B(0, r)the

where B = B(0,r) = {x € R" : |[x| <r} and fp(,,) is the mean value of

fon B(O, r).
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Remark 1. If two functions which differ by a constant are regarded

as a function in the space CBMO?" becomes a Banach space. The space
CBMOY%*(R") when % =0 is just the space CBMO(R") defined as

follows:

1 v 1/q
o, = 53 31671 /)~ "] <

Apparently, (1) is equivalent to the following condition (see [2]):

1/q
. 1
% = sup inf —J x)—c|?dx < .
"f"CBMOq r>0pC€C[|B(O, r)|1+xq B(o,r)lf( ) =<l J

Definition 2. Let L € R and 1 < ¢ < «. The central Morrey space

BZM(R™) is defined by

1/q
; = ; 94 00 9
(=t G L BTG

Remark 2. It follows from (1) and (2) that B%*(R") is a Banach space
continuously included in CBMO%*(R™). We denote by CMO% *(R")

and Bq’x(Rn) the inhomogeneous versions of the A -central bounded

mean oscillation space and the central Morrey space by taking the

supremum over r > 1 in Definition 1 and Definition 2 instead of r > 0

there. Obviously, CBMO?*(R") < CMO%*(R") for % <&/n and
1<q <, and B*(R") c B®*(R") for . e R and 1 < g < .
Remark 3. When 2; < Ag, it follows from the property of monotone

functions that B#* (R" )<= B%*2(R") and CMO? ™ (R")c CMO%*2(R™)

for 1 < g <o If 1 <q; <qgg < o, then by Hélder’s inequality, we know
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that BI2*(R") c B*(R") for » ¢ R and CBMO%'"* < CBMO™ *,

CMO®™*(R") ¢ CMO™*(R") for 0 < % < 1.

In this paper, we will study some multilinear commutators as follows
(see [1]):

Definition 3. Let K(x) = Q(x)/|x|" : R"\ {0} > R. K is said to be a
Calder6on-Zygmund kernel, if

(a) Q € C*(R™ {0});

(b) Q 1is homogeneous of degree zero;

(c) IZQ(x)x“dc(x) =0 for all multi-indices a € (N U{0})" with |o| = N,
where )" = {x € R" :|x| =1} is the unit sphere of R".

Definition 4. Let K(x, y) = Q(x, y)/[3" : R" x(R"™\ {0}) > R. K
is said to be a variable Calderén-Zygmund kernel, if

(d) K(x, ) is a Calderén-Zygmund kernel for a.e. x € R";

(e) maxy,<op =M < .

M e, )
o'y

L*(R" XZ)
Suppose b;(j =1, -, m) are the fixed locally integrable functions on

R". Let T be the singular integral operator with variable

Calder6on-Zygmund kernel as
T(f)(x) = -[R" K(x, x - y)f(y)dy,

Qx, x —

where K(x, x — y) = | |ny) and that Q(x, y)/[y|" is a variable
x -y

Calder6n-Zygmund kernel. The multilinear commutator of singular

integral with variable Calder6n-Zygmund kernel is defined by
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15N @) = [T~ 0K x - )f ().
j=1

Note that when m =1, T3 1s just the commutator of T'and b, which is

widely studied (see [9-16]).
For b; € CBMOP/*""/* 1 (R")(j =1, ---, m), set
N m
16l caarop-i = H"bj lepmorisivin .
j=1

Given a positive integer m and 1 < j < m, we denote by C;n the family of
all finite subsets ¢ = {o(1), -, o(j)} of {1, ---, m} of j different elements.
For o« C;.", set o ={,-,mNoc.  For b=(b,,b,) and

o = {o(1), -+, o(j)} € CT', set bo = (bo(1)s ***» bo(j))» bs = bo(1) *+ bo(j) and

166 lemmoni = 1bolemmorer2 - 1o leaporiv i
Now we state our theorems as following:

Theorem 1. Let L <0 and 1< q < o, then T is bounded from
B%*(R™) to BY*(R").

Theorem 2. Let 1<q<oo,1<pk<c>o(1£k£m+1),%=pL

1

L <1. Suppose A,y e R, 0<A; <1(=2,38,--,m+1),
P2 Pm+

A=Ay +hg+ethpyy. If bj e CBMOPI* " (R for j=1, .-, m,
then Ty is bounded from BPLM(R™) to BLM(R™), and the following

inequality holds:

175 (P ga-r < Clbleparor Il so i -
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3. Proof of Theorems

To prove the theorems, we need the following lemmas:

Lemma 1 (see [1]). Let T be the singular integral operator as

Definition 4 and 1 < p < . Then T is bounded from L”(R") to L”(R").

Lemma 2. Let 1 < p < », & > 0. Suppose b € CBMOP*(R"), then

forany k > 1, we have

|b ~bp| < Clblleppor K2 BI"

2k+lB

Proof.

k
|b2k+1B - bBl < Z|b2j+lB - b2j3|
j=0

k
1
e e T

1 1/p
P
b s
J:

k

< Clplcpyror ZWHBP
=0

< Clploparor- (k + 1|25 B

< Clploparor- k125 BI*.

Proof of Theorem 1. Let f be a function in B%*(R"). For fixed

r >0, set B = B(0, r), we write
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=

q

[|B|11+kq '[B |T(f) (x)lquJ

1
q

|

< (IBI%M f T (o )(x)|qu]q " {IBF;“" f Ty )(x)lquj

= Il +12.

For I, by the boundedness of T, we have

Q=

L

IA

C|B|—é—k( [ 2B|f(x)|quj

_1_ 1
< CIB["|Bfa ™ |f] o

A

< Clfl 0.1

For I, given x € B, by Hélder’s inequality, we get

7Pty Y = 2 s e =N

Sl
<C I d,
) Dl REWUCLY

k=1

1

S 1 a R+l pii-1
<C | qdj 2k+1p
>t o] 2l

k=1

0

1 1
< €Y —— 12" Bl |fl g

=12 Bl

oo}

kpih
< Clflgar Y2 B]

k=1

A
< Clflpo B,
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therefore,
1 1
I, < CIB7 " |fl 302 1B Bl < C|fl o2
This completes the proof of Theorem 1.

Proof of Theorem 2. Let f be a function in BPL*(R"), we will

consider the cases m =1 and m > 1, respectively.

We first consider the case m =1: Set (b )z = |1§|IBb1(y)dy, we have

Ty, (F) (x) = (br(x) = (b)) JT(f) (%) = T((b1 () = (b1 ) g )f ) ().

So,

1
q

{lBll%xq JAB|Tb1 (f) (x)|quJ

|—

q

< [ EMCCE (b1>3><T(foB>>(x)|quj

|B|1+7»q

1
q

+ |B|1+M-"B|(bl(x) - (b )B)(T(fX(ZB)C ))(x)lquJ

* |B|1+M _[B|T((bl ~(b1)p)fr2B) (x)|quJq

1
q

+ |B|1+MJB|T((Z)1 = (01)p )ft o e )(x)lquj

=dJ] +dJdg +dJd3 +Jy.

For J;, by Hélder’s inequality and boundedness of T from LP1(R™) to

LPL(R™), we have
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< |B|‘%‘k[ [ b= (bl dj_[ [ 17 (Fsm) @ j_

1

_1_ 1
< QB Bl 2 b logppore s ( [ e dj

= C|B|___M_+x2 "bl ||CBM0P2 A2 |B|1"1Jr 1||f ||BP1 M

< Ol lepnors 22 [l g ia -

For J,, with the same method which we use above, we get

7Pt YN = 3 [ s g5 5= 91 ANl

IA

0 1

1 Pl k41 lfL
C —J. pldj 2" B
> ([ 0N | 22 B

o0

1 1 1
= CZ k |2k+lB|1’lJrk1||f||1'3ply7»1|2k+lB|1 p1
=1 12" B|

0
< Clflgem Y |2 B
k=1

< Clflgen. B[,

then, we can get

—

Ty 5 OB [ 010 () (T D0 |

1, A o o JP2 11
< CIBs g B [ o)~ @u)p P20 | o

< ClBl___x+x1+(———)+(_+7‘2)||f||Bp1 M ||b1"CBM0p2 "2
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< Cller llcpporz- 2 Il e -
For J3, using the boundedness of 7"and Ho6lder’s inequality, we have

1

gy 2 OB [ )= e nas !

< OB [ o) - 1)l dxj_( [ e dxﬁ

1,1 1
< C\B|"a *|Ble2 ™2 |by | eppgore 22 |1Blor ™ f g1
< Clbyllcparorz 2 Il gera -

For J,, given x € B, by Hélder’s inequality and Lemma 2, we have

Ty = (81) 3 ot gy ) )

< ;J‘Zk+13\2k3|b1(y)— (by)p| K (x, x — ) |f(y)|dy

o0

= Czllej—Bl (J‘2k+1B|b1(y) - (b )™ dyjé

k=1

1
1 1

" U o g O™ dprl |25 Bl o e
2" B

1

(J.2k+1B|bl(y) = (by )gh+1 |2 dng

< CZ|2le|

k=1

ktl pl—L 1
2" Bl o1 b2

+[(by )1 — (b1 )]

1 1
zk”B@}l2k”Blz+M||f||Bm

o0

1 1
< €Y L[ B lepyiorn
#=112" B|



A -CENTRAL BMO ESTIMATES FOR MULTILINEAR ... 11
1
+ H2" "B o | ogrorarie |21 Bl |

1 1 1
« |2k+1B|H+k1 "f”BPI”»l |2k+lB|1_P_1_E

2k B|7\.1 +7L2

o0
< Clbr[legprorz 22 I grrm Z

k=1
< C . B 7\,1+7\.2
< Clballopprore 2 Il goraa | Bl 72,
therefore,
_1 1
J4 < CIBa [bullepprore 2 I g i | B 2| Bfa
< Clby[legprorz-22 Il o1 -
This completes the proof of the case m = 1.
Now, we consider the case m >1. Set bg = ((b1)g, - (b )g)s

where (b;)p _[B|bj(y)|d|y| for 1 < j < m, we have

_ L
~ w(B)

15N = [T - b 0K x - )y
j=1

m

S S - (b)),

J=05eC™
J

x JR" (0;(y) = (b ) )ge K(x, x — y)f(y)dy

[ -0))p )j RK( x = 9)f(y)dy
j=1
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# 0" [T 0500 (b)) x = )5}y
j=1
m-1 )
£ (i) - (b))
Jj=1 GEC}"

<[ (b)) ot K, x = ) (3)dy

H<b () - (6 ) T(1) (x) + (1)'"T(H<b ~(b;)5)) ()

Jj=1

m-1 )
F D N b(x) - () )6 (b = (b))t (F) (),

J=1 geC™
GECJ

thus,

Q=

[|B|+M 750 (x)deJ

[|B|1+M [ 11 = 1)) (b @) = (B )) (T o >><x>|deJq

1

[ 101) = ) (b @) = (B >B><T<fx23)c)><x>|quJ

|B|1+)»q

1

GRS BRCRTS >B>fm><x)|qu}

|B|1+7»q

1

[ 17~ G1)p) (5~ B )B)fx(ZB)c)(x)dej

Lo
{ar
e

|B|1+7»q
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v |B|qu Z > (@)~ ()5 )s T((b; ~ (b} )p )t fiap ) )] dx

GECm

Q

|B|1+w [ Z 3 (b5) = (b)) ) (s = (b)) ot Frgpye ) @) v

j=1 C

:Bl +B2 +B3+B4 +B5+B6.

For B;, by Holder’s inequality and the boundedness of 7, we have

13

Q=

Q=

e | (IR R [ R

Jj=1

1

1T Iy o1
< ClB™ x1_[(|B|pj+1”’”||bj||CBM0PJ+1,M'+1)UBV (x)lpldxjp1

Jj=1

1L . a1
< C|B[¢ x|B| i T2t P16 gagop i [ Blor I g

< Clblleparop i Ifl g -

For By, by the inequality |T(fx(2B)c ) (%) < C|f] germ |B|7“1 from the proof

of Theorem 1, we can get

Q=

By < OBl B [I L6065 >|‘Ide
j=1

1

1
1 + 1 1 .
< Bl 18 ][ 030000015 P
Jj= l

+1
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m

_1_ 1
< OB s Al geroa B/ | [IBI77

J=1

1

i1 1

. L_.
+7u]+1 "b] ||CBMOpj+1,7»j+1 |B|q D2 Pm+1

m
< ] 1o lepaoriv it Il gor o
j=1

< Clolleppror-2lIflgerra -
For Bj, using the boundedness of T'and Ho6lder’s inequality, we have

1

By < GBS [ 0100 (1)) =0 0) - (o)) s (o) |

IA

1

AT ([ o - @ mroas (] e
=1

m

1_ 1 . 1
< QB [IeBlra ™ bl cprorior i1 2Bl 0 | B

J=1

IA

m
< CH"bz ||CBM0Pi+1v7Li+1 "f”BPlsM
i=1

< Clblepprop- = Ifl goraa -

For B4, given x € B, for A, A e R and A =X +Ag +--+ A1, by

Holder’s inequality and Lemma 2, we have

) ;Lk*lB\ZkBlbl(y) = (00)g |- [bm () = (bm )| K (%, x = ¥)f(v)|dy

1

< Cz 2;B| H[J.zk”Bl(bj(y) - (bj )B )|pj+1 dprj_H




A -CENTRAL BMO ESTIMATES FOR MULTILINEAR ... 15

1

o1 11 1
x FG)Prdy | 128 B o 5 e
2k+1B
<C
= k I |
#=112° Bl ja

1
. pj 1
|:[J2k+1B|bj(y)_(bj)2k+lB|pj+1dyj 7+l +|(bj )2k+1B —(b] )B||2k+1B|p]’+1

1.1 .1

1 S
><|2k+1B|H+M||f||Bp1J1|2k+lB|1 Pl D2 Pm+1

m )
< C"f"BPLXl H"l)] ||CBMOpj+1’)”J.+1 ka 2k+lB|)\'l+7\’2+"'+)‘m+1
J=1 )

< ClBllcppsop i Il goraa [ B 72T Hma

r g A
= Clollcamon 7 Iifl gora 1Bl

S0, we obtain
1 .- . A oIt
J4 <|B"a "[blcpyor i1l e | Bl [Bla

S C"E"CBMOI'*X ”f"BpLM .

For By, let 1 < g1, g9, g3 < », set — :L+L and 1 :L+L, we
9 @1 492 q1 a3 P
1 1 , . - .
denote — = , A = ijﬂ, where j satisfies o(j) € o,
q2 Pjn
1 1 " . c ”
= A :ijﬂ,c(])ec , and Ay +A"<0, by the

q3 Pj1
boundedness of T and Hélder’s inequality, we have

1

1 m-—1 —
Bs; < C|B| g kz Z UBij(x)—bjB)GrIde]q2
J=1 geC™
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1

([ s by o e

1

< ClBl___kZ 2 UBij(x)— bjp)sl® dxja

GeCm

1

x [.[Bl(bj — (b)) F(x)| dxja

1

< C|B|*—*kz Z U.Bl(bj(x)_bjB )quzdxjfm

ceCm

1 1

) U 5167 = (05)p)ge [ dxfu e dxjp_l

-1 I A
< ClBl" Z Z [Blaz " b | cpasonz. | Blas ™ 16¢ lepaross

GeCm

1
x |B|p1 M Il gera

< CHEHCBMO@X Il g1 -

For Bg, given x € B, using the same notations in By, A = A + A"+ A/,

by Hélder’s inequality and Lemma 2, we have

|T((b] - b]B )O_c fx(ZB)C )(x)l

<2 gl =i o 1 x =

0

1
1 a3
<C I (b; —b; )cquyj
;|2k3|( 2k+1B| J JB/o |
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1
1 _1

P 11
(] oy 712081

o0
1 k Lz k Y
< €3 L [2M Bas ¥ [6._ | egpggus 12 Bl
£=112" B|

1 _ 1
X ||f||BP1,k1|2k+lB|1 P a3

o0
< Clb e llcpaoms Il gmn Y |28 B
k=1

< C1b_c leppgoos Il grr u(BY

thus,

1 m-1 _. )
By < Cu(BY' 3 3 Ibellcmpons Il pora w(B)T
j=1 O'EC;-n

1

[ 0016 = ) 2| i

R . .
< Cu(B) g x"bcc lesaoos > LB ™ 1l geroa 166 |epprome.
1 5 1.1
x W(B)az " W(B)7 gz

< C’"5"CBM013571 ”f"BpLM .

This completes the total proof of the Theorem 2.
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