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Abstract

In this paper, we study the concepts of values and ambiguities of the degree of
membership and the degree of non-membership for generalized intuitionistic
fuzzy numbers (GIFNps) due to Shabani and Baloui Jamkhaneh [12]. Also,
this paper focuses on the study of value index and ambiguity index of GIFNpg
and based on these two indices, we develop an algorithm for ranking of
GIFNpgs.

1. Introduction

Intuitionsitic fuzzy numbers and ranking them play a vital role in

decision making, linear programming, transportation problem, and other

intuitionistic fuzzy applications. Various definitions of intuitionistic fuzzy
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numbers and ranking methods have been proposed in literature research.
Chen and Hwang [4] introduced a ranking method based on scorings of
intuitionistic fuzzy numbers. Mitchell [10] introduced a ranking method
for intuitionistic fuzzy number considering intuitionistic fuzzy numbers
as an ensemble of fuzzy numbers. Mahapatra and Roy [9] presented
triangular intuitionistic fuzzy number and used it for reliability
evaluation. Wang [13] gave the definition of trapezoidal intuitionistic
fuzzy numbers (TrIFNs) and interval intuitionistic fuzzy numbers.
Further Wang and Zhang [14] defined the trapezoidal intuitionistic fuzzy
numbers and gave a ranking method which transformed the ranking of
TrIFN in to ranking of interval numbers. Nehi [11] generalized the
concept of value and ambiguity for the membership and non-membership
functions. Li [8] developed a ratio ranking method for triangular
intuitionistic fuzzy numbers and applied to multi-attribute decision
making. Dubey and Mehra [6] presents an approach based on value and
ambiguity indices defined in (Li [8]) to solve linear programming
problems with data as triangular intuitionistic fuzzy numbers. Zeng et al.
[15] developed a value and ambiguity-based ranking method and applied
to solve multi-attribute decision making problems in which the ratings of
alternatives on attributes are expressed by using TrIFNs. Das and De [5]
studied of two characteristics of TrIFNs, viz., value index and ambiguity
index. Based on these two indices, they develop an algorithm for ranking
of TrIFNs. Beaula and Priyadharsini [3] considered fuzzy transportation
problem with the value and ambiguity indices of TrIFNs. Then, the
stepping stone method is adopted to solve the reduced intuitionistic fuzzy
transportation problem to obtain the optimal solution. Keikha and Nehi
[7] considering operations and ranking methods for intuitionistic fuzzy

numbers.

Baloui Jamkhaneh and Nadarajah [2] considered a new generalized
intuitionistic fuzzy sets (GIFSp) and introduced some operators over
GIFSg. Shabani and Baloui Jamkhaneh [12] introduced a new
generalized intuitionistic fuzzy number GIFNp based on generalization

of the IFS related to Baloui Jamkhaneh and Nadarajah [2]. The main



A VALUE AND AMBIGUITY-BASED RANKING ... 91

objective of this paper is to introduced value index and ambiguity index
GIFNp and develop an algorithm for ranking of GIFN gs. The originality

of this study comes from the fact that, there was no previous work

introduce value index and ambiguity index and ranking function for
GIFNBS.

2. Generalized Intuitionistic Fuzzy Numbers

We collect some basic definitions and notations related to GIFN g(X).

Definition 2.1 (Baloui Jamkhaneh and Nadarajah [2]). Let X be a
non-empty set. A new generalized intuitionistic fuzzy sets (GIFSp(X)) A

in X, is defined as an object of the form A = {(x, p4(x), va(x)) : x € X},
where the functions puy : X - [0,1] and vy : X — [0, 1], denote the

degree of membership and degree of non-membership functions of A,

respectively, and 0 < p4(x)° +v4(x)? <1 for each x € X and 8 = n or

l,nzl, 2,..., N.
n

Definition 2.2 (Shabani & Baloui Jamkhaneh [12]). A class of new
generalized L-R type intuitionistic fuzzy number (GIFNp) A defined as

(-a b-w)+vz-a)p
(ﬁ)s,aﬁxﬁb ( b—al )baal—x—b
1 1
ud, b<x<c ve, b<x<c
HA(x)Z (d ) 1 ’ UA(‘x): d 1 ’
(Txc“)g,chﬁd ((x_c)d;ri(cl_x))E,CSdel
0, otherwise 1, otherwise

ng(x) and v4(x) are the functions of the membership function and the

non-membership function, respectively, a; <a<b<c<d<d; and

0<pa()® +v4(x) <1, Vr e X.
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Remark 2.1. A GIFNy is said to be symmetric GIFNg if b—a =d - ¢

and b-a; =d; —c

Definition 2.3 (Shabani & Baloui Jamkhaneh [12]). Let «, B € [0, 1]

1
be fixed numbers such that 0 < o < ud,v

o=

<B<10<ad+pi<1.
A set of (a, B)-cut generated by a GIFNg A is defined by
Alo, B, 8] = {(x, pa(x) 2 o, va(x) < B) : x € X},

Ala, B, 8] is defined as the crisp set of elements x which belong to A at

least to the degree o and which does not belong to A at most to the
degree PB. A a-cut set of a GIFNg A is a crisp subset of R, which defined

is as

Alo, 8] = {{x, pa(x) 2 a, ) : x € X}, OSaSu%.

According to the definition of GIFNg, it can be easily shown that

Ala, 8] = [L1(@), Uy(@)]l, 0= o< po,

(b - a)®

)
L@ =a+ C29C vy - d-%.

Similarily a B-cut set of a GIFNg A is a crisp subset of R, which

defined is as

o=

AB, 8] = {{(x, va(x) < B):x e X}, vd<B<L

According to the definition of GIFNgp, it can be easily shown that

1
8

A[ﬁ’ 8] = [LQ([S)’ U2(B)]’ ve <B <1,

b(1-B°) +ay (B° - v)

1-v ’

c(1-p°)+dy(B° - v)
1-v '

Ly(B) = Usy(B) =
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Remark 2.2. In special case p = 1, v = 0, we have

Li(@)=a+®B-a)®, Ua)=d-(d-c)’,

Ly(B) = b(1 - B°) + a;B°,  Us(B) = c(1 - B®) + dip°.

Therefore, the (a, B)-cut of a GIFNg is given by
A[OL, B, 8] = {x7 X € [L]_(OL), Ul(a)]m [LZ(B)7 UZ(B)]} = [L((X,, B)’ U(OL, B)]

Definition 2.4 (Shabani & Baloui Jamkhaneh [12]). Let A = (af, a;,
bl,Cl,dl,d]’_,}J.l,Ul,S) and B Z(aé,az,bQ,C2,d2,d’2, Lo, U2,8) be

two GIFNgs; then
A+B:(ai+a'27a1+a27b1+b27cl+02’d1+d27 di+dé’u?+”g

[ [ )
— Uil9, V1V9, 6)7

kA = (kaj, kay, kby, key, kdy, kdj, 1—(1-pd)*, v 8), k=23, ..,
kA = (kdj, kdy, key, Kby, kay, kaj, 1 — (1 — pd V¥, olFlE &) k= -2, -3,

_A:(_di7_dl7_cl _b17_a17_ai7 ”’171}176)a

’ ’ ’ ’ 8 8
A-B=(a; -dy, ay —dg, by —cg, 01 —by, dy —ag, d —ay, pi +p3

[} 5.0
— UiUg, V1Vo, 6)

3. Indices of a GIFNp

Definition 3.1. The (a, B)-cut of a GIFNp is given by Ala, B] = {x,
x € [Ly(a), Up(a)]N[Ly(B), Us(B)]}. Then the values of the membership

function A and the non-membership function A are defined as follows:

5
Vol 8) = 3 [ (L) + Ui @)da,  flo) = 22,
0 HS
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(Lo(®) + U ) B)ap.  £(B) = 21—,

1-vs

V,(4,3) =

—

1
2

o=

1%
In special case p =1, v = 0, we have

d (b-a)-(d-c)
PR

c a—-b-c+d;

VH(A,8)=%+ AR TSR

VA 8=24

In this case V(- A4, 8) = -~ V,(4, 8) and V, (- 4, 3) = -V, (4, ).

Theorem 3.1. Let A =(aj, a1, by,¢;,d;,d1,1,0,8) and B = (a3, ag, by,
g, dy, djy, 1,0, 8) be two GIFNgs; then

@  V.(A+B)=V,(4)+V,(B),
() V,(A-B)=V,(A)+V,(-B),
(i) V,(A+ B) = V,(A)+V,(B),
(iv) V,(A-B)=V,(A)+V,(-B),
V) Vu(KA) = kV,(4), ke R,
vi) V,(kA) = K|V, (- A), keR7,
(i) V,(kA) = kV,(A), k e R*,
(vii) V,(kA) = K[V, (- A), keR".

Proof. See Shabani and Baloui Jamkhaneh [12].

Definition 3.2. The (a, B)-cut of a GIFNp is given by Ala, B] =
{x, x € [Li(a0), Uy (a)]N[Loy(B), Ug(B)]}- Then the ambiguity of the

membership function A and the non-membership function A are defined

as follows:

1

1»15
Gu(4,8) = [ U1(0) - Li(@)f(@)da, (o) =
0

E

2

o=

n
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1
G,(4,9) = [ o)~ L) B)p, ) = 210
1 1-vd
Vo
In special case p =1, v = 0, we have

b-a)+2(d-c)
3+ 2 ’

2(a; -b)+2(c—-d;)

2(
Gu(A,8)=d-a- G+1)(+2)

G,(A,8)=c-b-

It can be easily shown that G, (4, 8) = G,(-4, 3), G,(4, §) = G,(-4, 3),
G,(A, 8) 20 and G, (4, 3) > 0.

Remark 3.1. In special case u = 1, v = 0, G, (4, §) is increasing with

respect to §, thatis, 8; < 8y, we have G, (4, 8;) < G, (4, 32).

Ramark 3.2. In special case p=1,v =0, G,(A, §) is decreasing
with respect to 8, that is, §; < 89, we have G, (4, §;) > G,(A4, 53).

Theorem 3.2. Let A =(ai, a1, b, ¢1,d;,d],1,0,8) and B = (ay, ag, by,
g, dg, dj, 1, 0, 8) be two GIFNgs; then

(i) Gu(A+B)=G,(A)+G,(B),
(i) G,(A-B)=G,(A)+G,(B),

(i) G,(A+ B)=G,(A)+G,(B),
(iv) G,(A-B)=G,(A)+G,(B),
™) Gu(kA) = [KG,(A),

W) G,(kA) = [KIG,(A).

Proof. (1)

Gy (A + B) = (dy +dy) (a1 +ay)

_2((by +b3) —(ag +ag)) +2((dy +dy) — (e +¢5))
o+ 2
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2(b; —ay) +2(dy —¢;)

=d1—a1—

o+2
2(by —ao )+ 2(dy —c
+dy —ay - (by 28)+2(2 2)
= GH(A) + GH(B).

(i)
G, (A - B) = (dy —ag) (o —dy)

_2A(by +c9) = (aq +dy)) + 2(dh —az) = (¢ —by))

S+ 2
=d; —ay - 2 - algig(dl -q)
t(cag)-(—dy)- 2(-cg - (—d2)§: ;(—a2 —(~by))
= G,(A)+G,(B).

The proof is complete.

The proof of (iii) is similar to (i).
The proof of (iv) is similar to (ii).
WMIfk>0

Z(kbl — ka1 ) + 2(kd1 - kCl)
Gu(kA) = kdl — ka1 - 519 = kG”(A)

If k<0

G, (kA, 8) = G, (KA, 8) = k|G, (-A, 3) = |k|G,,(A, §).
The proof of (vii) is similar to (v).
Theorem 3.3. Let A = (ay, a, b, ¢, d, d;, 1, 0, §), then

0 a<Vy(4,38) <d,

() a <V,(48)<d,
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(i) c-b<G,(A8)<d —a,

(iv) ¢c-b<Gy(A 8)<d-a.

Proof. (1)
1 1
Vi(4,8) = I(Ll(a) +Uj(a))ada = I(a +(b-a)® +d-(d-c)d)ada,
0 0

1
> J2aocdoc = aq,
0
and
1 1
V,(4, 8) = j(a +(-a)d +d-(d-cld)ada < jZdada —d.
0 0

Proof is complete.

(i1)

1
V,(4,8) = [(L:(8)+ Uo(B)) (L~ P)dp
0

1
= [ -B")+ arp® et - )+ diB®) (1 - B)ap.
0

1

= [(6- - a)p® +c+ @ - o)1 p)ap.

0

1
> [2a1(1- B)ap - a,
0
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and

1
Vo4, 8) = [(b =6 - a)p® +c+(d - cp®) (L - )P
0

1
< J'zdla _B)dp = dy.
0

Proof is complete.

Proof (iii) and (iv) are similar to (i) and (i1).

Remark 3.3. Let A = (o, a;, by, ¢, d;, df, 1, 0,8) and B= (ay,asy,
by, ¢9, dg, dy, 1, 0, 8) be two GIFNgs; then for every &; and &9, we
have

G If dy

IA

a;, then V, (B, 8;) < V| (4, 52).

d) If dj < af, then V,(B, 8;) < V,(A, 8y).

N

(i) Tf dj — ah < ¢, — by, then G, (B, 8;) < G, (4, 85).
(v) Ifdy —a; <dy by, then G,(B, 8,) < G, (A, 85).
Definition 8.3. Let A =(ay, a, b, ¢, d, d;, u, v, 8). A value index

and an ambiguity index for the A are defined as follows:

Vi(4,8) = V (4, 8) + MV, (4, 3) -V, (4, 3)),

and

Gi.(A, 8) = G,(4, 8)- MG, (4, 8)- G,(4, 3)),

respectively, where A € [0, 1] is a weight which represents the decision

maker’s preference information. Limited to the above formulation, the
choice A = 0.5 appears to be reasonable one. One can choose A according

to the suitability of the subject. A = [0, 0.5] indicates decision maker’s

pessimistic attitude towards uncertainty while A =[0.5,1] indicates
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decision maker’s optimistic attitude towards uncertainty. With our choice
A = 0.5, the value and ambiguity index for GIFN g reduces to:

Vi(4, 8)+V, (4, 3)
2 )

G, (A, 8)+ G, (4, 8)

Vos(4, ) = 5

Go5(A, 8) =
Remark 3.4. Let A = (ai, a1, by, ¢1, d;, di, 1, 0, 8) and B = (ab, ay,
by, ¢9, dg, dy, 1, 0, 8) be two GIFNgs; then
@) Ifdj < af, then V, (B, 8) < V, (A, 5).
Gi) Ifdy - ah <c - by, then G, (B, ) < G, (4, §).

Remark 3.5. If A is symmetric GIFNg, then V| (4, ) = V,(4, 3) =

Vos(4, 8) = %, and
Gos(A,5) = LoD +2b-a) 2a-b)+26+D(b-a)

2 B+1)(6+2)
By using partial derivatives, we have

0Go.5(A,8) _ ((ar —b)+(c-di))(25+3)+ ((b-a)+(d—c)(5+1)* .
5 (5 +1)%(5 + 2)

If A is symmetric GIFNg, then

0Go5(A, 8) _ (2(c - d1))(25 +3) + (Ad — ) (8 +1)*

a8 (3 +1)%(5 +2)°
. 060Gy 5(A, d) . *
By  using T =0, acceptable root i1s as 8 =
2
(dy —d)+ \/(dl —d)” +(d-c)@(d; —¢)~(d - ) . Therefore ambiguity

d-c
index is increasing for & > 8", and is decreasing & < &*. It is clear that

8" > 1, therefore ambiguity index is decreasing & < 1.
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Definition 3.4. Let A =(aj,a;,b;,¢,d;,d], n1,v1,8) and B =(aj, ag,
by, ¢9, do, dy, W9, Vg, &), then define ranking function for GIFNg as

follows:
R, (A, 3) =V, (4, d)+ G, (4, d),
where
(i) If R(A, 8) > R(B, §), then A > B.
() If R(A, §) < R(B, 3), then A < B.
(i) If R(A, 8) = R(B, §), then A = B.
If A is symmetric GIFNp, then ranking function is increasing for

5 >38", and is decreasing & < 8". Since 8" >1, therefore ranking

function is decreasing & < 1.

Theorem 3.4. Let A and B be two GIFN gs; then
(i) R(A+B,3)=R(A, §)+ R(B, d),

(i) R(A-B,8)=R(A,8)+ R(-B, ),

(i) R(kA, 8) = kR(A, 8), k e R™,

iv) R(kA, 8) = |[k|R(- A, 8), keR".

Proof. (i) Since V, (A + B, §) = V; (4, 8) + V;(B, ) and G, (A + B, d)
= Gy (A, 8) + G, (B, §), then we have R(A + B, §) = R(A, §) + R(B, 9).

(ll) Since V;L(A - B, 8) = V}L(A, 8) + VX(_ B, 8) and G;h(A - B, 6) = GX
(A, 8) + G, (-B, 8), then we have R(A — B, 8) = R(A, §) + R(-B, §).

(iii) Since V, (kA, 8) = kV, (A, 8) and G, (KA, d) = kG; (A, 3), then we
have R(kA, §) = kR(A, §).

(iv) Since V) (kA, §) = K|V, (-4, 8) and G; (KA, 8) = k|G (-A, §), then
we have R(kA, 3) = [k|R(-A, 3).
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Remark 3.6. By using Theorem 4 (i) and (i11), we have
R(kjA + k9B, 8) = ki R(A, 8) + ko R(B, §),
where k; > 0 and kg > 0.
Theorem 3.5. Let A, B, C, and D be four GIFN gs; then
@) A<B=A+C<B+C,

@) A<B C<D=A+C<B+D,

(i) A<B= kA< kB, keR".

Proof. Proof is obvious.

Example. Let Ay = (0.25, 1, 2, 3, 4, 4.75, 1, 0, §),

B = (5.25, 5.35, 5.45, 5.55, 5.65, 5.75, 1, 0, 2) be GIFNgs. Then for
As we have 8" = 2.94. According to Remark 3.5, we have Ay < A;, and
Az < Ay. To further explore the indices were calculated.

Vi(4, 2) = 2.5V, (4, 2) = 2.5,

G, (A, 2) =2, G,(A, 2) =158, Vy5(4, 2) = 2.5, Gy 5(4, 2) = 1.79, R(4, 2)
=429, V,(A, 1) = 2.5, V, (4, 1) = 25, G, (4, 1) = 1.67, G,(4, 1) = 2.16,
Vos(A, 1) = 2.5 Gy5(A, 1) =1.92, R(A, 1) = 4.42.

Since R(A, 2) < R(A, 1) it follows that Ay < A;.

V(A 3) =25, V, (4, 3) = 2.5 G,(4, 3) = 2.2, G, (4, 3) = 1.35, V 5(4, 3)
= 2.5, Go5(4, 3) = 1.775, R(4, 3) = 4.275, V,(A, 4) = 2.5, V (4, 4) = 2.5,

G, (A, 4) = 2.33, G, (A, 4) = 1.23, Vo 5(4, 4) = 2.5, Gy 5(4, 4) = 1.78, R(4, 4)
= 4.28.

Since R(A, 3) < R(A, 4) it follows that A3 < Ay4.
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According to Remark 3.4, we have V{5(A4, 2)<V,;5(B,2), and
Go5(B, 2)

IA

Gy 5(A, 2). To further explore the indices were calculated.

V.(B,2) =55 V,(B, 2) =55 G,(B, 2) =02 G,(B,?2)=0.167,

Finally, we have V{ 5(4, 2)

Vos(B, 2) =55, Gos(B,2)=0.1835.

IA

Vo5(B, 2), and Gy 5(B, 2) < Gy 5(4, 2).

4. Conclusion

In the present article, we studied two specifications of GIFNg,

namely, value and ambiguity, which are based on (a, B)-cut sets. They

are used to define value index and ambiguity index. An algorithm for

ranking of GIFNgs have been introduced in this paper which is based on

these two indices.
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