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Abstract 

In this paper, we investigate on the structure of the multiplication algebra of 
the duplicate of an algebra. For Bernstein algebras, the structure is described 
using Peirce decomposition. 

1. Introduction 

In this paper, K is an infinite commutative field of characteristic 
different from 2 and A is a commutative non-associative K-algebra. We 
say that ( )ω,A  is a baric K-algebra if ,ω  called weight morphism is a 

nonzero morphism of algebras from A to K. 

For any element x of A, the principal powers are defined by ,1 xx =  

.1,1 ≥∀=+ kkk xxx  
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A nonzero element e of A is an idempotent if .2 ee =  Whenever the 
term idempotent is used in this paper, it is nonzero idempotent. 

Let ( )AndkE  be the associative algebra of endomorphisms of A (as a 

vector space). For any element x of A, we call right (respectively, left 
multiplication) by x, the endomorphism xR  (respectively, xL ) of A 

defined by ( ) yxyRx =  (respectively, ( ) xyyLx = ), for any .Ay ∈  All 

multiplications of A generates a subalgebra of ( )AndkE  denoted by 

( )AkM  or simply ( ).AM  

A baric ( )ω,A  is a Bernstein algebra if ( ) .,2222 Axxxxx ∈∀ω=  

Several authors have studied the multiplication algebra of a baric 
algebra. In particular, the multiplication algebra of a Bernstein algebra 
has been the subject of some publications ([1], [2]). The present paper is 
devoted to the study of the multiplication algebra of commutative 
duplicate of a baric algebra. 

2. Basic Results 

Considering the action defined on A by ( ),. xx σ=σ  for any σ  in 

( )AM  and any x in A, it is clear that A is an ( ) left-AM  module. In finite 

dimension, ( ) ( ) .dimdim 2AA ≤M  

The left ideals of A are none other than the ( ) left-AM  module of A. If 

I is an ideal of ( ) ( ) ( ){ }IAAAIA ⊂σ∈σ= M:,  is an ideal of ( ).AM  

Conversely, if I is an ideal of ( ) ( ) ( ){ }AxIxAIA ∈∈σσ= ,,M  is an 

ideal of A (see [6]). In ([2]), the authors establish the following result. 

Proposition 2.1 ([2]). Let ω  be a weight morphism and e be an 
idempotent of A. We have: 

(i) ( ) ( ).: ANKLA e=M  

(ii) The map ( ) ,: KA →ω M  defined by ( ) ,α=θ+αω eL  is a weight 

morphism of ( )AM  called canonical extension of ω  to ( ).AM  
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Notations. Let N~  be the subalgebra of ( )AM  generated by 

elements of the form nxx LL K1  such that at least ix  is in N. This 

subalgebra N~  is an ideal of ( ) .: ω= erAN k  

We define in the second symmetric power ( )ASK
2  of the K-module A, 

a multiplication by ( ) ( ) .... yxxyyxyx ′′=′′  This gives a commutative           

K-algebra called commutative duplicate of the algebra A, denoted ( ).AD  

The K-linear map ( ) xyyxAAD a.,: 2→µ  is a surjective morphism of 

K-algebras called Etherington morphism. Let ( ) .ω= erAN k  If A is a        

K-algebra such that 2A  is baric, ( )AD  is baric. In fact, a weight 

morphism of ( )AD  is given by ,µω=ω od  where KA →ω 2:  is a 

weight morphism of .2A  

For any xyx ′,,  and y′  in A, we have ( ) yxxyyxL yx ′′=′′ ...  and 

( ) ( ) ( ) ( ) ( ) ( ),... yxoyxxyyxoL xyyx ′′µ=′′=′′µ l  where 

yxL .  denotes the left multiplication by yx.  in ( )AD  and xyl  the 

right multiplication by xy in .2A  The following diagram is commutative: 

 

Proposition 2.2. The Etherington morphism ( ) 2: AAD →µ  extends 

naturally to a morphism of multiplication algebras given by 

( )( ) ( ) .,: .
2

xyyxm LAAD laMM →µ  
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Proof. Indeed, ( ) ( ) ( ) ( )( )yxyxxxyxoLL yxyx ′′=′′ 2221.. ..2211  and 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )yxooyxyxyxyxoLoL yxyxyxyx ′′µ=′′=′′µ .. 22112211 2211.. ll  for 

all 2211 .,. yxyx  and yx ′′.  in ( ).AD  Hence ( ) myxyxm oLL µ=µ 2211 ..  

( ) ( )2211 .. yxmyx LoL µ  and mµ  is a morphism of algebras.   

Since µ  is surjective, then mµ  is also. Hence the following result. 

Proposition 2.3. The morphism of K-algebras ( )( ) ( ),: 2AADm MM →µ  

xyyxL la.  is surjective. Thus, it has ( ( ) ( )2AerAD m MM µk  with 
{ ( )( ) ( ) }.0=σ=µ∈σ=µ dmdm ADer Mk  

Lemma 2.4. Let ( )( )ADd M∈σ  and ( ).dm σµ=σ  The following 
diagram is commutative: 

 

Proof. Let .... 2211 kk yxyxyx
finie

d oLooLL L∑=σ  We have ( ) =σµ dm  

kk yxyxyx
finie

ooo lLll 2211∑  and for any yx.  in ( ),AD  

( ( )) ( ( ) ((( ) ( (( ) ( ))) ))LL xyyxyxyxyxyx
finie

d kk332211 .. ∑µ=σµ  

( ) (( ) ((( ) ( (( ) ( ))) ))LL xyyxyxyxyx
finie

kk332211∑=  

( ) ( )xyooo yxyxyx
finie

kk
lLll 2211∑=  

( ) ( )yxoooo yxyxyx
finie

.2211 µ= ∑ kk
lLll  

( )( ),.yxµσ=  

so µσ=σµ oo d  and the diagram is commutative.   
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Remark. For any yx.  in ( ) ( ) ( ) ( ( )),., yxxyAD ddm σµ=σµ  thus 

md Kerµ∈σ  is equivalent to ( ) ( ),. ANyxd ∈σ  i.e., ( ) ( )( ),: ADANd ∈σ  

so ( ) ( )( ).: ADANKer m =µ  

Corollary 2.5. If 2A  is a projective K-module, then we have 

( )( ) ( ) ( ) ( )( ).:.
2 ADANAAD ds×MM   

Proof. The sequence 

( ) ( )( ) ( )( ) ( ) 0:0 2 →→−→−→
µ

AADADAN mmi MM  

being exact, show that it is split. As 2A  is a projective K-module, it exists 

( )ADA →η 2:  such that .1 2Ao =ηµ  Let ( ) MM →η 2: Am  ( )( )AD  be 

the K-linear map defined by ( ) ( ) ( )( )xyyxm ση=ση .  for any σ  in ( )2AM  

and for any yx.  in ( ).AD  We have (( ) ( )( ) =σηµ xyo mm  

( )( )( ) ( )( )( ) ( ),. xyxyyxm σ=σηµ=σηµ  so ( )( ) ,σ=σηµ mm  i.e., ( )21 Ammo
M

=ηµ  

and the sequence is split. Therefore, ( )( ) ( ) ( ) ( )( ).:
.

2 ADANAAD
ds
×MM   

 

Theorem 2.6. If 2A  is a projective K-module, ( ) ( )( )ADAN :  is an 

annihilator of ( )( )ADM  and for any derivation d of ( )( ) (( ( ) ( )))ADANdAD :,M  

is contained in ( ) ( )( ).: ADAN  

Proof. Let ( )( )ADd M∈σ  and ( ) ( )( ).: ADAN∈σ′  For any ( ),. ADyx ∈  

( ) ( )ANyx ∈σ′ .  and posing ( ),,21 ADZooo iZZZ
finie

∈=σ ∑ k
lLll  we have 

( )( ) 0. =σ′σ yx  because ( ) ( ) ,0=ANAD  i.e., 0=σ′σo  and σ′  is contained 

in the right annihilator of ( )( ).ADM  
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Conversely, if σ ′′  is in the right annihilator of ( )( ),ADM  for any 

( ),. ADyx ∈  we have ( ( )) ( )( ),...0 . yxeyxL ee σ ′′µ=σ ′′=  which implies that 

( )( ) 0. =σ ′′µ yx  because 2A  is a projective K-module. So ( ) ( )ANyx ∈σ′′ .  

and ( ) ( )( ).: ADAN∈σ′′  Let now d be a derivation of ( )( ).ADM  For any 

σ  in ( )( )ADM  and any σ′  in ( ) ( )( ),: ADAN  we have ( ) +σ′σ=σ′σ= odod0  

,σ′σ=σ′σ odod  so σ′d  is contained in the right annihilator of ( )( ).ADM   

Theorem 2.7. Suppose 2A  is a projective K-module and consider the 

map ( ) ( )( ) zLzADAD a,: M→ϕ  and ( ) .,: 22
xxAA laM→θ  The 

following diagram is commutative: 

 

Proof. For any ( ) ( )( ) ( )yxyxiANyx ..,. ϕ=ϕ∈  and ( )( ) ( ),.. yxyxim ϕ=ϕ  

so .ϕ=ϕ oioi m  Also, for every ( ) ( )( ) ( ) xyxyyxADyx l=θ=µθ∈ .,.  and 

( )( ) ( ) ,. . xyyxmm Lyx l=µ=ϕµ  so .ϕµ=µθ oo m  It follows that the diagram 

is commutative.   

The next result concerns the functor .M  

Theorem 2.8. Let C  the category of K-algebras and D  the category of 
multiplication K-algebras. Let ( ) ( )uBAHomu MDCM C a,,: ∈→  

defined by ( )( ) ( ) ( ) ( )kk xuxuxu
finie

xxx
finie

oLooLLLooLLu LL
2121 ∑∑ =M  for 

any .Axi ∈  Then M  is a covariant functor. 

Proof. Indeed, ( ) ( ) ( ) ( )( )BAHomuBAHomu MMM CC ,,, ∈∈∀        

and ( ) ( ).11, AAA MMC =∈∀  Furthermore, if ( )BAHomu ,C∈  and 

∈v ( ),, CBHomC  we have 
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( )( ) ( )( ) ( )( ) ( ( ) )kk xuvxuvxuv
finie

xxx
finie

oLooLLLooLLvou LL 2121 ∑∑ =M  

( ) ( ( ) ( ) ( ) )kxuxuxu
finie

oLooLLv L
21∑= M  

( ) ( ( ) ( ))
kxxx

finie
LooLLuv L21∑= MM  

( ) ( )( ) ( ),21 kxxx
finie

LooLLuov L∑= MM  

so ( ) ( ) ( )uovvou MMM =  and M  is a covariant functor. In particular, if 

( ) 2: AAD →µ  is Etherington morphism, then ( ) .mµ=µM   

Remark. The map ( )( ) KADd →ω M:  defined by ( ) α=θ+αω eed L .   

for any α  in K and for any θ  in ( ( )),: ADNd  is a weight morphism of 

( )( ).ADM  

We have ( ) ( ) ( ),. .. yxdyxd yxL lω=ω=ω  so ( )) ( ( )),dmdd σµω=σω  

where ω  is a weight morphism of .2A  We have also ( ( )) .: dd erADN ω=k  

Let dN  be the subalgebra of ( )( )ADM  contained in ( ( )),: ADNd  

generated by the elements of the form 
kzzz LLL oLoo 21  such that at 

least iz  be in .dN  It is clear that dN  is an ideal of ( )( )ADM  included in 

( ( )).: ADNd  

Proposition 2.9. Let ( )ω,A  be a baric K-algebra. We have (( dm Nµ  

( ))) ( )2:: ANAD =  and ( ) ,NNdm =µ  where .2AerN ω= k  

Proof. Let dσ  in ( ( )),: ADNd  that is to say 0=σω dd o  or 

,0=σµω doo  so ( ) ( )( ) NADd ⊂σµ o  and ( ) ( ) NAdm ⊂σµ 2  because 

( ) .µσµ=σµ oo dmd  Therefore ( ) ( ).: 2ANdm ∈σµ  Let ( ).: 2AN∈σ  
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Since ( )( ) ( )2: AADm MM →µ  is subjective, it exists θ+α=σ eed L .  in 

( )( ) α,ADM  in θ,K  in ( ( ))ADNd :  such that ( ) ,σ=σµ dm  that is to 

say ( ) ,2 σ=α
θµ+ mel  so ( ) σ=θµm  and ( ( ))( ).: ADNdmµ∈σ  Thus 

( ) ( ( ))( )ADNAN dm :: 2 µ∈σ  and ( ( ))( ) ( ).:: 2ANADNdm =µ∈σ  Let 

kzzz LLL oLoo 21  be a generator of .dN  We have ( )
kzzzm LLL oLoo 21µ  

( ) ( ) ( ) ,21 Nzzz ∈= µµµ k
loLolol  so ( ) .NNdm ⊂µ  Reciprocal inclusion 

results from the surjectivity of mµ  and .µ    

The following result is a direct consequence of the previous 
Proposition 2.9. 

Corollary 2.10. Let ( )ω,A  be a baric K-algebra and .2AerN ω= k  

The ideal dN  is nilpotent if and only if N  is nilpotent. 

Thus we have the following result: 

Proposition 2.11. Let ( )ω,A  be a baric K-algebra and dI  an ideal of 

( ).AD  Then (( ( ))) ( ( ) ).:: 2AIADI ddm µ⊂µ  

Proof. Let dI  be an ideal of ( ).AD  Then ( )dIµ  is an ideal of 

( ( ))ADIA d :,2  and ( ( ) )2: AIdµ  are, respectively, the ideals of 

( )( )ADM  and ( ).2AM  The following commutative diagram gives us 

( ) ( ( ) )2: AIddm µ∈σµ  for any ( ( )).: ADIdd ∈σ  

 

 
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3. Case of Bernstein Algebras 

Let ( )ω,A  be a Bernstein K-algebra. Let .2~ 3
.

4
. eeeed LLe −=  We have 

( ) eeeeed ..~ =  and ( ) 0.~ =yxed  for any yx.  in .dN  So de~  is a nonzero 

idempotent of ( )( )ADM  not belonging to ( )).:( ADNd  

Theorem 3.1. Let VUKeA ⊕⊕=  be the Peirce decomposition of a 
Bernstein K-algebra. Then 

(i) ( )( ) ,~~~
ddd VUeKAD ⊕⊕=M  where { ( ( )) odddd ADNU σ∈σ= :~  

}dde σ=~  and { ( ( )) }.0~:~ =σ∈σ= ddddd eADNV o  

(ii) { ( ( )) ) }0(:~ =σ∈σ= ddddd NADNU  and { ( DNV ddd :~ ∈σ=  

( )) ) }.0.( =σ eeA d  

(iii) We have the following relations: dddd UUVU ~~~,0~2 ⊂=  and 

,~~2
dd VV ⊂  particularly dU~  is an ideal of ( )( )ADM  and dV~  is a left ideal 

of ( )( ).ADM  

Proof. The proof is similar to the case of ([2], Theorem 1). 

Proposition 3.2. Let ( )( ) ddd VUeKAD ~~~ ⊕⊕=M  be the multiplication 

algebra of commutative duplicate of a Bernstein algebra A. We have 

( ) UUdm
~~ =µ  and ( ) VVdm

~~ =µ  with ( ) .~~~
1

2 VUeKA ⊕⊕=M  

Proof. Let dd U~∈σ  and .2AerNx ω=∈ k  We have ( ) ( ) =σµ xdm  

( ( )),zdσµ  where dNz ∈  such as ( ) ,xz =µ  so ( ) ( ) 0=σµ xdm  and 

( )dm σµ  .~U∈  Let ,~
dd V∈σ  we have ( ) ( ) ( ( )) ( ) ,00. =µ=σµ=σµ eee ddm  

that is to say ( ) .~Vdm ∈σµ  So ( ) UUdm
~~ ⊂µ  and ( ) .~~ VVdm ⊂µ  Let 

.~U∈σ  It exists ϕ+θ=σd  in ( )( ),ADM  with dU~∈θ  and dV~∈ϕ  such 

as ( ) .σ=σµ dm  The equality ( ) σ=σµ dm  is equivalent to ( ) ( ) ,σ=ϕµ+θµ mm  



ANDRÉ CONSEIBO 114

so ( ) σ=θµm  because ( ) 0=ϕµm  due to the direct sum ( ) =2AM  

.~~~
1 VUeK ⊕⊕  Therefore ( ) σ=θµm  with ,~

dU∈θ  that is to say 

( ).~~
dm UU µ⊂  It similarly shows that ( ).~~

dm VV µ⊂   

Corollary 3.3. Let ( )( ) ddd VUeKAD ~~~ ⊕⊕=M  be the multiplication 

algebra of commutative duplicate of a Bernstein algebra A. We              

have ( ) ( )( ) UADANUUd
~:~~ I  and ( ) ( )( ) VADANVVd

~:~~ I  with 

( ) .~~~
1

2 VUeKA ⊕⊕=M  

Proof. Indeed, ( ) UerU
dUmd

~~ ~\ µk  and ( ) VerV
dVmd

~~ ~\ µk  by 

Proposition 2.2. Furthermore ( ) ( ) ( )( )ADANUer
dUm :~~\ I=µk  and      

( ) ( ) ( )( ),:~~\ ADANVer
dVm I=µk  hence the corollary holds.   

We end this paragraph by giving examples in the case of specific 
Bernstein algebra. 

Example 1. Let VKeA ⊕=  be the Peirce decomposition of a 

constant Bernstein algebra (i.e., a baric algebra such that ( ) exx ω=2  for 

any x in A). Then we have ( ) ( )..,2 ANeKeADKeA ⊕==  We show that 

then ( ) ( ) 21, 2
Ae KAKLA == MM  and ( )( ) ,.eeKLAD =M  so ( ( ) :AN  

( )) 0=µ= merAD k  and ( ) ( ) ( )( ).2 ADAA MMM   

Example 2. Let UKeA ⊕=  be the Peirce decomposition of an 

elementary Bernstein algebra (i.e., a baric algebra such that ( )xxx ω=2  

for any x in A). Then we have ( ) ( ) { ,~, 1
22

uveKAAAA /⊕=== MM  

} 2
~eKUu ⊕∈  and ( ) .... UUUKeeKeAD ⊕⊕=  It is shown that 

( )( )ADM  ddd VUeK ~~~
1 ⊕⊕=  with { },,2~~

...2 UuLLLeKV ueeeuedd ∈−⊕=  

where eeeed LLe .
2
.1 2~ −=  and .44~ 2

..2 eeeed LLe −=  We also show that 

( ( ) :AN  
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( )) { ( )} { } ( ) ( )( ) =∈−⊕∈/= ADANUUuLLLANvvAD dueeeuev :~,,2, ... I  

{ ( )}ANvvv ∈/ ,  and ( ) ( )( ) { },,2:~
... UuLLLADANV ueeeued ∈−=I  so 

{ ( )} { }UuvANvvU uvd ∈/∈/ ,,~   and { } .~,2~
2... eKUuLLLV ueeeued ∈−  
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