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Abstract 

In this paper, we study the concepts of values and ambiguities of the degree of 
membership and the degree of non-membership for generalized intuitionistic 
fuzzy numbers ( )sGIFNB  due to Shabani and Baloui Jamkhaneh [12]. Also, 

this paper focuses on the study of value index and ambiguity index of BGIFN  
and based on these two indices, we develop an algorithm for ranking of 

.sGIFNB  

1. Introduction 

Intuitionsitic fuzzy numbers and ranking them play a vital role in 
decision making, linear programming, transportation problem, and other 
intuitionistic fuzzy applications. Various definitions of intuitionistic fuzzy 
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numbers and ranking methods have been proposed in literature research. 
Chen and Hwang [4] introduced a ranking method based on scorings of 
intuitionistic fuzzy numbers. Mitchell [10] introduced a ranking method 
for intuitionistic fuzzy number considering intuitionistic fuzzy numbers 
as an ensemble of fuzzy numbers. Mahapatra and Roy [9] presented 
triangular intuitionistic fuzzy number and used it for reliability 
evaluation. Wang [13] gave the definition of trapezoidal intuitionistic 
fuzzy numbers (TrIFNs) and interval intuitionistic fuzzy numbers. 
Further Wang and Zhang [14] defined the trapezoidal intuitionistic fuzzy 
numbers and gave a ranking method which transformed the ranking of 
TrIFN in to ranking of interval numbers. Nehi [11] generalized the 
concept of value and ambiguity for the membership and non-membership 
functions. Li [8] developed a ratio ranking method for triangular 
intuitionistic fuzzy numbers and applied to multi-attribute decision 
making. Dubey and Mehra [6] presents an approach based on value and 
ambiguity indices defined in (Li [8]) to solve linear programming 
problems with data as triangular intuitionistic fuzzy numbers. Zeng et al. 
[15] developed a value and ambiguity-based ranking method and applied 
to solve multi-attribute decision making problems in which the ratings of 
alternatives on attributes are expressed by using TrIFNs. Das and De [5] 
studied of two characteristics of TrIFNs, viz., value index and ambiguity 
index. Based on these two indices, they develop an algorithm for ranking 
of TrIFNs. Beaula and Priyadharsini [3] considered fuzzy transportation 
problem with the value and ambiguity indices of TrIFNs. Then, the 
stepping stone method is adopted to solve the reduced intuitionistic fuzzy 
transportation problem to obtain the optimal solution. Keikha and Nehi 
[7] considering operations and ranking methods for intuitionistic fuzzy 
numbers. 

Baloui Jamkhaneh and Nadarajah [2] considered a new generalized 
intuitionistic fuzzy sets ( )BGIFS  and introduced some operators over 

.GIFSB  Shabani and Baloui Jamkhaneh [12] introduced a new 

generalized intuitionistic fuzzy number BGIFN  based on generalization 

of the IFS related to Baloui Jamkhaneh and Nadarajah [2]. The main 
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objective of this paper is to introduced value index and ambiguity index 

BGIFN  and develop an algorithm for ranking of s.GIFNB  The originality 

of this study comes from the fact that, there was no previous work 
introduce value index and ambiguity index and ranking function for 

s.GIFNB  

2. Generalized Intuitionistic Fuzzy Numbers 

We collect some basic definitions and notations related to ( ).XGIFNB  

Definition 2.1 (Baloui Jamkhaneh and Nadarajah [2]). Let X be a 
non-empty set. A new generalized intuitionistic fuzzy sets ( ( ))XGIFSB  A 

in X, is defined as an object of the form { ( ) ( ) },:,, XxxxxA AA ∈µ= ν  

where the functions [ ]1,0: →µ XA  and [ ],1,0: →XAν  denote the 

degree of membership and degree of non-membership functions of A, 

respectively, and ( ) ( ) 10 ≤+µ≤ δδ xvx AA  for each Xx ∈  and n=δ  or 

.,,2,1,1 Nnn K=  

Definition 2.2 (Shabani & Baloui Jamkhaneh [12]). A class of new 
generalized L-R type intuitionistic fuzzy number ( )BGIFN  A defined as 

( )

( ( ) )

( ( ) )
( )

( ( ) ( ) )

( ( ) ( ) )
,

otherwise,1

,

,

,

,

otherwise,0

,

,

,

1
1

1

1
1

1

1

1

1

1

1

1
















≤≤
−

−+−

≤≤

≤≤
−

−+−

=
















≤≤
−

µ−

≤≤µ

≤≤
−

µ−

=µ

δ

δ

δ

δ

δ

δ

dxccd
xdcx

cxb

bxaab
axxb

x
dxccd

xd

cxb

bxaab
ax

x AA
ν

ν

ν

ν  

( )xAµ  and ( )xAν  are the functions of the membership function and the 

non-membership function, respectively, 11 ddcbaa ≤≤≤≤≤  and 

( ) ( ) .,10 Xxxx AA ∈∀≤+µ≤ δδ ν  
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Remark 2.1. A BGIFN  is said to be symmetric BGIFN  if cdab −=−  

and .11 cdab −=−  

Definition 2.3 (Shabani & Baloui Jamkhaneh [12]). Let ∈βα,  [ ]1,0  

be fixed numbers such that .10,1,0
11

≤β+α≤≤β≤µ≤α≤ δδδδ ν   

A set of ( ) cut-, βα  generated by a BGIFN  A is defined by 

[ ] { ( ) ( ) },:,,,, XxxxxA AA ∈β≤α≥µ=δβα ν  

[ ]δβα ,,A  is defined as the crisp set of elements x which belong to A at 

least to the degree α  and which does not belong to A at most to the 
degree cut-A. αβ  set of a BGIFN  A is a crisp subset of ,R  which defined 

is as 

[ ] { ( ) } .0,:,,,
1
δµ≤α≤∈α≥µ=δα XxxxA A  

According to the definition of ,GIFNB  it can be easily shown that 

[ ] [ ( ) ( )] ,0,,,
1

11 δµ≤α≤αα=δ ULaA  

( ) ( ) ( ) ( ) ., 11 µ
α−

−=α
µ

α−
+=α

δδ cddUabaL  

Similarily a cut-β  set of a BGIFN  A is a crisp subset of ,R  which 

defined is as 

[ ] { ( ) } .1,:,,
1

≤β≤∈β≤=δβ δνν XxxxA A  

According to the definition of ,GIFNB  it can be easily shown that 

[ ] [ ( ) ( )] ,1,,,
1

22 ≤β≤ββ=δβ δνULA  

( ) ( ) ( ) ( ) ( ) ( ) .1
1,1

1 1
2

1
2 v

dcUv
abL

−
−β+β−

=β
−

−β+β−
=β

δδδδ νν  
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Remark 2.2. In special case ,0,1 ==µ ν  we have 

( ) ( ) ( ) ( ) ,, 11
δδ α−−=αα−+=α cddUabaL  

( ) ( ) ( ) ( ) .1,1 1212
δδδδ β+β−=ββ+β−=β dcUabL  

Therefore, the ( ) cut-, βα  of a BGIFN  is given by 

[ ] { [ ( ) ( )] [ ( ) ( )]} ( ) ( )[ ].,,,,,,,, 2211 βαβα=ββαα∈=δβα ULULULxxA I  

Definition 2.4 (Shabani & Baloui Jamkhaneh [12]). Let ( ,, 11 aaA ′=  

)δµ′ ,,,,,, 111111 νddcb  and ( )δµ′′= ,,,,,,,, 22222222 νddcbaaB  be 

two ;sGIFNB  then 

( δδ µ+µ′+′++++′+′=+ 21212121212121 ,,,,,, ddddccbbaaaaBA  

),,, 2121 δµµ− δδδδ νν  

( ( ) ) ,,3,2,,,11,,,,,, 11111111 K=δµ−−′′= δδ kkkkkkkk kk νddcbaaA  

( ( ) ) ,,3,2,,,11,,,,,, 11111111 K−−=δµ−−′′= δ kkkkkkkk kk saabcddA ν  

( ),,,,,,,, 11111111 δµ′−−−−−′−=− νaabcddA  

( δδ µ+µ′−′−−−−′−′=− 21212121212121 ,,,,,, adadbccbdadaBA  

).,, 2121 δµµ− δδδδ νν  

3. Indices of a BGIFN  

Definition 3.1. The ( ) cut-, βα  of a BGIFN  is given by [ ] { ,, xA =βα  

[ ( ) ( )] [ ( ) ( )]}.,, 2211 ββαα∈ ULULx I  Then the values of the membership 

function A and the non-membership function A are defined as follows: 

( ) ( ) ( )( ) ( ) ( ) ,2,2
1, 1

1

11
0 δ

δ

µ

α=αααα+α=δ ∫
µ

µ fdfULAV  
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( ) ( ) ( )( ) ( ) ( ) ( ) .
1

12,2
1, 22

1

1 δ
δ

−

β−=ββββ+β=δ ∫ 1
ν

ν

ν fdfULAV  

In special case ,0,1 ==µ ν  we have 

( ) ( ) ( ) ( ) ( ) ( ) .2122,,222, 11
+δ+δ
+−−

++=δ
+δ

−−−++=δµ
dcbacbAVcdabdaAV ν  

In this case ( ) ( )δ−=δ− µµ ,, AVAV  and ( ) ( ).,, δ−=δ− AVAV νν  

Theorem 3.1. Let ( )δ′′= ,,1,,,,,, 111111 0ddcbaaA  and ( ,,, 222 baaB ′=  
)δ′ ,,1,,, 222 0ddc  be two ;sGIFNB  then 

(i)      ( ) ( ) ( ),BVAVBAV µµµ +=+  

(ii)     ( ) ( ) ( ),BVAVBAV −+=− µµµ  

(iii)    ( ) ( ) ( ),BVAVBAV ννν +=+  

(iv)    ( ) ( ) ( ),BVAVBAV −+=− ννν  

(v)     ( ) ( ) ,, +
µµ ∈= Rkkk AVAV  

(vi)    ( ) ( ) ,, −
µµ ∈−= Rkkk AVAV  

(vii)   ( ) ( ) ,, +∈= Rkkk AVAV νν  

(viii)  ( ) ( ) ., −∈−= Rkkk AVAV νν  

Proof. See Shabani and Baloui Jamkhaneh [12]. 

Definition 3.2. The ( ) cut-, βα  of a BGIFN  is given by [ ] =βα,A  
{ [ ( ) ( )] [ ( ) ( )]}.,,, 2211 ββαα∈ ULULxx I  Then the ambiguity of the 
membership function A and the non-membership function A are defined 
as follows: 

( ) ( ) ( )( ) ( ) ( ) ,2,, 1

1

11
0 δ

δ

µ

α=αααα−α=δ ∫
µ

µ fdfLUAG  
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( ) ( ) ( )( ) ( ) ( ) ( ) .
1

12,, 22

1

1 δ
δ

−

β−=ββββ−β=δ ∫ 1
ν

ν

ν fdfLUAG  

In special case ,0,1 ==µ ν  we have 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) .21

22,,2
22, 11

+δ+δ
−+−

−−=δ
+δ

−+−
−−=δµ

dcbabcAGcdabadAG ν  

It can be easily shown that ( ) ( ) ( ) ( ),,,,,, δ−=δδ−=δ µµ AGAGAGAG νν  

( ) 0, ≥δµ AG  and ( ) .0, ≥δAGν  

Remark 3.1. In special case ( )δ==µ µ ,,0,1 AGν  is increasing with 

respect to ,δ  that is, ,21 δ<δ  we have ( ) ( ).,, 21 δ<δ µµ AGAG  

Ramark 3.2. In special case ( )δ==µ ,,0,1 AGνν  is decreasing 

with respect to ,δ  that is, ,21 δ<δ  we have ( ) ( ).,, 21 δ>δ AGAG νν  

Theorem 3.2. Let ( )δ′′= ,,1,,,,,, 111111 0ddcbaaA  and ( ,,, 222 baaB ′=  

)δ′ ,,1,,, 222 0ddc  be two ;sGIFNB  then 

(i)      ( ) ( ) ( ),BGAGBAG µµµ +=+  

(ii)     ( ) ( ) ( ),BGAGBAG µµµ +=−  

(iii)    ( ) ( ) ( ),BGAGBAG ννν +=+  

(iv)    ( ) ( ) ( ),BGAGBAG ννν +=−  

(v)     ( ) ( ),AGAG µµ = kk  

(vi)    ( ) ( ).AGAG νν kk =  

Proof. (i) 

( ) ( ) ( )2121 aaddBAG +−+=+µ  

( ) ( )( ) ( ) ( )( )
2
22 21212121

+δ
+−+++−+

−
ccddaabb  
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( ) ( )
2
22 1111

11 +δ
−+−

−−=
cdabad  

( ) ( )
2
22 2222

22 +δ
−+−

−−+
cdabad  

( ) ( ).BGAG µµ +=  

(ii) 

( ) ( ) ( )2121 daadBAG −−−=−µ  

( ) ( )( ) ( ) ( )( )
2
22 21212121

+δ
−−−++−+

−
bcaddacb  

( ) ( )
2
22 1111

11 +δ
−+−

−−=
cdabad  

( ) ( ) ( )( ) ( )( )
2
22 2222

22 +δ
−−−+−−−

−−−−+
badcda  

( ) ( ).BGAG µµ +=  

The proof is complete. 

The proof of (iii) is similar to (i). 

The proof of (iv) is similar to (ii). 

(v) If 0>k  

( ) ( ) ( ) ( ).2
22 1111

11 AGcdabadAG µµ =
+δ

−+−
−−= kkkkkkkk  

If 0<k  

( ) ( ) ( ) ( ).,,,, δ=δ−=δ−=δ µµµµ AGAGAGAG kkkk  

The proof of (vii) is similar to (v). 

Theorem 3.3. Let ( ),,0,1,,,,,, 11 δ= ddcbaaA  then 

(i)      ( ) ,, dAVa ≤δ≤ µ  

(ii)     ( ) ,, 11 dAVa ≤δ≤ ν  
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(iii)   ( ) ,, 11 adAGbc v −≤δ≤−  

(iv)    ( ) ., adAGbc −≤δ≤− µ  

Proof. (i) 

( ) ( ( ) ( )) ( ( ) ( ) ) ,,
1

0
11

1

0

ααα−−+α−+=ααα+α=δ δδ
µ ∫∫ dcddabadULAV  

,2
1

0

ada =αα≥ ∫  

and 

( ) ( ( ) ( ) ) .2,
1

0

1

0

ddddcddabaAV =αα≤ααα−−+α−+=δ ∫∫ δδ
µ  

Proof is complete. 

(ii) 

( ) ( ( ) ( )) ( ) ββ−β+β=δ ∫ dULAV 1, 22

1

0
ν  

( ( ) ( ) ) ( ) ,111 11

1

0

ββ−β+β−+β+β−= δδδδ∫ ddcab  

( ( ) ( ) ) ( ) ,111

1

0

ββ−β−++β−−= δδ∫ dcdcabb  

( ) ,12 11

1

0

ada =ββ−≥ ∫  
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and 

( ) ( ( ) ( ) ) ( ) ββ−β−++β−−=δ δδ∫ dcdcabbAV 1, 11

1

0
ν  

( ) .12 11

1

0

ddd =ββ−≤ ∫  

Proof is complete. 

Proof (iii) and (iv) are similar to (i) and (ii). 

Remark 3.3. Let ( )δ′′= ,0,1,,,,,, 111111 ddcbaaA  and ( ,, 22 aaB ′=  

)δ′ ,0,1,,,, 2222 ddcb  be two s;GIFNB  then for every 1δ  and ,2δ  we 

have 

(i)      If ,12 ad ≤  then ( ) ( ).,, 21 δ≤δ µµ AVBV  

(ii)     If ,12 ad ′≤′  then ( ) ( ).,, 21 δ≤δ AVBVv ν  

(iii)    If ,1122 bcad −≤′−′  then ( ) ( ).,, 21 δ≤δ µµ AGBG  

(iv)    If ,1111 bdad −≤−  then ( ) ( ).,, 21 δ≤δ AGBG νν  

Definition 3.3. Let ( ).,,,,,,,, 11 δµ= νddcbaaA  A value index 

and an ambiguity index for the A are defined as follows: 

( ) ( ) ( ( ) ( )),,,,, δ−δλ+δ=δ µµλ AVAVAVAV ν  

and 

( ) ( ) ( ) ( )( ),,,,, δ−δλ−δ=δ µλ AGAGAGAG νν  

respectively, where [ ]1,0∈λ  is a weight which represents the decision 

maker’s preference information. Limited to the above formulation, the 
choice 5.0=λ  appears to be reasonable one. One can choose λ  according 
to the suitability of the subject. [ ]5.0,0=λ  indicates decision maker’s 

pessimistic attitude towards uncertainty while [ ]1,5.0=λ  indicates 
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decision maker’s optimistic attitude towards uncertainty. With our choice 
,5.0=λ  the value and ambiguity index for BGIFN  reduces to: 

( )
( ) ( )

( )
( ) ( )

.2
,,

,,2
,,

, 5.05.0
δ+δ

=δ
δ+δ

=δ µµ AGAG
AG

AVAV
AV νν  

Remark 3.4. Let ( )δ′′= ,0,1,,,,,, 111111 ddcbaaA  and ( ,, 22 aaB ′=  
)δ′ ,0,1,,,, 2222 ddcb  be two ;sGIFNB  then 

(i)      If ,12 ad ′≤′  then ( ) ( ).,, δ≤δ λλ AVBV  

(ii)     If ,1122 bcad −≤′−′  then ( ) ( ).,, δ≤δ λλ AGBG  

Remark 3.5. If A is symmetric ,GIFNB  then ( ) ( ) =δ=δµ ,, AVAV ν  

( ) ,2,5.0
cbAV +=δ  and 

( ) ( ) ( ) ( )
( ) ( ) ,21

4,,2
4, 1

+δ+δ
−

−−=δ
+δ
−−−=δµ

babcAGabadAG ν  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) .21

122
2
2, 1

5.0 +δ+δ
−+δ+−

−−+−=δ
abbaabbcAG  

By using partial derivatives, we have 

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( )

.
21

132,
22

2
115.0

+δ+δ

+δ−+−++δ−+−
=

δ∂
δ∂ cdabdcbaAG  

If A is symmetric ,GIFNB  then 

( ) ( )( ) ( ) ( )( ) ( )
( ) ( )

.
21

12322,
22

2
15.0

+δ+δ

+δ−++δ−
=

δ∂
δ∂ cddcAG  

By using ( ) ,0,5.0 =
δ∂

δ∂ AG  acceptable root is as =δ∗  

( ) ( ) ( ) ( ) ( )( ) .3 1
2

11
cd

cdcdcddddd
−

−−−−+−+−  Therefore ambiguity 

index is increasing for ,∗δ>δ  and is decreasing .∗δ<δ  It is clear that 

,1>δ∗  therefore ambiguity index is decreasing .1≤δ  
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Definition 3.4. Let ( )δµ′′= ,,,,,,,, 11111111 νddcbaaA  and ( ,, 22 aaB ′=  

),,,,,,, 222222 δµ′ νddcb  then define ranking function for BGIFN  as 

follows: 

( ) ( ) ( ),,,, δ+δ=δ λλλ AGAVAR  

where 

(i)      If ( ) ( ),,, δ>δ BRAR  then .BA >  

(ii)     If ( ) ( ),,, δ<δ BRAR  then .BA <  

(iii)    If ( ) ( ),,, δ=δ BRAR  then .BA =  

If A is symmetric ,GIFNB  then ranking function is increasing for 

,∗δ>δ  and is decreasing .∗δ<δ  Since ,1>δ∗  therefore ranking 
function is decreasing .1≤δ  

Theorem 3.4. Let A and B be two ;sGIFNB  then 

(i)      ( ) ( ) ( ),,,, δ+δ=δ+ BRARBAR  

(ii)     ( ) ( ) ( ),,,, δ−+δ=δ− BRARBAR  

(iii)    ( ) ( ) ,,,, +∈δ=δ Rkkk ARAR  

(iv)    ( ) ( ) .,,, −∈δ−=δ Rkkk ARAR  

Proof. (i) Since ( ) ( ) ( )δ+δ=δ+ λλλ ,,, BVAVBAV  and ( )δ+λ ,BAG  

( ) ( ),,, δ+δ= λλ BGAG  then we have ( ) ( ) ( ).,,, δ+δ=δ+ BRARBAR  

(ii) Since ( ) ( ) ( )δ−+δ=δ− λλλ ,,, BVAVBAV  and ( ) λλ =δ− GBAG ,  

( ) ( ),,, δ−+δ λ BGA  then we have ( ) ( ) ( ).,,, δ−+δ=δ− BRARBAR  

(iii) Since ( ) ( )δ=δ λλ ,, AVAV kk  and ( ) ( ),,, δ=δ λλ AGAG kk  then we 

have ( ) ( ).,, δ=δ ARAR kk  

(iv) Since ( ) ( )δ−=δ λλ ,, AVAV kk  and ( ) ( ),,, δ−=δ λλ AGAG kk  then 

we have ( ) ( ).,, δ−=δ ARAR kk  
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Remark 3.6. By using Theorem 4 (i) and (iii), we have 

( ) ( ) ( ),,,, 2121 δ+δ=δ+ BRARBAR kkkk  

where 01 >k  and .02 >k  

Theorem 3.5. Let ,,, CBA  and D be four ;sGIFNB  then 

(i)      ,CBCABA +<+⇒<  

(ii)     ,, DBCADCBA +<+⇒<<  

(iii)    ., +∈<⇒< Rkkk BABA  

Proof. Proof is obvious. 

Example. Let ( ),,0,1,75.4,4,3,2,1,25.0 δ=δA  

B = (5.25, 5.35, 5.45, 5.55, 5.65, 5.75, 1, 0, 2) be s.GIFNB  Then for 

δA  we have .94.2=δ∗  According to Remark 3.5, we have ,12 AA <  and 

.43 AA <  To further explore the indices were calculated. 

( ) ( ) ,5.22,,5.22, ==µ AVAV ν  

( ) ( ) ( ) ( ) ( )2,,79.12,,5.22,,58.12,,22, 5.05.0 ARAGAVAGAG ====µ ν  

( ) ( ) ( ) ( ) ,16.21,,67.11,,5.21,,5.21,,29.4 ===== µµ AGAGAVAV νν  

( ) ( ) ( ) .42.41,,92.11,,5.21, 5.05.0 === ARAGAV  

Since ( ) ( )1,2, ARAR <  it follows that .12 AA <  

( ) ( ) ( ) ( ) ( )3,,35.13,,2.23,,5.23,,5.23, 5.0 AVAGAGAVAV ==== µµ νν  

( ) ( ) ( ) ( ) ,5.24,,5.24,,275.43,,775.13,,5.2 5.0 ===== µ AVAVARAG ν  

( ) ( ) ( ) ( ) ( )4,,78.14,,5.24,,23.14,,33.24, 5.05.0 ARAGAVAGAG ====µ ν  

.28.4=  

Since ( ) ( )4,3, ARAR <  it follows that .43 AA <  
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According to Remark 3.4, we have ( ) ( ),2,2, 5.05.0 BVAV ≤  and 

( ) ( ).2,2, 5.05.0 AGBG ≤  To further explore the indices were calculated. 

( ) ( ) ( ) ( ) ,167.02,,2.02,,5.52,,5.52, ==== µµ BGBGBVBV νν  

( ) ( ) .1835.02,,5.52, 5.05.0 == BGBV  

Finally, we have ( ) ( ),2,2, 5.05.0 BVAV ≤  and ( ) ( ).2,2, 5.05.0 AGBG ≤  

4. Conclusion 

In the present article, we studied two specifications of ,GIFNB  

namely, value and ambiguity, which are based on ( ) cut-, βα  sets. They 

are used to define value index and ambiguity index. An algorithm for 
ranking of sGIFNB  have been introduced in this paper which is based on 

these two indices. 
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