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Abstract 

In this short, note we give a method to obtain infinite sequences of pairwise 

relatively prime integers. This subject is of interest to many mathematicians. 

Finally, we apply our results to certain Diophantine equations. 

1. Introduction 

We have the following well-known theorem. 

Theorem 1.1. There exist infinitely many prime numbers.  

There are several proof of this theorem (see [2], Chapter 1). 

The following idea is of interest to many mathematicians. 
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If we generate an infinite sequence of pairwise relatively prime 

integers greater than 1 without using for this purpose the fact that there 

exist infinitely many primes then we clearly obtain a proof of Theorem 

1.1. 

Apparently this idea is of Hurwitz (1891) (see [2], Chapter 1). 

However in a letter to Euler (July, 1730), Goldbach proved that the 

Fermat numbers ( )0122
≥+= nF

n

n  are pairwise relatively prime and 

consequently he proved Theorem 1.1 (see [2], Chapter 1). 

The generation of infinite sequences of pairwise relatively prime 

integers is of great interest to mathematicians. 

In 1947, Bellman proposed a method to generate infinite sequences of 

pairwise relatively prime integers (see [2], Chapter 1). 

Many particular cases of Bellman’s method were discovered 

independently by mathematicians, for example, Edwards (1964) and 

Mohanti (1978). Some properties of particular Bellman’s sequences were 

studied by Guy and Nowakowsky (1975) and Odoni (1985) (see [2], 

Chapter 1). 

In this note, we obtain infinite sequences of pairwise relatively prime 

integers in function of two arbitrary positive integers A  and B  relatively 

prime. We also apply our results to certain Diophantine equations (in the 

last section). 

2. Main Results 

Theorem 2.1. Let 1s  and 2s  be positive integers not necessarily 

distinct. Let A  and B  be relatively prime positive integers such that 

.21 ss
BA >  Suppose that either A  is even and B  is odd or A  is odd and 

B  is even. Let us consider the strictly increasing sequence of odd positive 

integers 
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,21
0

ss
BAa −=   (1) 

( ).12
1

1
1 22

≥+=
−−

k
kk

k
ss

BAa   (2) 

That is, the sequence 

.,,,,, 2121212121 884422
…

ssssssssss
BABABABABA ++++−  (3) 

Then ( ) 1, =ji aagcd  if ( ).ji ≠  That is, the ( )0≥kka  are pairwise 

relatively prime. 

Proof. It is sufficient to prove the theorem for the sequence with 

.121 == ss  That is, the sequence 

,0 BAa −=   (4) 

( ).1
11 22

≥+=
−−

k
kk

k BAa   (5) 

That is, the sequence 

.,,,,, 884422
…BABABABABA ++++−   (6) 

Since substituting A  by 1sA  and B  by 2sB  into (4) and (5) we obtain 

the sequence (1) and (2). 

We proceed by mathematical induction. BA −  and BA +  are 

relatively prime since 

( ) ( ) ,2ABABA =−++  

( ) ( ) .2BBABA =−−+  

If BA +  and BA −  are not relatively prime (since they are odd), then 

A  and B  also are not relatively prime, that is absurd by hypothesis. 

Therefore BA −  and BA +  are relatively prime. 
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Suppose that 

( ),1,,,,,
11 224422

≥++++−
−−

k
kk

BABABABABA …   (7) 

are pairwise relatively prime. 

Note that (use mathematical induction and the formula 

( )( ))bababa +−=−
22   if 1≥k  

( )( )( )( ) ( ).
11 22442222 −−

++++−=−
kkkk

BABABABABABA ⋯  

(8) 

Now, note also that the numbers 
kk 22 BA −  and 

kk 22 BA +  are 

relatively prime since 

( ) ( ) ,2 22222 kkkkk

ABABA =−++  

( ) ( ) .2 22222 kkkkk

BBABA =−−+  

If 
kk 22 BA +  and 

kk 22 BA −  are not relatively prime (since they are 

odd), then A  and B  also are not relatively prime, that is absurd by 

hypothesis. Therefore 
kk 22 BA −  and 

kk 22 BA +  are relatively prime. 

This fact and Equations (7) and (8) imply that 

kkkk 22224422 ,,,,,,
11

BABABABABABA +++++−
−−

…  

are pairwise relatively prime and the theorem is proved. 

Corollary 2.2. The number 

21 22 ss
BA
kk

−  

have at least k  distinct prime factors. 
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Proof. It is an immediate consequence of Equations (7) and (8) if we 

substitute in these equations A  by 1sA  and B  by .2sB  The corollary is 

proved. 

Corollary 2.3 (Goldbach). The Fermat numbers are pairwise 

relatively prime. 

Proof. It is an immediate consequence of Theorem 2.1 if we put 

,121 == ss  2=A  and .1=B  The corollary is proved. 

Corollary 2.4. If 21 22 ss
BA
kk

−  is a r-th perfect power (that is, 

),21 22 rss
CBA =−

kk

 then the 1+k  numbers 

( ) ( ) ( ) ( ) ( )2
1

1
1

21212121 224422
,,,,,

ssssssssss
BABABABABA

−−

+++−−
kk

…   

(9) 

are also all simultaneously r-th perfect powers. 

Proof. It is an immediate consequence of Equations (7) and (8). The 

corollary is proved. 

Theorem 2.5. Let 1s  and 2s  be positive integers not necessarily 

distinct. Let A  and B  be relatively prime positive integers such that 

.21 ss
BA >  Suppose that A  and B  are odd. Let us consider the strictly 

increasing sequence of positive integers 

,
2

21

0

ss
BA

b
−

=   (10) 

( ).1
2

2
1

1
1 22

≥
+

=

−−

k

kk

k

ss
BA

b   (11) 
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That is, the sequence 

.,
2

,
2

,
2

,
2

,
2

2121212121 884422

…

ssssssssss
BABABABABA ++++−

  

(12) 

Then ( ) 1, =ji bbgcd  if ( ).ji ≠  That is, the ( )0≥kkb  are pairwise 

relatively prime. 

Proof. As in Theorem 2.1 it is sufficient to prove the theorem for the 

sequence with .121 == ss  That is, the sequence 

,
20

BA
a

−
=   (13) 

( ).1
2

11 22

≥
+

=

−−

k

kk

BA
ak  (14) 

That is, the sequence 

.,
2

,
2

,
2

,
2

,
2

884422

…

BABABABABA ++++−
  (15) 

We proceed by mathematical induction. 
2

BA −
 and 

2

BA +
 are relatively 

prime since 

,
22

A
BABA

=





 −

+





 +

 

.
22

B
BABA

=





 −

−





 +

 

If 
2

BA +
 and 

2

BA −
 are not relatively prime, then A  and B  also are 

not relatively prime, that is absurd by hypothesis. Therefore 
2

BA −
 and 

2

BA +
 are relatively prime. 
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Suppose that 

( )1
2

,,
2

,
2

,
2

,
2

11 224422

≥
++++−

−−

k

kk

BABABABABA
…  (16) 

are pairwise relatively prime. 

Equation (8) becomes in this case ( )1≥k  

.
22222

11 2222

1

22














+










 +






 +






 −

=
−

−−

+

kkkk

k

BABABABABA
⋯   (17) 

Note that the sum of the squares of two odd numbers has only one 2 in its 

prime factorization, that is, 

( ) ( ) ( )1221212 3
2

2
2

1 +=+++ nnn   (18) 

as it can be proved easily. 

Now, note also that the numbers 
1

22

2 +

−
=

kk

kk

BA
C  and 

2

22 kk

BA +
 

are relatively prime since 

k
kkkkkk

2
222222

22
2

2
A

BABA
C

BA
k

k
=

−
+

+
=−

+
 

k
kkkkkk

2
222222

22
2

2
B

BABA
C

BA
k

k
=

−
−

+
=−

+
 

and by Equation (18) the number 
2

22 kk

BA +
 is odd. 

This fact and Equations (16) and (17) imply that 













 +













 +









 +









 +






 +






 −

−−

2
,

22222

22224422 11 kkkk

BABABABABABA
⋯  

are pairwise relatively prime and the theorem is proved. 
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Corollary 2.6. The number 

21 22 ss
BA
kk

−  

have at least k distinct prime factors. 

Corollary 2.7. If 21 22 ss
BA
kk

−  is a r-th perfect power (that is, 

),21 22 rss
CBA =−

kk

 then the odd 1−k  numbers 

2
,,

2
,

2

2
1

1
1

2121 224422 ssssss
BABABA

−−

+++
kk

…   (19) 

are also all simultaneously r-th perfect powers. 

3. An Application to the Diophantine Equations p
zyx =−

44  

and ( ) ( ) p
zyx

122 2 +
=−
k

kk

 

We are interested in the Diophantine equation szyx =−
44  where 

,0>> yx  0>z  and 3≥s  denotes a positive odd integer. It is well-

known that if s  is an even positive integer this equation has no solutions 

( )zyx ,,  such that 0≠xyz  (Fermat’s theorem) (see [1], Volume 1, 

Chapter 6, page 391). We shall prove that if s  is odd then the equation 

has infinitely many solutions ( )zyx ,,  where 0>> yx  and .0>z  The 

proof is simple, we have that the linear Diophantine equation 

14 12 =− nsn  has infinitely many solutions ( ),, 21 nn  where 1n  and 2n  

are positive integers. If 14 += ks  then we can take ( ) ( )1,, 21 k=nn  and 

if 14 −= ks  then we can take ( ) ( ).3,1-3, 21 k=nn  Therefore, we have 

the identities  

( ) ( ) ( ) ,
14144

4
44

4
44

+









−=








−−








−

k
kk

bababbaa  

( ) ( ) ( ) .
14344

41344
41344

−−−









−=








−−








−

k
kk

bababbaa  
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These identities give us infinitely many solutions ( ),,, zyx  where 

0>> yx  and ,0>z  of the equation ( ).odd344
≥=− szyx s  If ,3=s  

then we have the following theorem: 

Theorem 3.1. Let us consider the Diophantine equation 

,344 zyx =−  where 0>> yx  and .0>z  This equation has not 

solutions ( ),,, zyx  where x  and y  are relatively prime. Therefore for 

each solution ( ),,, zyx  we have ( ) .1,,gcd >zyx  

Proof. Suppose that there exists a solution ( )zyx ,,  such that x  and 

y  are relatively prime. 

(1) Suppose that either x  is even and y  is odd or x  is odd and y  is 

even. Then we have the factorization 

( )( )( ) ,32244 zyxyxyxyx =−++=−   (20) 

where the three factors are odd and pairwise relatively prime. Therefore 

(20) gives the system of three equations 

,3uyx =−   (21) 

,3vyx =+   (22) 

,322 wyx =+   (23) 

where ,, vu  and w  are positive integers pairwise relatively prime. 

Equations (21) and (22) give  

.
2

,
2

3333 uv
y

uv
x

−
=

+
=   (24) 

Substituting Equations (24) into (23) we find that 

.
2

3
66

22 w
vu

yx =
+

=+  
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That is, 

,2 366 wvu =+   (25) 

where .vu ≠  Now, it is well-known (see [1], Chapter 6, page 373) that all 

solutions of the equation 333 2cba =+  where 0,0 >> ba  and 0>c  

satisfy .ba =  Therefore Equation (25) is impossible. 

(2) Suppose that x  and y  are odd. Note that 
2

yx +
 and 

2

yx −
 are 

one even and the other odd. Since 

.
22

,
22

y
yxyx

x
yxyx

=
−

−
+

=
−

+
+

 

Suppose that 
2

yx −
 is even. 

Then we have the factorization 

,
2

2
22

33
22

44 z
yxyxyx

yx =





 −






 +









 +
=−  (26) 

where the three factors are pairwise relatively prime. Therefore (26) give 

us the system of three equations 

,
2

2 33 u
yx

=
−

  (27) 

,
2

3v
yx

=
+

 (28) 

,
2

3
22

w
yx

=
+

 (29) 

where ,, vu  and w  are positive integers pairwise relatively prime. 

Equations (27) and (28) give 

.
8

,
8

3
3

3
3 u

vy
u

vx −=+=   (30) 
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Substituting Equations (30) into (29) we find that 

( ) .
2

2

2

1 3

6

666
22 w

vu
yx =

+
=+  

That is, 

.22 36666 wvu =+   (31) 

Now, it is well-known (see [1], Chapter 6, page 373) that the equation 

333 cba =+  has no solutions ( )cba ,,  where ,0>a  0>b  and .0>c  

Therefore Equation (31) is impossible. 

(3) Suppose that 
2

yx +
 is even. Then the same proof as in (2) gives 

the same equation as in (2), namely 

.22 36666 wvu =+  

This equation is impossible. The theorem is proved. 

Remark 3.2. Let 3>p  be a prime. If we consider solutions ( )zyx ,,  

such that 0>> yx  and ,0>z  then as in case (1) of Theorem 3.1, we 

obtain the Diophantine equation 

.222 ppp wvu =+  

On the other hand in case (2) of Theorem 3.1, we obtain the Diophantine 

equation 

,22 6262 ppp wvu =+  

and in case (3) of Theorem 3.1, we obtain the Diophantine equation 

.22 6226 ppp wvu =+  

If the behaviour of these equations is as the case ,3=p  then Theorem 

3.1 holds for all odd prime p and consequently for all positive odd integer 

.3≥s  The author does not know the behaviour of these equations. 
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Now, we are interested in the Diophantine equation 

( ) ( ) ,2 122 szyx +
=−
k

kk

 where 2≥k  is an arbitrary but fixed positive 

integer, 3≥s  is an arbitrary but fixed odd positive integer and where 

0>> yx  and .0>z  For example, if 2=k  then we obtain the equation 

.844 szyx =−  We shall prove that the equation has infinitely many 

solutions ( )zyx ,,  where 0>> yx  and .0>z  The proof is simple, we 

have that the linear Diophantine equation 12 12 =− nsn k  has infinitely 

many solutions ( ),, 21 nn  where 1n  and 2n  are positive integers. If we 

choose a pair ( ),, 21 nn  then we have the identity 

( ) ( )
tntttt

tntttt bhahhbbhahha 







−−








−

−−−− 11 1111  

( ) ,
211

sntttt bhahh 







−=

−−  

where k2=t  and .2 1+
=
kh  

This identity give us infinitely many solutions ( ),,, zyx  where 

0>> yx  and ,0>z  of the equation ( ) ( ) .2 122 szyx +
=−
k

kk

 In the next 

theorem, we prove that there are not solutions ( )zyx ,,  such that x  and 

y  are relatively prime. 

Theorem 3.3. Let 2≥k  be an arbitrary but fixed positive integer and 

let us consider the Diophantine equation ( ) ( ) ,2 122 szyx +
=−
k

kk

 where 

,0>> yx  0>z  and p  is any odd prime. This equation has not 

solutions ( ),,, zyx  where x  and y  are relatively prime. 
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Proof. First, we examine the Diophantine system 

,
2

pu
yx

=
−

  (32) 

,
2

pv
yx

=
+

 (33) 

,
2

22
pw

yx
=

+
 (34) 

where ,, vu  and w  are positive integers. We are interested in solutions 

( )yx,  such that .0>> yx  We shall prove that there are not solutions 

( )yx,  such that .0>> yx  The proof is simple (as case 1) of Theorem 

3.1) since Equations (32) and (33) give pp uvx +=  and .pp uvy −=  

Substituting these two equations in Equation (34) of the system we obtain 

the equation .22 ppp wvu =+  This equation is impossible for the Wiles-

Taylor-Fermat theorem. This complete the proof. 

Now, suppose that there is a solution ( )zyx ,,  to the equation where 

0,0 >>> zyx  and x  and y  are relatively prime odd numbers. We have 

,
222222

11 224422

1

22














+










 +









 +






 +






 −

=
−

=

−−

+

kkkk

k

yxyxyxyxyxyx
z p

⋯  

where the numbers in the right hand are pairwise relatively prime. Then 

the system of three equations (32), (33) and (34) has a solution. This is 

impossible. The theorem is proved. 
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