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Abstract 

In this paper, we present and study new forms of Lindelofness in ideal 

topological spaces viz; ssLindelofne-Iβρ  and by utilizing the concept of        

open-β  sets. Also, we study Lindelofness of subset of ideal topological spaces. 

1. Introduction 

Research in the field of ideal topological spaces extensively developed 

in the last few decades. In 1990, Jankovic and Hamlett [9] obtained new 

topologies using old ones and introduced the notion of ideal topological 

spaces. Hamlett [7] firstly defined Lindelof spaces with respect to an ideal 

and investigated the basic properties of the concept, its relation to known 

concepts, and its preservation by functions, subspaces, pre-images and 
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products. Recently, Qahis [14] introduced and studied almost Lindelof 

modulo an ideal spaces. He discussed their properties and studied the 

effects of functions on them. In 1983, Abd El-Monsef et al. [1] initiated 

the study of open-β  sets in topological spaces and the analogous notion of 

semi-preopen set was given exclusively by Andrijevic [2] and additionally 

examined by Ganster and Andrijevic [6]. More application and 

background of open-β  sets was discussed by Caldas and Jafari [3]. 

Recently, Catalan et al. [4] produced a study on open-β  sets and ideals in 

topological spaces and contributed on the concepts of sscompactine-β  and 

ess.connectedn-β  An ideal I  on a topological space ( )τ,X  is a non empty 

collection of subsets of X  which satisfies (i) IA ∈  and AB ⊆  implies 

IB ∈  and (ii) IA ∈  and IB ∈  implies .IBA ∈∪  Given an ideal 

topological space ( )IX ,, τ  and a subset A  of ,X  a set operator 

( ) ( ) ( )XX PP →
∗

:.  called a local function of A  with respect to τ  and I  

is defined to be the set ( ) { ( ) ,:, IUAXxIA ∈/∈=τ∗
∩  for every 

},xUU ∈  where { }.: UxUUx ∈τ∈=  The Kuratowski closure operator 

( ).∗Cl  for a topology ( ),, ττ∗ I  called the topology,-∗  finer than ,τ  is 

defined by ( ) ( )., τ= ∗∗ IAAACl ∪  Where no confusion will arise we write 

∗A  for ( )τ∗ ,IA  and ∗τ  for ( )., ττ∗ I  For an ideal topological space 

( )IX ,, τ  the collection { }IAUAU ∈τ∈ and:\  is a base for .∗τ  The 

aim of this paper is to apply the concept of open-β  sets to introduce and 

examine some types of Lindelofness modulo ideal called 

ss.Lindelofne-Iβρ  Throughout this paper, ( )IX ,, τ  denotes a topological 

space ( )τ,X  with ideal I  on ( )., τX  For a subset A  of a space ( ),, τX  

( ) ( )AAcl int,  and ( )AX \  denote respectively the closure, interior and 

the complement of .A  
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2. Preliminaries 

Definition 2.1. An ideal I  on a topological space ( )τ,X  is a 

collection of subsets of X  such that if 

(i) IA ∈  and ,AB ⊆  then IB ∈  (heredity). 

(ii) IA ∈  and ,IB ∈  then IBA ∈∪  (finite additivity). 

Definition 2.2. An ideal I  in a topological space ( )τ,X  is said to be 

[9] ideal-σ  if it is countably additive. That is if { }N∈αα :A  is any 

countable collection of members ,I  then .
1

IU ∈α

∞

=α
∪  

Lemma 2.3. If I  and J  are ideals on a topological space ( ),, τX  then 

the following hold: 

(a) [9] { }JAandIAAJI ∈∈= :∩  is an ideal on .X  

(b) [9] { }JBandIABAJI ∈∈= :∪�  is an ideal on .X  

Definition 2.4. A subset A  of a space ( )τ,X  is said to be open-β  [1] 

(semi-preopen [2]) if ( )( )( ).int AclclA ⊆  The complement of a open-β  set 

is called a closed-β  set. The collection of all open-β  sets in a topological 

space ( )τ,X  is denoted as ( )., τβ XO  The closure-β  of A  is the 

intersection over all closed-β  sets containing A  and is denoted by 

( ).Aclβ  The interior-β  of A  is the union over all open-β  sets contained 

in A  and is denoted by ( ).int Aβ  

Remark 2.5. By Definition 2.4 it is clear that given any topological 

space ( ),, τX  if ,τ∈A  then ( )( )( ).int AclclA ⊆  Thus if ,τ∈A  then  

( )., τβ∈ XOA  The complement of a open-β  set is called a closed-β  set 

and since every open set is open,-β  the complement of every open set is 

closed.-β  Therefore, every closed set is closed.-β  Also ( ) OXO β⊆τβ ,  

( )∗τ,X  since ∗τ  is finer than .τ  And ( )τβ ,XO  is closed under arbitrary 

union. 
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Definition 2.6 ([4]). A subset A  of an ideal topological space 

( )IX ,, τ  is said to open-β  with respect to I  ( )openI -or β  if there exists 

an open set U  such that 

(i) ( ) ,\ IAU ∈  and 

(ii) ( )( )( )( ) .int\ IUclclA ∈  

Definition 2.7 ([4]). A subset A  of an ideal topological space 

( )Ix ,, τ  is said to be generalized closed with respect to ideal I  (briefly 

closedIg- ) if ( )( ) ,\ IUAcl ∈  whenever UA ⊆  and .τ∈U  

Definition 2.8. A subset A  of an ideal topological space ( )IX ,, τ  is said 

to be closedIg -β  if ( )( ) ,\ IUAcl ∈β  whenever UA ⊆  and β∈U  ( )., τXO  

Definition 2.9. A subset A  of a space ( )τ,X  is said to be 

generalized-β-closed ( )closedg -β  if ( ) UAcl ⊆β  whenever UA ⊆  and 

( )., τβ∈ XOU  

Definition 2.10. A topological space ( )τ,X  is said to be: 

(a) [11] Hausdorff-β  or ( )2Tβ  space if given any two distinct points 

Xyx ∈,  there exist disjoint open-β  sets U  and V  such that ., VyUx ∈∈   

(b) β-Urysohn or ( )
2
12

Tβ  space if given any two distinct points 

Xyx ∈,  there exist disjoint open-β  sets U  and V  such that ,Ux ∈  

Vy ∈  and ( ) ( ) .0/=ββ VclUcl ∩  

(c) [11] normal-β  if given any two disjoint closed sets A  and B  in X  

there exist disjoint open-β  sets U  and V  such that ., VBUA ⊆⊆  

(d) Completely normal-β  if given any two disjoint sets A  and B  in 

X  there exist disjoint open-β  sets U  and V  such that ., VBUA ⊆⊆  
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Definition 2.11 ([11]). A function ( ) ( )δ→τ ,,: YXf  is said to be: 

(a) irresolute-β  if ( )Uf 1−  is open-β  in X  whenever U  is open-β  in .Y  

(b) openM -β  if ( )Uf  is open-β  in Y  whenever U  is open-β  in .X  

Lemma 2.12 ([12]). If ( ) ( )δ→τ ,,: YXf  is β-irresolute surjection 

and I  is an ideal on ,X  then 

(a) { ( ) }IAfYAJ ∈⊆= −1:  is ideal on .Y  

(b) ( ) ( ){ }IAAfIf ∈= :  is ideal on .Y  

Lemma 2.13 ([11]). If ( ) ( )δ→τ ,,: YXf  is openM -β  injection and 

J  is an ideal on ,Y  then ( ) { ( ) }JAAfJf ∈= −− :11  is ideal on .X  

Definition 2.14. Let { }∆∈α= α :UU  be a family of subsets of a 

topological space X  and .XA ⊆  The family U  is said to be 

(i) a cover for A  if ;α
∆∈α

⊆ UA ∪  

(ii) a finite (resp., countable) cover for A  if α
∆∈α

⊆ UA ∪  and ∆  is 

finite (resp., countable); 

(iii) an open (resp., closed) cover for A  if α
∆∈α

⊆ UA ∪  and αU  is open 

(resp., closed) .∆∈α∀  

Definition 2.15. Let { }∆∈α= α :UU  be a cover for ,XA ⊆  then 

{ }Λ∈λ= λ :VV  is said to be a subcover of U  if V  is a cover for A  and 

., Λ∈λ∀∈λ UV  More generally V  is said to be a refinement of U  if V  

is a cover for A  and ∆∈α∃Λ∈λ∀ λ,  such that .
λαλ ⊆ UV  Every cover 

is a subcover for itself. 
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Definition 2.16 ([8]). An ideal topological space ( )IX ,, τ  is said to 

be compactI -  if for every open cover { }∆∈αα :U  for ,X  there exists a 

finite subset 0∆  of ∆  such that ( ) .\ IUX

o

∈α
∆∈α
∪  

Definition 2.17. An ideal topological space ( )IX ,, τ  is said to be 

countably compactI -  if for every countable open cover { }N∈αα :U  for 

,X  there exists N∈n  such that .\
1

IUX
n

∈α
=α
∪  

Definition 2.18 ([11]). A topological space ( )τ,X  is said to be           

compact-β  (resp., countably compact-β ) if for every open-β  cover 

{ }∆∈αα :U  (resp., countable open-β  cover { }N∈αα :U ) for ,X  there 

exists a finite subset 0∆  of ∆  ( )N∈n.,resp  such that ( )α
∆∈α

⊆ UX

o

∪  

( )..,resp
1

α
=α

⊆ UX
n

∪  

Lemma 2.19. Every finite discrete space is compact-β  and countably 

β-compact. 

Definition 2.20. A topological space ( )τ,X  is said to be Lindelof-β  if 

for every open-β  cover { }∆∈αα :U  for ,X  there exists a countable 

subset 0∆  of ∆  such that ( ).α
∆∈α

⊆ UX

o

∪  

Lemma 2.21. Every compact-β space is countably .-compactβ  

Lemma 2.22. Every compact-β space is .-Lindelofβ  

Definition 2.23. An ideal topological space ( )IX ,, τ  is said to be       

LindelofI -  if for every open cover { }∆∈αα :U  for ,X  there exists a 

countable subset 0∆  of ∆  such that ( ) .\ IUX

o

∈α
∆∈α
∪  
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Lemma 2.24. Every compactI -  space is countably .-compactI  

Lemma 2.25. Every compactI -  space is .-LindelofI  

Definition 2.26 ([11]). An ideal topological space ( )IX ,, τ  is said to 

be compactI -β  (resp., countably compactI -β ) if for every open-β  cover 

{ }∆∈αα :U  (resp., countable open-β  cover { }N∈αα :U ) for ,X  there 

exist a finite subset 0∆  of ∆  ( )N∈n.,resp  such that ( ) IUX

o

∈α
∆∈α
∪\  

( ).\.,resp
1

IUX
n

∈α
=α
∪  

Definition 2.27. An ideal topological space ( )IX ,, τ  is said to be 

LindelofI -β  if for every open-β  cover { }∆∈αα :U  for ,X  there exists a 

countable subset 0∆  of ∆  such that ( ) .\ IUX

o

∈α
∆∈α
∪  

Lemma 2.28. Every compactI -β  space is countably .-compactIβ  

Lemma 2.29. Every compactI -β  space is .-LindelofIβ  

Definition 2.30 ([13]). An ideal topological space ( )IX ,, τ  is said to 

be compactI -ρ  (resp., countably compactI -ρ ) if for every family 

{ }∆∈αα :U  (resp., countable family { }N∈αα :U ) of open sets in X  

with ( ) ,\ IUX ∈α
∆∈α
∪  then there exists a finite subset 0∆  of ∆  

( )N∈n.,resp  such that ( ) ( ).\.,resp\
1

IUXIUX
n

o

∈∈ α
=α

α
∆∈α

∪∪  

Lemma 2.31. Every compactI -ρ  space is countably .-compactIρ  
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Definition 2.32. An ideal topological space ( )IX ,, τ  is said to be 

compactI -βρ  (resp., countably compactI -βρ ) if for every family { }∆∈αα :U  

(resp., countable family { }N∈αα :U ) of open-β  sets in X with 

( ) IUX ∈α
∆∈α
∪\  ( ),\.,resp

1

IUX ∈α

∞

=α
∪  then there exists a finite subset 

0∆  of ( )N∈∆ n.,resp  such that ( ) ( ).\.,resp\
1

IUXIUX
n

o

∈∈ α
=α

α
∆∈α

∪∪   

Lemma 2.33. Every compactI -βρ  space is countably .-compactIβρ  

Definition 2.34. An ideal topological space ( )IX ,, τ  is said to be  

LindelofI -ρ  (resp., LindelofI -βρ ) if for every family { }∆∈αα :U  of 

open sets (resp., for every family { }∆∈αα :U  of open-β  sets) in X  with 

( ) ,\ IUX ∈α
∆∈α
∪  then there exists a countable subset 0∆  of ∆  such 

that ( ) .\ IUX

o

∈α
∆∈α
∪  

Lemma 2.35. Every compactI -ρ  space is .-LindelofIρ  

Lemma 2.36. Every compactI -βρ  space is .-LindelofIβρ  

3. Lindelof-β  and Lindelof-Iβρ  Sets 

Theorem 3.1. If A  and B  are Lindelof-β  subsets of a topological 

space ( ),, τX  then BA ∪  is .-Lindelofβ  

Proof. Let A  and B  be Lindelof-β  subsets of a topological space 

( )τ,X  and { }∆∈αα :U  be a family of open-β  sets such that ( )BA ∪  

.α
∆∈α

⊆ U∪  This implies α
∆∈α

⊆ UA ∪  and AUB .α
∆∈α

⊆ ∪  and B  are        

Lindelof-β  implies there exist countable subsets 1∆  and 2∆  of ∆  such 

that α
∆∈α

⊆ UA ∪
1

 and .

2

α
∆∈α

⊆ UB ∪  Taking ,213 ∆∆=∆ ∪  then 3∆  is 

countable and ( ) .

3

α
∆∈α

⊆ UBA ∪∪  Hence, BA ∪  is .Lindelof-β  □ 
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Corollary 3.2. Finite union of Lindelof-β  sets is .-Lindelofβ  

Theorem 3.3. If A  and B  are LindelofI -βρ  subsets of an ideal 

topological space ( ),,, IX τ  then BA ∪  is .-LindelofIβρ  

Proof. Let A  and B  be Lindelof-Iβρ  subsets of an ideal topological 

space ( )IX ,, τ  and { }∆∈αα :U  be a family of open-β  sets such that 

( ) .\ IUBA ∈α
∆∈α
∪∪  This implies ( ) \\ BAUA ∪∪ ⊆α

∆∈α

IU ∈α
∆∈α
∪  

and similarly ( ) .\\ IUBAUB ∈⊆ α
∆∈α

α
∆∈α

∪∪ ∪  Since A  and B  are 

Lindelof,-Iβρ  there exist countable subsets 1∆  and 2∆  of ∆  such that 

IUA ∈α
∆∈α
∪

1

\  and .\

2

IUB ∈α
∆∈α
∪  Taking ,213 ∆∆=∆ ∪  then     

3∆  is countable and IUA ∈α
∆∈α
∪

3

\  and .\

3

IUB ∈α
∆∈α
∪  Hence, 

( ) .\

2

IUBA ∈α
∆∈α
∪∪  Therefore, BA ∪  is Lindelof.-Iβρ  □ 

Lemma 3.4. If A  and B  are LindelofI -ρ  subsets of an ideal 

topological space ( ),,, IX τ  then BA ∪  is .-LindelofIρ  

Corollary 3.5. Finite union of LindelofI -βρ  sets is .-LindelofIβρ  

Corollary 3.6. Finite union of LindelofI -ρ  sets is .-LindelofIρ  

Theorem 3.7. Let A  be a LindelofI -βρ  subset of an ideal topological 

space ( ).,, IX τ  If B  is a open-β  set contained in ,A  then BA \  is 

.-LindelofIβρ  

Proof. Let A  be a Lindelof-Iβρ  subset of an ideal topological space 

( )IX ,, τ  and B  be a open-β  set such that .AB ⊆  Let { }∆∈αα :U  be a 

family of open-β  sets in X  such that ( ) .\\ IUBA ∈α
∆∈α
∪  This implies 
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( ) .\ IUBA ∈α
∆∈α

∪∪  Given A  is Lindelof-Iβρ  and B  is a open-β set, 

there exists a countable subset o∆  of ∆  such that ∪
o

A
∆∈α

\  

( ) .IUB ∈α∪  This implies ( ) .\\ IUBA

o

∈α
∆∈α
∪  Hence, BA\  is 

Lindelof.-Iβρ  □ 

Theorem 3.8. Let ( )IX ,, τ  be an ideal topological space and .XA ⊆  

If for every collection { }∆∈αα :U  of open-β  sets, if ( ∪
∆∈α

\A  ) IU ∈α  

there exists a LindelofI -βρ  set B  containing A  such that 

( ) ,\ IUB ∈α
∆∈α
∪  then A  is .-LindelofIβρ  

Proof. Let the condition holds, XA ⊆  and { }∆∈αα :U  be a family 

open-β sets such that ( ) IUA ∈α
∆∈α
∪\  and B  be Lindelof-Iβρ  such 

that BA ⊆  and ( ) .\ IUB ∈α
∆∈α
∪  Now B  is Lindelof-Iβρ  implies that 

there exists a countable subset o∆  of ∆  such that .\ IUB

o

∈α
∆∈α
∪  And 

AIUABA

o

⇒∈⇒⊆ α
∆∈α
∪\  is Lindelof.-Iβρ  □ 

Theorem 3.9. If { }( )0,, /τX  is { } ,-0 Lindelof/βρ  then every { } closedg -0 β/  

subset of { }( )0,, /τX  is .-Lindelofβ  

Proof. Let A  be a { } closed-0 β/ g  subset of { } Lindelof-0/βρ  space 

{ }( )0,, /τX  and { }∆∈αα :U  be a open-β  sets such that .α
∆∈α

⊆ UA ∪  

Now A  is { } ( ) .closed-0 α
∆∈α

⊆β⇒β/ UAclg ∪  Therefore, ( )( )AClXX β= \  
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( ) [ ( )( ) ( )] { }.00\\ /∈/=β⇒ α
∆∈α

α
∆∈α

UAclXXU ∪∪ ∪∪  Since, ( ( ))AclX β\  

is open-β  and ( )IX ,, τ  be ,Lindelof-Iβρ  there exists a countable subset 

o∆  of ∆  such that [ ( )( ) ( )] .0\\ /=β α
∆∈α

UAclXX

o

∪∪  

But [ ( )( ) ( )] ( )) .\\\ α
∆∈α

α
∆∈α

β=β UAclUAclXX

oo

∪∪∪  Hence, ( ))\Aclβ  

{ }.00 /∈/=α
∆∈α

U

o

∪  This implies .α
∆∈α

⊆ UA

o

∪  Hence, .Lindelof-βA  □ 

Theorem 3.10. If A  and B  are subsets of an ideal topological space 

{ }( )0,, /τX  such that ( )AclBBA β⊆⊆ ,  and A  is { } ,-0 closedgβ/  then A  

is { } Lindelof-0/βρ  if and only if B  is { } .-0 Lindelof/βρ  

Proof. Suppose the condition holds and A  is { } .Lindelof-0/βρ  Let 

{ }∆∈αα :U  be a family of open-β  sets such that { }.00\ /∈/=α
∆∈α

UB ∪  

Now .0\0\\ /=⇒/=⊆⇒⊆ α
∆∈α

α
∆∈α

α
∆∈α

UAUBUABA ∪∪∪  Given 

that A  is { } closed-0 β/ g  and { } ,Lindelof-0/βρ  there exists a countable 

subset o∆  of ∆  such that 0\ /=α
∆∈α

UA

o

∪  and ( ) .α
∆∈α

⊆β UAcl

o

∪  This 

implies ( ) { }.00\0\\ /∈/=⇒/=β⊆ α
∆∈α

α
∆∈α

α
∆∈α

UBUAclUB

ooo

∪∪∪  

Hence, B  is { } Lindelof.-0/βρ  

Conversely, suppose the condition holds, B  is { } Lindelof-0/βρ  and 

{ }∆∈αα :U  be a family of open-β  sets such that { }00\ /∈/=α
∆∈α

UA ∪  

and A  is { } closed-0 β/ g  set in .X  This implies ( ) ( )AclUAcl β⇒⊆β α
∆∈α
∪  

( ) ( ) α
∆∈α

α
∆∈α

α
∆∈α

α
∆∈α

⇒/=β⊆⇒β⊆/= UBUAclUBAclBU ∪∪∪∪ \0\\.0\  
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B.0/=  is { } Lindelof-0/βρ  implies that there exists a countable subset o∆  

of ∆  such that { }.00\ /∈/=α
∆∈α

UB

o

∪  Now α
∆∈α

⇒⊆ UABA

o

∪\  

{ } { }.00\00\ /∈/=⇒/∈/=⊆ α
∆∈α

α
∆∈α

UAUB

oo

∪∪  Hence, A  is 

{ } Lindelof.-0/βρ  □ 

Lemma 3.11. Let A  and B  be subsets of a topological space ( )τ,X  

with ( ),, AclBBA β⊆⊆  and A  is .-closedgβ  Then A  is compact-β  if 

and only if B  is .-compactβ  

Theorem 3.12. A closed-β  subset of a Lindelof-β  space is 

.-Lindelofβ  

Proof. Let B  be a closed-β  subset of a Lindelof-β  space ( )τ,X  and 

{ }∆∈αα :U  be a family of β-open sets such that .α
∆∈α

⊆ UB ∪  Then 

( )BX \  is open-β  and ( ).\ BXUX ∪∪ α
∆∈α

⊆  Since X  is Lindelof,-β  

there exists a countable subset o∆  of ∆  such that [ ∪∪ α
∆∈α

⊆ UX

o

 

( )].\ BX  Hence, .α
∆∈α

⊆ UB

o

∪  Therefore, B  is .Lindelof-β  □ 

Theorem 3.13. If B  is Lindelof-β  subset of a Hausdorff-β  space 

( )τ,X  and ,Bx ∈/  then there exist open-β  sets U  and V  such that 

VBUx ⊆∈ ,  and .0/=VU ∩  

Proof. Let B  be Lindelof,-β  ( )τ,X  be Hausdorff-β  and .Bx ∈/  Now 

,, bxBb ≠∈∀  therefore there exist open-β , sets xU  and bV  such that 

bx VbUx ∈∈ ,  and .0/=bx VU ∩  The family { }BbVb ∈:  forms a 

open-β  cover for .B  Since B  is Lindelof,-β  there exists a countable 

subcollection { }…,2,1: =iVi  such that .i
i

VB ∪
N∈

⊆  Let ,i
i

VV ∪
N∈

=  
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then V  is open-β  and .VB ⊆  For each open N∈iVi ,  there exists a 

corresponding iU  such that iUx ∈  and .0/=ii UV ∩  Let 

( ),int i
i

UU ∩
N∈

β=  then U  is open,-β  Ux ∈  and .0/=VU ∩  □ 

Theorem 3.14. A Lindelof-β  subset of a Hausdorff-β  space is .-closedβ  

Proof. Let X  be Hausdorff-β  and XB ⊆  be .Lindelof-β  Let 

,Bx ∈/  then by Theorem 3.13, there exist open-β  sets U  and V  such 

that VBUx ⊆∈ ,  and .0/=VU ∩  This implies Bx ∈/∀  there exists 

open-β  set xU  such that xUx ∈  and .0/=BUx ∩  Let ,x
Bx

UH ∪
∈/

=  

then H  is open-β  and ( ) .\ BHX =  Hence, B  is closed.-β  □ 

4. Lindelof-β  and Lindelof-Iβρ  Spaces 

Theorem 4.1. Let I  and J  be ideals in ( )τ,X  and .JIK ∩=  If 

( )IX ,, τ  is LindelofI -βρ  and ( )JX ,, τ  is ,-LindelofJβρ  then ( )KX ,, τ  

is .-LindelofIβρ  

Proof. Let the condition holds and { }∆∈αα :U  be a family of 

open-β  sets in X  such that .\ KUX ∈α
∆∈α
∪  This implies α

∆∈α

UX ∪\  

I∈  and .\ JUX ∈α
∆∈α
∪  Now ( )IX ,, τ  and ( )JX ,, τ  are Lindelof-Jβρ  

implies that there exist countable subsets 1∆  and 2∆  of ∆  such that 

IUX ∈α
∆∈α
∪

1

\  and .\

2

JUX ∈α
∆∈α
∪  Taking ,213 ∆∆=∆ ∩  then 3∆  is 

countable and IUX ∈α
∆∈α
∪

3

\  and .\

3

JUX ∈α
∆∈α
∪  Therefore, 

( ).\

3

JIUX ∩∪ ∈α
∆∈α

 This implies .\

3

KUX ∈α
∆∈α
∪  Hence, ( )KX ,, τ  

is Lindelof.-Iβρ  □ 
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Theorem 4.2. Let ( ) ( )δ→τ ,,,: YIXf  be irresolute-β  and 

surjective. If ( )IX ,, τ  is LindelofI -βρ  and { ( ) },: 1 IBfYBJ ∈⊆= −  

then ( )JY ,, δ  is .-LindelofIβρ  

Proof. Let YXf →:  be ,irresolute-β  surjective and ( )IX ,, τ  be 

Lindelof.-Iβρ  By (a) of Lemma 2.12, J  is an ideal on .Y  Let 

{ }∆∈αα :U  be a family of open-β  sets in Y  such that .\ JUY ∈α
∆∈α
∪  

This implies ( ) IUYf ∈α
∆∈α

−
∪\1  where { ( ) }∆∈αα

− :1 Uf  is a family of 

open-β  sets in .X  

Now ( ) ( ) ( ) ( ) IUfXUfYfUYf ∈== α
−

∆∈α
α

∆∈α

−−
α

∆∈α

− 1111 \\\ ∪∪∪  

and ( )IX ,, τ  is Lindelof-Iβρ  implies there exists a countable subset o∆  

of ∆  such that ( ) .\ 1 IUfX

o

∈α
−

∆∈α
∪  

Hence, ( ( )) ( ) ( ( )) ( 111 \\\ −

∆∈α
α

−

∆∈α
α

−

∆∈α

== ffYUffXfUfXf

ooo

∪∪∪  

( )) .\ JUYU

o

∈= α
∆∈α

α ∪  Therefore, ( )JY ,, δ  is Lindelof.-Jβρ  □ 

Theorem 4.3. Let ( ) ( )δ→τ ,,,: YIXf  be irresolute-β  and bijective. 

If ( )IX ,, τ  is LindelofI -βρ  and ( ) ( ){ },: IAAfIf ∈=  then ( )( )IfY ,, δ  

is ( ) .-LindelofIfβρ  

Proof. Let YXf →:  be ,irresolute-β  bijective and ( )IX ,, τ  be 

Lindelof.-Iβρ  By (b) of Lemma 2.12, ( )If  is an ideal on .Y  Let 

{ }∆∈αα :U  be a family of open-β  sets in Y  such that ( ).\ IfUY ∈α
∆∈α
∪  

This implies there exists IA ∈  such that ( ).\ AfUY =α
∆∈α
∪          
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Hence, ( ) ( ) ( ) ( ) .\\\ 1111 IUfXUfYfUYfA ∈=== α
−

∆∈α
α

∆∈α

−−
α

∆∈α

−
∪∪∪   

Given that ( )IX ,, τ  is Lindelof-Iβρ  there exists a countable subset o∆  

of ∆  such that ( ) .\ 1 IUfX

o

∈α
−

∆∈α
∪  Therefore, ( ∪

o

Xf
∆∈α

\  

( )) ( ) ( ( )) ( ( )) α
∆∈α

α
−

∆∈α
α

−

∆∈α
α

− === UYUffYUffXfUf

ooo

∪∪∪ \\\ 111  

( ).If∈  Hence, ( )( )IfY ,, δ  is ( ) Lindelof.-Ifβρ  □ 

Theorem 4.4. Let ( ) ( )JYXf ,,,: δ→τ  be openM -β  and bijective. If 

( )JY ,, δ  is LindelofJ -βρ  and ( ) { ( ) },:11 JCCfJf ∈= −−  then ( ( )JfX 1,, −τ  

is ( ) .-1 LindelofJf −βρ  

Proof. Let ( ) ( )JYXf ,,,: δ→τ  be an open-βM  bijection and 

( )JY ,, δ  be Lindelof.-Jβρ  By Lemma 2.13, ( )Jf 1−  is an ideal on .X  Let 

{ }∆∈αα :U  be a family of open-β  sets in X  such that α
∆∈α

UX ∪\  

( ).1 Jf −∈  Then there exists JZ ∈  such that ( ).\ 1 ZfUX −
α

∆∈α

=∪  

Therefore, we have ( ) ( ) ( ) ( )α
∆∈α

α
∆∈α

α
∆∈α

== UfYUfXfUXf ∪∪∪ \\\  

.JZ ∈=  Given that ( )JY ,, δ  be ,Lindelof-Jβρ  there exists a countable 

subset o∆  of ∆  such that ( ) .\ JUfY

o

∈α
∆∈α
∪  

Therefore, ( ( )) ( ) ( ( )) ∪∪∪
ooo

XUffYfUfYf
∆∈α

α
∆∈α

−−
α

∆∈α

− == \\\ 111  

( )( ) ( ).\ 11 JfUXUff

o

−
α

∆∈α
α

− ∈= ∪  Hence, ( ( )JfX 1,, −τ  is ( ) .Lindelof-1 Jf −βρ  

□ 
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Lemma 4.5. If { }( )0,, /τX  is { } Lindelof-0/βρ  and B  is closed-β  in 

( ),, τX  then B  is { } .-0 Lindelof/βρ  

Proof. Let { }( )0,, /τX  be { } ,Lindelof-0/βρ  B  be closed-β  in ( )τ,X  and 

{ }∆∈αα :U  be a family of β  open sets such that { }.0\ /=∈α
∆∈α

IUB ∪   

This implies ( )BXUXUBUB \0\ ∪∪∪∪ α
∆∈α

α
∆∈α

α
∆∈α

⊆⇒⊆⇒/=  

( ( )) { }.00\\ /∈/=⇒ α
∆∈α

BXUX ∪∪  Now { }( )0,, /τX  is { } Lindelof-0/βρ  

implies that, there exists a countable subset o∆  of ∆  such that 

( ( )) { }.0\\ /∈α
∆∈α

BXUX

o

∪∪  This implies ( ( )) { }.0\\ /∈α
∆∈α

BXUB

o

∪∪  

Hence, { }.0\ /∈α
∆∈α

UB

o

∪  Therefore, B  is { } Lindelof.-0/βρ   □ 

Theorem 4.6. LindelofA -β  and Hausdorff-β  space is .-normalβ  

Proof. Let ( )τ,X  be Lindelof-β  and Hausdorff-β  and A  and B  be 

any disjoint closed sets in .X  By Theorem 3.12 A  and B  are Lindelof-β  

and ., BaAa ∈/∈∀  Therefore, by Theorem 3.13, there exist open-β  sets 

aU  and aV  open with aUa ∈  and aVB ⊆  such that .0/=aa VU ∩  Now 

a
Aa

UA ∪
∈

⊆  and ., AaVB a ∈⊆  Since A  is β-Lindelof, there exists a 

countable subcover say { }…,2,1: =iUi  such that .i
i

UA ∪
N∈

⊆  Let 

,i
i

UU ∪
N∈

=  then U  is open-β  and .UA ⊆  Now for each iU  there exists 

iV  such that iVB ⊆  and .0/=ii VU ∩  Let =V ( ),int i
i

V∩
N∈

β  then V  is 

open-β  and .VB ⊆  Moreover .0/=VU ∩  Hence, X  is normal.-β  □ 
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Lemma 4.7. If { }( )0,, /τX  is { } Lindelof-0/βρ  and ,-Hausdorffβ  then 

( )τ,X  is .-normalβ  

Theorem 4.8. A  topological space ( )τ,X  is Lindelof-β  if and only if 

{ }( )0,, /τX  is { } .-0 Lindelof/βρ  

Proof. Let ( )τ,X  be Lindelof-β  and { }∆∈αα :U  be a collection of 

open-β  sets such that { }.00\ /∈/=α
∆∈α

UX ∪  This implies .α
∆∈α

⊆ UX ∪  

Since ( )τ,X  is Lindelof,-β  there exists a countable subset o∆  of ∆  such 

that .α
∆∈α

⊆ UX

o

∪  This implies { }.00\ /∈/=α
∆∈α

UX

o

∪  Hence, { }( )0,, /τX  

is { } Lindelof.-0/βρ  Conversely suppose { }( )0,, /τX  is { } Lindelof-0/βρ  and 

{ }∆∈αα :U  is a open-β  cover for .X  This implies  α
∆∈α

⊆ UX ∪  and 

{ }.00\ /∈/=α
∆∈α

UX ∪  Since, { }( )0,, /τX  is { } ,Lindelof-0/βρ  there exists a 

countable subset o∆  of ∆  such that there exists a countable subset o∆  of 

∆  such that ( ) { }.0\ /∈α
∆∈α

UX

o

∪  This implies 0\ /=α
∆∈α

UX

o

∪  and 

.α
∆∈α

⊆ UX

o

∪  Hence, ( )τ,X  is Lindelof.-β  

 □ 

Theorem 4.9. If ( )IX ,, τ  is ,-LindelofIβρ  then ( )IX ,, τ  is .-LindelofIρ  

Proof. Let ( )IX ,, τ  is Lindelof-Iβρ  and { }∆∈αα :U  be a family of 

open sets in X  such that .\ IUX ∈α
∆∈α
∪  By Remark 2.5, OU β∈α  

( ) .,, ∆∈α∀τX  By our hypothesis, there exists a countable subset o∆  of 

∆  such that .\ IUX

o

∈α
∆∈α
∪  Hence, ( )IX ,, τ  is .Lindelof-Iρ  □ 
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Theorem 4.10. An ideal topological space ( )IX ,, τ  is LindelofI -βρ  

iff ( )IX ,, ∗τ  is .-LindelofIβρ  

Proof. Suppose ( )IX ,, τ  is Lindelof-Iβρ  and { }∆∈αα :U  is a 

collection of open-β  sets in ( )IX ,, ∗τ  such that .\ IUX ∈α
∆∈α
∪  Now 

ααα = WVU \  such that ( ) .,,, ∆∈α∀∈τβ∈ αα IWXOV  This implies 

{ }∆∈αα :V  is a collection of open-β  sets in ( )IX ,, τ  and ⊆α
∆∈α

U∪  

.α
∆∈α

V∪  Therefore, we have .\\\ IVXIUXVX ∈⇒∈⊆ α
∆∈α

α
∆∈α

α
∆∈α

∪∪∪  

By our hypothesis there exists a countable subset o∆  of ∆  such           

that .\ IVX

o

∈α
∆∈α
∪  Now [( ) ( )] ∈⊆ α

∆∈α
α

∆∈α
α

∆∈α

WVXUX

ooo

∪∪∪ ∪\\  

( )IXIUXI

o

,,\ ∗
α

∆∈α

τ⇒∈⇒ ∪  is .Lindelof-Iβρ  Conversely, suppose 

( )IX ,, ∗τ  is Lindelof-Iβρ  and { }∆∈αα :U  is a collection of open-β  

sets in ( )IX ,, τ  such that .\ IUX ∈α
∆∈α
∪  By Remark 2.5 and our 

hypothesis { }∆∈αα :U  is a collection of open-β  sets in ( )IX ,, ∗τ  and 

there exists a countable subset o∆  of ∆  such that .\ IUX

o

∈α
∆∈α
∪  

Hence, ( )IX ,, τ  is .Lindelof-Iβρ  □ 

Theorem 4.11. An ideal topological space ( )IX ,, τ  is LindelofI -βρ  

iff for any family { }∆∈αα :V  of closed-β  sets in ,X  if ,IV ∈α
∆∈α
∩  then 

there exists countable subset o∆  of ∆  such that .IV

o

∈α
∆∈α
∩  
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Proof. Let ( )IX ,, τ  be a Lindelof-Iβρ  and { }∆∈αα :V  be a family 

of closed-β  sets in X  such that .IV ∈α
∆∈α
∩  Now if ( ),\ αα = VXU  

,∆∈α∀  then { }∆∈αα :U  is a family of open-β  sets in X  and we have 

( ) .\\ IUXUXV ∈== α
∆∈α

α
∆∈α

α
∆∈α

∪∩∩  By our hypothesis there exists 

a countable subset o∆  of ∆  such that .\ IUX

o

∈α
∆∈α
∪  Hence, 

( ) .\\ IVUXUX

ooo

∈== α
∆∈α

α
∆∈α

α
∆∈α

∩∩∪  

Conversely, suppose the condition holds and { }∆∈αα :U  be a family 

of open-β  sets in X  such that .\ IUX ∈α
∆∈α
∪  Then ( ){ }∆∈αα :\ UX  

is a family of closed-β  sets and ∩∪
∆∈α

α
∆∈α

=UX \  ( ) .\ IUX ∈α  By our 

hypothesis there exists a countable subset o∆  of ∆  such that 

( ) .\ IUX

o

∈α
∆∈α
∩  Hence, there exists a countable subset o∆  of ∆  such 

that ( ) .\\ IUXUX

oo

∈= α
∆∈α

α
∆∈α

∪∩  Hence, ( )IX ,, τ  is .Lindelof-Iβρ  

□ 

Corollary 4.12. ( )IX ,, ∗τ  is LindelofI -βρ  iff for any family 

{ }∆∈αα :V  of closed-β  sets in ( )IX ,, τ  if ,IV ∈α
∆∈α
∩  then there exists a 

countable subset o∆  of ∆  such that .IV

o

∈α
∆∈α
∩  

Theorem 4.13. A countably compact-β  and Lindelof-β  space is 

.-compactβ  
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Proof. Let X  be countably compact-β  and Lindelof-β  and { αα :U  

}∆∈  be a open-β  cover .X  The space is Lindelof-β  implies that there 

exists a countable subset o∆  of ∆  such that α
∆∈α

⊆ UX

o

∪  and X  is 

countably compact-β  implies that there exists a finite subset 1∆  of o∆  

such that .

1

α
∆∈α

⊆ UX ∪  Hence, X  is compact.-β  □ 

Theorem 4.14. A countably compactI -βρ  and LindelofI -βρ  ideal 

topological space is .-compactIβρ  

Proof. Let ( )IX ,, τ  be countably compact-Iβρ  and Lindelof-Iβρ  

and { }∆∈αα :U  be a family of open-β  sets such that .\ IUX ∈α
∆∈α
∪  

The space ( )IX ,, τ  is Lindelof-Iβρ  implies that, there exists a countable 

subset o∆  of ∆  such that .\ IUX

o

∈α
∆∈α
∪  The space ( )IX ,, τ  is 

countably compact-Iβρ  implies that, there exists a finite subset 1∆  of o∆  

such that .\

1

IUX ∈α
∆∈α
∪  Hence, ( )IX ,, τ  is compact.-Iβρ   □ 

Lemma 4.15. A countably compactI -ρ  and LindelofI -ρ  ideal topological 

space is .-compactIρ  
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