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Abstract 

In this study, we investigate the position vector of a developable space-like      

h-slant ruled surface in Minkowski 3-space. First, we determine the conical 

curvature of a space-like h-slant ruled surface. Then, by achieving a differential 

equation with respect to the central normal vector of the ruled surface, we give 

the position vector of a developable space-like h-slant ruled surface with 

striction line as its base curve. Finally, we give some examples for the obtained 

results and construct new developable space-like h-slant ruled surfaces. 

1. Introduction 

In geometry, special curves and surfaces such as helices and ruled 

surfaces have a key place because of their significant importance to 

certain areas of science and technology. For instance, as helices find 
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applications to themselves in biology and genetics, ruled surfaces have 

many applications in architecture, engineering, mathematical physics, 

computer graphics and robotics [5, 19]. Therefore, many mathematicians 

were attracted to study these subjects of geometry in different spaces    

[11, 17, 18]. In 2004, an important development regarding such special 

curves were made and Izumiya and Takeuchi brought a new aspect to 

helices. They defined slant helices with the property which principal 

normal lines of the curve make a constant angle with a fixed direction [6]. 

Later, Ali studied on the position vector of general helices and slant 

helices in both Euclidean and Minkowski spaces [1, 2, 3]. Ali and Turgut 

also studied on the position vector of slant helices in Minkowski 3-space 

[4]. 

Önder applied the slant notion to ruled surfaces and defined slant 

ruled surfaces [13, 14]. Önder and Kaya studied different properties of 

slant ruled surfaces [9, 10, 15]. In this paper, we study such surfaces in 

Minkowski 3-space .3
1E  We find the position vectors of developable space-

like h-slant ruled surfaces and therefore make it easy to construct such 

surfaces by using their conical curvature. 

2 Preliminaries 

Let 3
1E  be the Minkowski 3-space and the Lorentzian metric be 

222, dzdydx −+=  for a standard rectangular coordinate system 

( ).,, zyx  A vector u
�

 is called to be space-like (respectively, time-like or 

light-like (null)) if 0, >uu
��

 or 0=u
�

 (respectively, 0, <uu
��

 or 

).0, =uu
��

 If we consider a space curve ( ),tα=α
��

 then α
�

 is also called a 

space-like (time-like) curve if the velocity vector 
dt

dα
�

 is a space-like (time-

like) vector. In the case of surfaces, a surface in Minkowski 3-space is 

called a space-like surface if the induced metric on the surface is 
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Riemannian, i.e., the normal vector on the surface is a time-like vector. 

Throughout this paper, we do not deal with light-like vectors since we 

investigate space-like surfaces. 

Considering two vectors ( )1111 ,, zyxu =
�

 and ( ),,, 2222 zyxu =
�

 the 

cross product of such vectors are given by 

( )12211331322321 ,, yxyxyxyxyxyxuu −−−=×
��

 

in Minkowski 3-space [7]. 

Definition 2.1. Let x
�

 and y
�

 be non-null vectors in .3
1E  Then, the 

angle function between these vectors are given by the equations: 

(i) θ−= cosh, yxyx
����

 when x
�

 and y
�

 are time-like vectors; 

(ii) θ= cos, yxyx
����

 when yx
��

,  are space-like vectors and the 

plane they span is space-like; 

(iii) θ= cosh, yxyx
����

 when yx
��

,  are space-like vectors and the 

plane they span is time-like; 

(iv) θ= sinh, yxyx
����

 when x
�

 is a space-like and y
�

 is a time-

like vector,  

where xxx
���

,=  is the norm of the vector x
�

 [12, 16]. 

Now, in order to define a ruled surface S in Minkowski 3-space ,3
1E  

we consider an open interval I of R  and a curve ( )ukk

��
=  in 3

1E  which is 

defined on this interval. Let ( )uqq
��

=  be a transversal unit vector field 

along ( ).ukk

��
=  We have the following parametrization: 

( ) ( ) ( ) ,,,, R∈∈+= vIuuqvuvur
���

k  (1) 

which is called a ruled surface. Here, the curve k
�

 is called the base curve, 

q
�

 is called the director curve and the straight lines ( ) ( )uqvuv
��

+→ k  are 

called the rulings. If q
�

 is constant, the surface is called cylindrical and 

non-cylindrical otherwise [8]. 
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From (1), the unit surface normal n
�

 of S  is defined by ,
vu

vu

rr

rr
n ��

��
�

×

×
=  

where 
u

r
ru ∂

∂
=

�
�

 and .
v

r
rv ∂

∂
=

�
�

 When the parameter v increases infinitely 

along a ruling 1uu =  the unit normal n
�

 approaches a limiting direction 

which is called the asymptotic normal (central tangent) direction and it is 

defined by 

( ) ,,lim 1
q

qq
vuna

v ɺ�

ɺ��
�� ×

±==
±∞→

 

where a
�

 is unit, duqdq
�ɺ� =  which are not light-like. The points where the 

unit surface normal and the asymptotic normal are perpendicular are 

called striction points and the set of all striction points is called the 

striction curve. Parametric representation of the striction curve is given 

by 

.
,

,
q

qq

q
c

�

ɺ�ɺ�

ɺ�ɺ
�

��
k

k −=  

Hence, it is possible to represent a ruled surface by its striction curve as 

( ) ( ) ( ),, sqvscvsr
���

+=   (2) 

where s  is the arc-length of c
�

 [8]. Henceforth, all given ruled surfaces 

will be in the form of (2).  

The unit vector h
�

 which is called the central normal vector is defined 

by qah
���

×±=  (the sign differs due to the type of ruled surface) and thus 

the orthonormal frame { }ahqC
���

,,,  can be constructed at the striction 

point C  and is called the Frenet frame of the surface .S  
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The set of unit space-like or time-like vectors q
�

 at origin constitutes a 

cone that is called the directing cone of the ruled surface .S  The end 

points of those vectors drive a spherical curve 1k
�

 whose arc-length 

parameter is denoted by 1s  [8]. 

A ruled surface is called to be developable if the tangent plane 

contacts the surface at any point along a ruling. The Gaussian curvature 

vanishes for developable surfaces. Another characterization for 

developable surfaces is ( ) 0,,det =′′ qq
���

k  [8]. 

Lemma 2.1. A ruled surface S  is called space-like if the vector q
�

 is 

space-like, h
�

 is time-like and a
�

 is space-like [17]. 

Let S  be a space-like ruled surface in the Minkowski 3-space with 

the Frenet frame { }.,, ahq
���

 From Lemma 2.1, we know that q
�

 is a space-

like, h
�

 is a time-like and a
�

 is a space-like vector. Then, we have 

1,,1, −== hhqq
����

 and 1, =aa
��

 and the striction curve of S  is 

given by ., q
ds

qd

ds

d
c

�
��

�� k
k +=  

The Frenet formulae of space-like ruled surfaces are given by 

,

0

01

010









































=





















′

′

′

a

h

q

a

h

q

�

�

�

�

�

�

0κ

κ   (3) 

where the sign ”“ ′  denotes derivation with respect to ,1s  i.e., 

1dsdqq =′
�

 and ( )1sκκ =  is the conical curvature of the directing cone 

which is defined by ha
��

,′−=κ  [8, 14, 17]. 
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Definition 2.2. Let S  be a space-like ruled surface in Minkowski     

3-space with Frenet frame { }ahq
���

,,  and conical curvature .0=/κ  Then, 

S  is a space-like h-slant slant ruled surface if the vector h
�

 of S  makes a 

constant angle with a fixed non-null and non-zero direction ,u
�

 i.e., 

.0ttancons, =/=uh
��

 (4) 

Here, the vector u
�

 is called the axis of the surface [14]. 

3. Position Vector of a Developable Space-Like  

h-Slant Ruled Surface 

In this section, first, we calculate the conical curvature of space-like 

h-slant ruled surfaces. Then, we obtain a differential equation of third 

order for the central normal vector of a space-like ruled surface. By using 

these results, we give the position vector of developable space-like h-slant 

ruled surfaces. 

Theorem 3.1. Let S  be a space-like ruled surface in Minkowski        

3-space with Frenet frame { }ahq
���

,,  and conical curvature function 

.0=/κ  

(i) Let u
�

 be a space-like vector. Then, the ruled surface S  is a space-

like h-slant ruled surface if and only if 

.
tanh1

tanh

2
1

2

1

s

s

θ−

θ
= ∓κ  

(ii) Let u
�

 be a time-like vector. Then, the ruled surface S  is a space-

like h-slant ruled surface if and only if 

,
coth1

coth

2
1

2

1

s

s

θ−

θ
= ∓κ  

where u
�

 is the of S  and θ  is the constant angle between the vectors h
�

 

and .u
�
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Proof. (i) Let u
�

 be a space-like vector and S  be a space-like h-slant 

ruled surface. Since θ  is the angle between the vectors h
�

 and ,u
�

 from 

Definition 2.1 we have 

.sinh,sinh, θ=⇒θ= ∓
����
uhuh  

By derivation of the above equation, we get 

.,,0, uauquaq
�������

κκ −=⇒=+   (5) 

Substituting xua =
��

,  yields ., xuq κ−=
��

 Therefore, the vector u
�

 can 

be written as 

.sinh axhqxu
��

∓
��

+θ−= κ  

Since u
�

 is a unit vector, it follows 

1sinh1, 2222 =+θ−⇒= xxuu κ
��

 

( ) θ+=+⇒ 222 sinh11κx  

1

cosh
2

2
2

+

θ
=⇒
κ

x  

.
1

cosh
2 +

θ
=⇒

κ

∓x   (6) 

On the other hand, from the second derivative of Equation (5), we get 

0,,,0, 22 =+′+⇒=+′+ uhuauhuhah
����������

κκκκ  

.0sinhsinh 2 =θ′+θ⇒ κκ ∓∓ x   (7) 

Using the equalities (6) and (7), we have 

( )
,tanh

1 232
θ±=

+

′

κ

κ
∓  
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and by integrating the last equation, it follows 

( ) .,tanh
1

1
2

R∈+θ±=
+

ccs

κ

κ
∓  

With the aid of a parameter change css −→ 11  we are able to eliminate 

the constant .c  Therefore, from the last equation, we obtain 

,
tanh1

tanh
tanh

1 2
1

2

1
1

2 s

s
s

θ−

θ
=⇒θ±=

+
∓∓ κ

κ

κ
 

which is the desired result. 

Conversely, let 

,
tanh1

tanh

2
1

2

1

s

s

θ−

θ
= ∓κ  

which can also be written as 

.
coth 2

1
2

1

s

s

−θ
= ∓κ  

Choosing x  as 

,cothsinh
1

cosh 2
1

2

2
sx −θθ±=

+

θ
±=
κ

  (8) 

yields 

.sinh 1sx θ−=κ   (9) 

Then, the vector u
�

 can be written as 

.sinh axhqxu
����

+θ−−= κ   (10) 

From (10), one can easily obtain that the vectors h
�

 and u
�

 make a 

constant angle, i.e., .constantsinh, =θ−=uh
��

 Finally, by substituting 

the Equations (8) and (9) in (10), we get 
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,cothsinh 2
1

2
1 





 −θ±−θ= ashqsu

����
 

which is a constant vector that can be checked by derivative .0=′u
�

 

Therefore by Definition 2.2, S  is a space-like h-slant ruled surface in 

Minkowski 3-space. 

(ii) The proof of second case is similar to first case and left to the 

readers of the manuscript for the sake of avoiding recurrence.  � 

Theorem 3.2. Let S  be a space-like ruled surface in Minkowski         

3-space with Frenet frame { }ahq
���

,,  and conical curvature function .0=/κ  

Then, the central normal vector h
�

 of S  satisfy the differential equation 

given by  

( )( ) .01
1 2 =−

′





 +−′′

′
hhh
���
κκ

κ
  (11) 

Proof. Let S  be a space-like ruled surface. From (3) we have 

.aqh
���
κ+=′  

By differentiating the last equation, we get 

( )( ),1
1 2 hha

���
κ

κ
+−′′

′
=  

and finally differentiating the last equation one more time, we obtain (11) 

which is the desired result.  � 

From now on, let us assume that S  is always a developable space-like 

ruled surface in Minkowski 3-space. The tangent vector field of the 

striction line of a developable ruled surface coincides with the rulings. 

Therefore, we can write 

,
1

fd
ds

ds

ds

dc
c

��
==′   (12) 

where .
1ds

ds
f =  
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By using Theorem 3.1, Theorem 3.2 and (12), we introduce the 

position vector of a developable space-like h-slant ruled surface. 

Theorem 3.3. Let S  be a space-like ruled surface in Minkowski         

3-space with Frenet frame { },,, ahq
���

 conical curvature function 0=/κ  

and striction line .c
�

 

(i) Let u
�

 be space-like. Then, the position vector of the striction line of 

a developable space-like h-slant ruled surface is given by 

( )[ ][ ]
( )

( )[ ][ ]












θθθ=

+θ±=

θθθ=

∫∫
∫

∫∫

,tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

1113

112

1111

dsdssfc

dsnsfc

dsdssfc

 

or in parametric form  

( )[ ]
( )[ ]

( )[ ]












θγθ=

+θθγ±=

θγθ=

∫∫
∫

∫∫

.sinhsinsinhcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtdtttc

dtntc

dtdtttc

 

(ii) Let u
�

 be time-like. Then, the position vector of a developable space-

like h-slant ruled surface is given by 

( )[ ][ ]
( )[ ][ ]

( )












+θ=

θθθ=

θθθ=

∫
∫∫
∫∫

,cosh

,cotharcsinsechsinsinh

,cotharcsinsechcossinh

113

1112

1111

dsnsfc

dsdssfc

dsdssfc
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or in parametric form  

( )[ ]
( )[ ]

( )[ ]












+θθγ=

θγθ=

θγθ=

∫
∫∫
∫∫

,coshsinsinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

dtntc

dtdtttc

dtdtttc

 

where ( ) θ= ,,, 321 cccc
�

 is the constant angle between the vectors h
�

 and ,u
�

 

1dsdsf =  as defined in (12), R∈n  and .dtds=γ  

Proof. Since S  is a space-like ruled surface, the central normal 

vector h
�

 of S  satisfy the differential equation 

( )( ) ,01
1 2 =−

′





 +−′′

′
hhh
���
κκ

κ
 

that is given by (11). 

(i) Let u
�

 be a space-like vector. In this case, from Theorem 3.1, we 

have 

.
tanh1

tanh

2
1

2

1

s

s

θ−

θ
= ∓κ  

Substituting the last equation in (11), we get 

( ) .0tanh3tanh1 1
22

1
2 =′−′′θ−′′′θ− hhshs

���
  (13) 

Now, let the vectors 321 ,, eee
���

 be the basis vectors of 3
1E  and ( ),111 shh =  

( ) ( )133122 , shhshh ==  be smooth functions of the parameter .1s  Then 

the vector h
�

 can be written as 

.332211 ehehehh
����

++=  
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Since S  is an h-slant ruled surface, without loss of generality, assume 

that the constant unit vector u
�

 be .2e
�

 Thus, we get .sinh2 θ=h  Since 

the vector h
�

 is unit and time-like, we obtain 

 11, 2
3

2
2

2
1 −=−+⇒−= hhhhh

��
 

θ−−=−⇒ 22
3

2
1 sinh1hh  

.cosh22
1

2
3 θ=−⇒ hh  

Considering ( )1stt =  to be a smooth function, the solution of the last 

equation is 







θ±=

θ±=

.coshcosh

,sinhcosh

3

1

th

th

 

From now on, the outcome of the theorem might vary due to the signs of 

1h  and .3h  Let us choose the positive signs and take th sinhcosh1 θ=  

and .coshcosh3 th θ=  Therefore, the vector h
�

 becomes 

( ).coshcosh,sinh,sinhcosh tth θθ±θ=
�

 

Since h
�

 satisfies (13), we obtain the system 

( ) [ ( ) ]

( )






=′θ−′′θ−

=′−′′θ−′+′′′θ−

.0tanhtanh1

,0tanh3tanh1

1
22

1
2

1
232

1
2

tsts

ttstts
  (14) 

From the second equation of system (14), it follows: 

( ) 211 tanharccos nsnt +θ=  or ( ) ,tanharcsin 211 nsnt +θ=  

where ., 21 R∈nn  Choosing ( ) 211 tanharcsin nsnt +θ=  and using the 

parameter change 2ntt +→  yields ( ).tanharcsin 11 snt θ=  Substituting 

( )11 tanharcsin snt θ=  in the first equation of the system (14), we get 
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.csch1 θ=n  Thus, we obtain ( )1tanharcsincsch st θθ=  and the 

components of the vector h
�

 become 

( )[ ]

( )[ ]











θθθ=

θ±=

θθθ=

.tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

13

2

11

sh

h

sh

 

Since ,hq
��

=′  the components of the vector q
�

 as in ( )321 ,, qqqq =
�

 are 

( )[ ]

( )[ ]












θθθ=

+θ±=

θθθ=

∫

∫

.tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

113

12

111

dssq

nsq

dssq

 

Finally, since S  is developable, from (12) we get qfc
��

=′  and the 

components of the striction line of S  are obtained as follows  

( )[ ][ ]
( )

( )[ ][ ]












θθθ=

+θ±=

θθθ=

∫∫
∫

∫∫

.tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

1113

112

1111

dsdssfc

dsnsfc

dsdssfc

 

By substituting ( ) ( )11 tanharcsincsch sst θθ=  we obtain 

( )[ ]
( )[ ]

( )[ ]












θγθ=

+θθγ±=

θγθ=

∫∫
∫

∫∫

,sinhsinsinhcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtdtttc

dtntc

dtdtttc

 

which is parametric form. 

(ii) The proof of the second case of this theorem is skipped to avoid 

recurrence.  � 
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From Theorem 3.3, we have the following corollaries: 

Corollary 3.4. Let S  be a space-like ruled surface in Minkowski       

3-space with Frenet frame { },,, ahq
���

 conical curvature function ,0=/κ  

striction line ( )321 ,, cccc =
�

 and ruling ( ).,, 321 qqqq =
�

 If S  is a 

developable space-like h-slant ruled surface and  

(i) u
�

 is a space-like vector, then the position vector of S  with respect 

to the parameter 1s  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 1313121211111 svqscsvqscsvqscvsr +++=
�

 

where 

( )[ ][ ]
( )

( )[ ][ ]












θθθ=

+θ±=

θθθ=

∫∫
∫

∫∫

,tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

1113

112

1111

dsdssfc

dsnsfc

dsdssfc

 

( )[ ]

( )[ ]












θθθ=

+θ±=

θθθ=

∫

∫

,tanharcsincschcoshcosh

,sinh

,tanharcsincschsinhcosh

113

12

111

dssq

nsq

dssq

 

R∈n  and θ  is the angle between the vectors h
�

 and .u
�

 

(ii) u
�

 is a time-like vector, then the position vector of S  with respect to 

the parameter 1s  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 1313121211111 svqscsvqscsvqscvsr +++=
�

 

where 

( )[ ][ ]
( )[ ][ ]

( )












+θ=

θθθ=

θθθ=

∫
∫∫
∫∫

,cosh

,cotharcsinsechsinsinh

,cotharcsinsechcossinh

113

1112

1111

dsnsfc

dsdssfc

dsdssfc
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( )[ ]

( )[ ]














+θ=

θθθ=

θθθ=

∫
∫

,cosh

,cotharcsinsechsinsinh

,cotharcsinsechcossinh

13

112

111

nsq

dssq

dssq

 

R∈n  and θ  is the angle between the vectors h
�

 and .u
�

 

Corollary 3.5. Let S  be a space-like ruled surface in Minkowski        

3-space with Frenet frame { },,, ahq
���

 conical curvature function ,0=/κ  

striction line ( )321 ,, cccc =
�

 and ruling ( ).,, 321 qqqq =
�

 If S  is a 

developable space-like h-slant ruled surface and 

(i) u
�

 is a space-like vector, then the position vector of S  with respect 

to the parameter t  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 332211 tvqtctvqtctvqtcvtr +++=
�

 

where  

( )[ ]
( )[ ]

( )[ ]












θγθ=

+θθγ±=

θγθ=

∫∫
∫

∫∫

,sinhcoscoshcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtdtttc

dtntc

dtdtttc

 

( )

( )

( )












θθ=

+θθ±=

θθ=

∫

∫

,sinhcoscoshcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtttq

ntq

dtttq

 

where θ  is the angle between the vectors h
�

 and R∈nu,
�

 and .
dt

ds
=γ  

(ii) u
�

 is a time-like vector, then the position vector of S  with respect to 

the parameter t  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 332211 tvqtctvqtctvqtcvtr +++=
�
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where  

( )[ ]
( )[ ]

( )[ ]












+θθγ=

θγθ=

θγθ=

∫
∫∫
∫∫

,coshsinsinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

dtntc

dtdtttc

dtdtttc

 

( )

( )

( )












+θθ=

θθ=

θθ=

∫
∫

,coshsinsinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

ntq

dtttq

dtttq

 

where θ  is the angle between the vectors h
�

 and R∈nu,
�

 and .
dt

ds
=γ  

Similar to Theorem 3.3, we have the following theorem: 

Theorem 3.6. Let S be a space-like ruled surface in Minkowski           

3-space with Frenet frame { },,, ahq
���

 conical curvature function ,0=/κ  

striction line ( )321 ,, cccc =
�

 and ruling ( ).,, 321 qqqq =
�

 

(i) Let u
�

 be a space-like vector. Then, the position vector of the 

striction line of a developable space-like h-slant ruled surface is given by 

( )[ ][ ]
( )

( )[ ][ ]












θθθ=

+θ±=

θθθ=

∫∫
∫

∫∫

,tanharccoscschcoshcosh

,sinh

,tanharccoscschsinhcosh

1113

112

1111

dsdssfc

dsnsfc

dsdssfc
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or in the parametric form 

( )[ ]
( )[ ]

( )[ ]












θγθ−=

+θθγ±=

θγθ−=

∫∫
∫

∫∫

,sinhcossinhcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtdtttc

dtntc

dtdtttc

 

(ii) u
�

 Let u
�

 be a time-like vector. Then, the position vector of the 

striction line of a developable space-like h-slant ruled surface is given by 

( )[ ][ ]
( )[ ][ ]

( )












+θ=

θθθ=

θθθ=

∫
∫∫
∫∫

,cosh

,cotharccossechsinsinh

,cotharccossechcossinh

113

1112

1111

dsnsfc

dsdssfc

dsdssfc

 

or in the parametric form 

( )[ ]
( )[ ]

( )[ ]












+θθγ=

θγθ−=

θγθ−=

∫
∫∫
∫∫

,coshcossinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

dtntc

dtdtttc

dtdtttc

 

where θ  is the angle between the vectors h
�

 and 1, dsdsfu =
�

 as defined 

in (12), R∈n  and .dtds=γ  

By Theorem 3.6, following corollaries are achieved: 

Corollary 3.7. Let S  be a space-like ruled surface in Minkowski        

3-space with Frenet frame { },,, ahq
���

 conical curvature function ,0=/κ  

striction line ( )321 ,, cccc =
�

 and ruling ( ).,, 321 qqqq =
�

 If S  is a 

developable space-like h-slant ruled surface and 
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(i) u
�

 is a space-like vector, then the position vector of S  with respect 

to the parameter 1s  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 1313121211111 svqscsvqscsvqscvsr +++=
�

 

where  

( )[ ][ ]
( )

( )[ ][ ]












θθθ=

+θ±=

θθθ=

∫∫
∫

∫∫

,tanharccoscschcoshcosh

,sinh

,tanharccoscschsinhcosh

1113

112

1111

dsdssfc

dsnsfc

dsdssfc

 

( )[ ]

( )[ ]












θθθ=

+θ±=

θθθ=

∫

∫

,tanharccoscschcoshcosh

,sinh

,tanharccoscschsinhcosh

113

12

111

dssq

nsq

dssq

 

R∈n  and θ  is the angle between the vectors h
�

 and .u
�

 

(ii) u
�

 is a time-like vector, then the position vector of S  with respect to 

the parameter 1s  is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 1313121211111 svqscsvqscsvqscvsr +++=
�

 

where  

( )[ ][ ]
( )[ ][ ]

( )












+θ=

θθθ=

θθθ=

∫
∫∫
∫∫

,cosh

,cotharccossechsinsinh

,cotharccossechcossinh

113

1112

1111

dsnsfc

dsdssfc

dsdssfc

 

( )[ ]

( )[ ]














+θ=

θθθ=

θθθ=

∫
∫

,cosh

,cotharccossechsinsinh

,cotharccossechcossinh

13

112

111

nsq

dssq

dssq

 

R∈n  and θ  is the angle between the vectors h
�

 and .u
�
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Corollary 3.8. Let S  be a space-like ruled surface in Minkowski        

3-space with Frenet frame { },,, ahq
���

 conical curvature function ,0=/κ  

striction line ( )321 ,, cccc =
�

 and ruling ( ).,, 321 qqqq =
�

 If S  is a 

developable space-like h-slant ruled surface and 

(i) u
�

 is a space-like vector, then the position vector of S  with respect 

to the parameter t is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 332211 tvqtctvqtctvqtcvtr +++=
�

 

where  

( )[ ]
( )[ ]

( )[ ]












θγθ−=

+θθγ±=

θγθ−=

∫∫
∫

∫∫

,sinhcossinhcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtdtttc

dtntc

dtdtttc

 

( )

( )

( )












θθ−=

+θθ±=

θθ−=

∫

∫

,sinhcossinhcosh

,sinhsincosh

,sinhcossinhcosh

2
3

2

2
1

dtttq

ntq

dtttq

 

where θ  is the angle between the vectors h
�

 and R∈nu,
�

 and .
dt

ds
=γ  

(ii) u
�

 is a time-like vector, then the position vector of S  with respect to 

the parameter t is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ),,,, 332211 tvqtctvqtctvqtcvtr +++=
�
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where  

( )[ ]
( )[ ]

( )[ ]












+θθγ=

θγθ−=

θγθ−=

∫
∫∫
∫∫

,coshcossinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

dtntc

dtdtttc

dtdtttc

 

( )

( )

( )












+θθ=

θθ−=

θθ−=

∫
∫

,coshcossinh

,coshcossinsinh

,coshcoscossinh

3

2
2

2
1

ntq

dtttq

dtttq

 

where θ  is the angle between the vectors h
�

 and R∈nu,
�

 and .
dt

ds
=γ  

4. Examples 

In this section, we will demonstrate some examples by using the 

results obtained in Section 3. One of the straight lines on the ruled 

surfaces are highlighted with red color. 

Example 4.1. Let us consider the first case of Corollary 3.5. By 

taking 2,3 t=γπ=θ  and ,1=n  we obtain the position vector of a 

developable space-like h-slant ruled surface with a space-like axis .u
�

 The 

graph of this surface is given by Figure 1 with the intervals [ ]1,1−∈t  

and [ ].1,1−∈v  

Example 4.2. Let us consider the first case of Corollary 3.5. By 

taking te=γπ=θ ,4  and ,2=n  we obtain the position vector of a 

developable space-like h-slant ruled surface with a time-like axis .u
�

 The 

graph of this surface is given by Figure 2 with the intervals [ ]1,1−∈t  

and [ ].2,2−∈v  
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Figure 1. Developable space-like h-slant ruled surface with space-like axis. 

 

Figure 2. Developable space-like h-slant ruled surface with time-like axis. 
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