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Abstract 

We investigate the necessary and sufficient conditions in order that a Hankel 

operator on the space ,2
dH  isomorphic to Copson space ( ) ,2cop  belongs to some 

operator ideals such as that of all linear bounded operators, of all compact 
operators, of all nuclear operators etc. 

1. Introduction 

In [10], we introduced the scale of spaces 

( ) ,1,: ∞<≤−== +++ pHHSpH p
d

p
dd

p
d ∩∩ MMM  

where ( )+
dSp M  is the space generated by .+dM  These spaces are Banach 

lattices with respect to the cone ,p
d H∩+M  where 
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{ ( ) },0andanalytic,,1;
1

kk
k

k
k

↓<== ∑
∞

=

+ afzzazfdM  

of all analytic functions from the classical Hardy spaces ,1, ∞<≤ pH p  

with a decreasing sequence of positive Taylor coefficients. In that paper 
we proved that the Hankel operators with a symbol having also a 

decreasing sequence of positive Taylor coefficients act boundedly on 2
dH  

if and only if the symbol belongs to the ,dBMOA  the subspace of the 

classical Banach space BMOA  as defined in [12], generated by the cone 

.BMOAd ∩
+M  

It is perhaps of interest to remark that 2
dH  is topologically 

isomorphic to the classical Copson space ( ),2cop  as defined in [2]. 

This paper is a continuation of [10], and we intend to give necessary 
and sufficient conditions in order that a Hankel operator as above 
belongs to different operator ideals like the ideal of compact operators, of 
nuclear operators, or to the ideal ,2N  as defined in [8]. 

2. Solid Spaces of Sequences 

First we recall the definition of the smallest solid superset ( ),XS  of a 

Banach space of sequences .X  (See [1], [4].) 

( ) { ( ) }.allforthatsuch:: 0 nabXbaaXS nnnn ≥∈∃== ≥  

The norm on ( )XS  is the following (see [4]): 

( ) { }.thatsuchallfor:inf: nabXbba nnXXS ∀≥∈=  
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We use also the space ( )pad ,  introduced by Bennett in [2]: 

( ) { ( ) ( ) },sup:thatsuch::,
1

1
, ∞<













===

≥

∞

=
∑

p
p

n
npadn xaxxxpad
k

k
k

 

where ( ) ,0,,, 21 ≥= naaaa …  and .1 ∞<≤ p  In the particular case 

,,1 nan ∀=  we denote ( )pad ,  simply by ( ).pd  

Another space of interest introduced in [2] is ( ) { ∑ =
=

nxpag 1::, k  

( )}.n
p Ax O=k  Here ( ),,, 21 …aaa =  where .21 nn aaaA +++=  

Of course, the norm of ( )pag ,  is given by 

( ) .1sup
1

1
,

p
p

n

nnpag xAx 












= ∑

=
k

k
 

The following result is valid for all :0 ∞<< p  

Theorem 2.1. Let .0 ∞<< p  Then ( ) ( ),, padHS p
d =  where  

,,2 nna p
n ∀= −  with equivalent norms. 

Proof. Let ( ) ( ),, padxx nn ∈=  and ( ) .p
dnn Hyy ∈=  Then  

( ) ,sup ,
2 ∞<=≥

−∑ p
pad

p
n

p
n xxn kk  and, for ,sup: kk xy nn ≥=  for all 

,n  we have ,,0 nyxy nnnn ∀≤↓  and ,+∈ d
p
dHy M∩  consequently 

( ).p
dHSx ∈  

In other words 

( ) ( ),, p
dHSpad ⊂  

and, moreover, ( ) ( ) ., padHHS xyx p
d

p
d

=≤  
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Since by using Theorem 6.1 -[4], ( )p
dHS  is the smallest Banach 

lattice containing ,p
dH  and ( )pad ,  is a Banach lattice containing ,p

dH  

then 

( ) ( )., padHS p
d ⊂  

Thus 

( ) ( ),, padHS p
d =  

and their corresponding norms are equivalent by closed graph theorem 
and by inequality ( ) ( )., padHS xx p

d
≤    

Also the study of the largest solid subset of a space ,X  denoted by 

( ),Xs  where X  is a Banach space of sequences, is of interest as showed 

in [1]. 

In what follows we describe the largest solid subspace of the 

topological dual of .1, ∞<≤ pH p
d  

We denote by ∗A  the topological dual of the Banach space of 
sequences .A  

First we prove a lemma: 

Lemma 2.2. The space of all coefficient multipliers from ∞  into 

( ) ,∗p
dH  denoted by ( ( ) ),, ∗∞ p

dH  coïncides with the corresponding space 

( )., 1p
dH  
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Proof. Let ( )nnmm =  be a multiplier belonging to ( ( ) ),, ∗∞ p
dH  

that is ( ) ( ) ( ) .∞∗ ∈∀∈ nn
p
dnnn aHam  

Let ( ) .p
dnn Hb ∈  The canonical sequence ( )nne  is a non normalized 

Schauder basis of ,1, ∞<≤ pH p
d  by [10]. Consequently nnnn bam∑  is a 

convergent series ( ) ,p
dnn Hb ∈∀  and ( ) .∞∈∀ nna  

Thus fix an arbitrary ( ) ,p
dnn Hb ∈  and take ( ) .,sign nmba nnn ∀=  

Then we have that ( ) ,, p
dnnnnn Hbbm ∈∀∞<∑  that is ( )., 1p

dHm ∈  

In other words ( ( ) ) ( ).,, 1p
d

p
d HH ⊂∗∞  

Conversely, let ( ),, 1p
dHm ∈  and ( ) .∞∈= naa  Then, for  

( ) ,p
dnn Hbb ∈=  we have: 

( ) ,thusimplies1 ∞<∞<∈ ∑∑ nnn
n

nn
n

nnn bambmbm  

,, p
dHba ∈∈∀ ∞  which in turn implies ( ) ( ) ( ) .∞∗ ∈∀∈ nn

p
dnnn aHam  

It follows 

( ( ) )., ∗∞∈ p
dHm  

 

Theorem 2.3. (( ) ) ( ),1,1 agHs d =∗  where ( ) ,1
nn na =  and ( ) =1,ag  

{ ( ) ( ) ( ) },1lnsup; 1
01, ∞<

+
==

∑ =
≥ n

x
xxx

n

nagn
kk  with the equivalent norms. 
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Proof. It is easy to see that (( ) ) ( ( ) )., 11 ∗∞∗ = dd HHs  (See [1].) 

By using the previous lemma and [4] we have that (( ) ) ( )111 ,dd HHs =∗  

( ( ) )., 11
dHS=  

Now by Theorem 2.1 and by Theorem 3.8 - [2], it follows that 

(( ) ) ( ( ) ) ( ).1,,1, 11 agadHd ==∗   

In the case ,1 ∞<< p  we have: 

Theorem 2.4. Let .111,1 =+∞<< qpp  Then 

(( ) ) ( ),, pagHs qp
d ⋅=∗  

where ( )pagq ,⋅  means the space of all sequences ,yx ⋅  with ,qx ∈  

( )., pagy ∈  

Proof. Similarly with the proof of Theorem 2.3 we have 

(( ) ) ( ( ) ) ( ) ,,,, 1 ×∗ == padpadHs p
d  

where the last term is the Köthe dual of ( )., pad  

But, by using Theorem 12.3 -[2], we get the result.   

First recall that, for ,0 ∞<< p  

( ) ( ) norm-quasithewith,1::cop
0 











∞<













+
== ∑∑

∞

=

∞

=

p

n

xxxp
k
k

kk
kk  

( ) .1

1

0
cop

pp

nn

xx p
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We recall that by the space bv we mean the Banach space of 
sequences of real numbers ( ) 0≥= nnaa  with bounded variation 

,: 100 +
∞
=

−+α= ∑ nnnbv aaa  where .lim α=nn a  

It is well-known and easy to prove that bv  is a vector lattice for the 

order induced by the cone { ( ) }.0,: 0 ≥α↓== ≥ nnnn aaaC  

For the convenience of the reader we sketch the argument of this: 
First the cone C  is a lattice cone. 

For instance if ,, Cba ∈  then ( ) Cbaba C ∈= :,sup  is given by 

( ) ( ) ( ) .0,where,: 11 ≥∀−−== ++

∞

=
∑ kkkkk
k

bbaaccba
n

nnnC   

It follows, by using [11] - Chapter V - Proposition 1.2, that bv  is a 
vector lattice with respect to the order induced by the cone .C  

We recall that the modulus of ,bva ∈  denoted by ,bva  is defined by 

( ) .0,: 1 ≥∀−+α= +

∞

=
∑ naaa

n
nbv kk

k
 

If ,0=α  for all sequences from ,bv  the corresponding space is 

denoted by ,0bv  and the latter is also vector lattice. 

We mention that bv  is also a Banach lattice, but this is not 
important for this paper. 

Then we have: 

Theorem 2.5. Let .2,0 ≠∞<< pp  Then p
dH  is linear-topological 

isomorphic (but not latticially isomorphic) to the Copson space of order p, 
( ).cop p  
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The isomorphism ( )pHT p
d cop: →  is given, for ( ) ,0

p
dnn Hxx ∈= ≥  

by ( ) ( ) ( ),cop: 0 puuxT ∈== ≥kk  in the following way: 

( ) ( ) ( )[ ] .0,211 1
2121 ≥+−++= +

−− kkkk kkk xxu pp  

( ) p
dHpT →− cop:1  is given by 

( ) .0,11 12 ≥
+

+= ∑
∞

=

− nunx
n

p
n k

k

k
 

Moreover, 

( ) ( ) ( ) ( ) .,1 cop

1
2

0
0

p
d

p
p
nbvn

p

n
H HxxTxnx pp

d
∈∀=













+= −

∞

=
∑  

Proof. Obvious by inspection.   

Corollary 2.6. Let .1,1 ≠∞<< pp  Then ( )∗p
dH  is linear-topologically 

(but not latticially) isomorphic to ( ) ,×∗pd  where .111 =+
∗ pp

 

Proof. By using Theorem 6.8 and Corollary of Theorem 12.17 - [2], 

we get that ( ) ( ).cop ∗∗ = pdp    

The particular case 2=p  is of interest view the fact that Hankel 

operators act nicely on ,2
dH  as we see in the next section. 

Corollary 2.7. (1) ( )2cop2  →← T
dH  by the latticial isometry: 

( ) ,uxT =  where ( ) [ ] ,0,1 1 ≥−+= + kk kkk xxu  and, 

( ) .0,1,1 ≥
+

== ∑
∞

=

− nuxxuT
n

n k
k

k
 

Moreover ∗T  maps isometrically ( )∗2
dH  onto ( ).2d  
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(2) 2
dH  is not isomorphic to ,2  but ( )∗2

dH  is isomorphic to ( ) ( ).22 dHS d =   

(3) 2
dH  is a reflexive Banach space. 

Proof. (1) Is a particular case of the previous Theorem and Corollary. 

(2) By using a more generally fact - Proposition 15.13 [2]. 

(3) By (2).   

3. Hankel Operators on 2
dH  

We saw in Corollary 2.7 that 2
dH  is not isomorphic to a Hilbert space. 

However ,22 HHd ⊂  and the restriction of a Hankel operator (with an 

appropriate symbol) to 2
dH  behaves very likely to a classical Hankel 

operator on .2H  

More specific we show in Theorem 4.1 [10] that a Hankel operator 
,fH  with a decreasing sequence of Taylor coefficients, is a linear and 

bounded operator on 2
dH  if and only if .: BMOABMOAf dd ∩++ =∈ M  

In order to be self-contained we give the proof of this result. 

First we recall the definition of .BMOA  

Following [12] we consider first a function ( )D∂∈ 2Lf  and I  an 

interval contained in .D∂  We write the mean of f  over I  as 

( ) ,1 θθ= ∫ dfIf
I

I  
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where I  denotes the length of fI.  is said to have bounded mean 

oscillation on D∂  if 

( ) .1sup
21

2 ∞<




 θ−θ= ∫ dffIf I
IIBMO  

Let BMO  denote the space of all functions ( )D∂∈ 2Lf  having bounded 

mean oscillation. It can be checked that BMO  is a Banach space modulo 

constants. Now let BMOA  the intersection of BMO  with 2H  and 

( )DBMOA  be the space consisting of harmonic extensions f  of functions 

in .BMOA  

Since BMOA  is only a Banach space modulo constants we consider 
on the BMOA  the norm 

( )0 .BMOf f f= +  

BMOA  equipped with this norm is then equivalent to the dual of 

,1H  as it follows by using [12] Theorem 8.3.8 (the celebrated theorem of 

Fefferman). The bilinear map which realizes this duality is given by 

( ) ( ) ,2
1,

2

0
θθθ

π
>=< ∫

π
dgfgf  

where .,1 BMOAgHf ∈∈  

In the sequel we present some results concerning the behaviour of 

Hankel matrices on .2
dH  
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Let ( ) 0≥nna  be a sequence of positive real numbers with .2 ∞<∑ nn a  

The infinite matrix 

,:

4

43

432

4321



























=

a

aa

aaa

aaaa

A  

having the constant entries on each skew-diagonal, is called a Hankel 
matrix. 

To each Hankel matrix we can associate a Hankel operator mapping 
2H  into ,2H  denoted by ,fH  where f  is an anti-analytic function on 

the unit disk with Taylor coefficients ,0, ≥nan  in the following way: 

( ) ( ),fgpIgH f −=  

for ,2Hg ∈  where P  is the Szegö projection, that is the orthogonal 

projection from ( )DL ∂2  onto .2H  

A natural question about this operator is to determine the property of 
f  such that fH  is bounded. It is well-known [12] that the answer is as 

follows: 

Theorem of Nehari fH  is bounded if and only if f  belongs to .BMOA  

Denote by 2
d  the subspace CC −  of ,2  where { ( ) ;: 2

0 ∈== ≥nnaaC  

} 2.0 dnna ↓  is equipped with the norm 

( ( ) ) ( ( ) ) ( ) .~inf:
21

2

0

2122

0

2121

0,, 02121 


























+= ∑∑∑

∞

=

∞

=

∞

=∈−=
nbv

n
n

n
n

nCaaaaa
aaaa  

Of course, so equipped, 2
d  is a Banach lattice isomorphic to .2

dH  
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Similarly, in our context we have: 

Theorem 3.1. Let A  be the Hankel matrix defined as above, where 

the sequence ( ) 0≥nna  is, moreover, monotone decreasing .0nna ↓       

Then A  determine a bounded operator from 2
d  into 2

d  if and             

only if ( ) ,1sup 0 ∞<+≥ nn an  that is the Hankel operator ,fH  where  

( ) ,,: 0 D∈= ∑∞
=

zzazf n
nn  is bounded on 2

dH  if and only if .dBMOAf ∈  

Proof. Assume that ( ) .1sup ∞<+ nn an  Then by using [13] we get 

that .dBMOAf ∈  From [12]-9.2.3, we get that fH  is bounded on ,2H  

and fH  is comparable with the norm ( ).2BA  Next let us take the 

sequence ( ) ) ,: 2
0 HCbb dnn ∩+

≥ =∈= M  and [ ].2,0,int
0 π∈=∑∞

=
tebg nn  

Then .CbAgH f ∈⋅=  Then it is easy to see that fH  is a bounded map 

on .:2 CCHd −=  

Conversely assume that A  determines a bounded operator (which is 

the Hankel operator fH ) on .2
dH  Consider the unit vector function 

( ) .,
1
1 2

2
D∈∈

−

−
= zH

ez
zt itzk  

This function has the Taylor coefficients ,0,int ≥= − nerb n
n  where 

.itrez =  Of course .0nnb ↓  It is well-known (see [12]-9.2.2) and easy to 

see that 

( ) ( )2
2 2 ,f z HH f z f z= −k  

for all ,D∈z  where f  is the Poisson extension of f  on .D  
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Let 1
zk  be the analytic function with Taylor coefficients ,nb  for all 

.0≥n  Then, of course, ,21
dz H∈k  with .,1221 D∈== zHzHz d

kk  

On the other hand the Taylor coefficients of zfH k  are dominated by 

the corresponding Taylor coefficients of .1
zfH k  Moreover, the sequence of 

Taylor coefficients of 1
zfH k  is a decreasing sequence running to 0. 

Consequently ,222 11 ∞<≤=≤ MHHH
dHzfHzfHzf kkk  where M  

is the operator norm of fH  on .2
dH  

It follows that ( ) ( )2 2f z f z−  is a bounded function on ,D  and, by 

using Theorem 8.3.4 -[12], .BMOAf ∈  Since ,0nna ↓  in view of [13], it 

follows that ( ) .1sup 0 ∞<+≥ nn an    

Now we study Hankel operators on ,2
dH  first we recall the definition 

of the VMOA  space. The closure of analytic polynomials in BMOA  is 

called the ,VMOA  and denote by +
dVMOA  the cone .VMOAd ∩

+M  Here, 

of course, the space VMOA  is equipped with the norm induced by that of 
.BMOA  

Then we have the analogue of Theorem 9.3.2 [12]. 

Theorem 3.2. If fdd HHf ,2 +∈ M∩  is a compact operator from 2
dH  

to ( ) ( ) ( )dd LHH D∂= ⊥⊥ 222 : ∩  if and only if .+dVMOA  

Proof. Since fH  is given by the matrix: 

,:

4

43

432

4321



























=

a

aa

aaa

aaaa

A  
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where ( ) [ ) ,0,2,0,0 kk
k

kk ↓π∈θ=θ θ∞
=∑ aeaf i  it is easy to see that fH  

maps 2
dH  into ( ) { ( ) ( ) ( ) }.;,: 2

1
22

d
i

d aeagLgL ∈=θ∂∈=∂ θ−∞
=

− ∑ kk
k

kkDD  

Assume that fH  is a compact operator defined on 2
dH  into ( ) ,2 −∂ dL D  

denoted simply by .2
dH  We know that fH  maps any sequence weakly 

convergent to zero in a sequence norm-convergent to zero, with respect to 

the norm of .2
d  

Now, let 1
zk  be the analytic function ( ) ,,

1
1 2

D∈
−

−
= z

ez
zt itzk  and 

.R∈t  Clearly .21 +∈ ddz H M∩k  Since ,,1221 D∈∀== zHzHz d
kk  the 

set { }D∈zz ;1k  is bounded in .2
dH  

Because 2
dH  is a reflexive Banach space, { }D∈zz ;1k  is a relatively 

weakly compact set in .2
dH  By using Eberlein’s theorem (see Theorem 

11.1 - Chapter IV [11]), each subsequence of { }nzn
1k  contains a weakly 

convergent subsequence in .2
dH  

Since 01 →
nzk  whenever ,1−→nz  it follows that each subsequence 

of ( ( ))nzf n
H 1k  contains a norm-convergent subsequence in ,2

dH  hence 

also in .2H  By using the proof of Theorem 9.3.2 - [12] it follows that this 
limit is equal to 0. 
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Consequently ( ) ,021 →
dn HzfH k  and also 

( ) ( ) ( ) 2
2 2 21 0.

nn f z H
f z f z H− = →k  

By using Theorem 8.4.2 [12], it follows that .VMOAf ∈  By the 

hypothesis concerning ,f  we have .+∈ dVMOAf  

Conversely, let ( ) ,, 0
θ∞

=
+ ∑=θ∈ k

kk
i

d eafVMOAf  with .0kk ↓a  By 

using Theorem 8.4.7 [12], it follows that there is a ( )D∂∈ Cg  such that 

PPgf ,=  being the Szego projection. By 9.2.3 -(4) -[12] we have =fH  

.gH  

It remains, consequently, to prove that ,: 22
ddg HHH →  where 

( ),D∂∈ Cg  is a compact operator. By using [12], we know that fHf →  

is a bounded map from ( )D∂∞L  into the space ( ( ) ),, 22 ⊥HHB  and the 

norm ( )22, dd HHBfH  is, clearly, dominated by ( ( ) ).22, ⊥HHBfH  Thus it 

is enough to show that ,: 22
ddf HHH →  where ( ) ,,int Z∈= netf  is a 

compact operator. 

But it is easy to see that, for ,0, =∈ fHn N  and, for fHn ,0<  is a 

finite rank operator.   

As we have seen above a Hankel operator ,fH  with ( ) ,0
zieazf k

kk∑
∞
=

=  

,0, kk ↓∈ az D  acting on ,2
dH  is bounded if and only if 

( ) .1sup ∞<+ nn an  

It is natural to ask ourselves if there is something similar in the 
compact case. 

The following result gives us the answer: 
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Theorem 3.3. Let ( ) ,0,,0 kk
k

kk ↓∈= ∑∞
=

azeazf zi D  an analytic 

function. 

Then fH  is a compact operator acting on 2
dH  if and only if  

( ) .01lim =+
∞→ nn

an  

Proof. Necessity. Let fH  be a compact operator. Then by Theorem 

3.2, ,0B⊂∈ VMOAf  where 0B  is the closure of all analytic 
polynomials in the Bloch space .B  By using Theorem 1.10(a) and Remark 
1.19 - [3], it follows that 

( ) .,
0

nnoja j

n

j
∀=∑

=

 

Since ,0jja ↓  we have 

( ) ( ) ( ) .01limthus,2
1 =+=+

∞→ nnn annonna  

Sufficiency. Assume that ,0nna ↓  and ( ) .01lim =+ nn an  By 

Theorem 7.2.2-(3), vol. I-[6], it follows that ( ) [ ),2,0,sin: 1 π∈= ∑∞
=

tntatg nn  

is a continuous function. 

If 22: HLP →  is the Szegö projection, ( ) ( ) ,: int
0 ebthP nn∑∞

=
=  for 

( ) ( ) ( ),, 2int ZZ ∈∀= ∈
∞

−∞=∑ nnnn bebth  then, by using Theorem 8.4.7 [12], 

( )( ) .VMOACP =∂D  

Consequently, 

( ) ( ) [ ( ) ] ,2
1

2
1

0
int

1
VMOAatfieaitgP n

n
∈−== ∑

∞

=

 

thus ,VMOAf ∈  and, by using Theorem 3.2, it follows that fH  is a 

compact operator. Here, of course, ( ) .,0 D∈= ∑∞
=

zzazf n
nn    
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Remark 3.4. (1) By using the proof of Theorem 3.1 we get easily that, 

for ,+∈ dBMOAf  the subspace, ,dBMOAHank  of all Hankel operators 

( )22, ddf HHBH ∈  is a Banach subspace of the similar space .BMOAHank  

(2) Similarly, for ,+∈ dVMOAf  the space, Hank ,dVMOAcomp  of all 

compact Hankel operators from 2
dH  into ,2

dH  is a Banach subspace of the 

similar space Hank .VMOAcomp  

We intend now to characterize the nuclear Hankel operators ,fH  

+∈ df M  acting on .2
dH  

Let ( )22
1 , dd HHS  the space of all nuclear operators acting from 2

dH  

into ,2
dH  equipped with the usual nuclear norm. 

Denote by ( ) { ( )
1Bes01 ;0,Bes fazazf nn

n
nnd ↓== ∑∞

=
+  

( ) ( ) }.: ∞<′′= ∫ zdAzf
D

 

Then we have the analogue of Theorem 9.4.4 - [12]: 

Theorem 3.5. If ( ) ,0
n

nn zazf ∑∞
=

=  with ,0nna ↓  then ( )+∈ df 1Bes  

if and only if ( )., 22
1 df HHSH ∈  Moreover the corresponding norms are 

equivalent. 

Proof. Let ( ) .Bes1
+∈ df  Then, by using the proof of Theorem 9.4.4 - 

[12], we get 

( ) ( ) ( ),1 2 wdAHwgwH
wKf −= ∫D  

where ( ) ( ) ( ),,12 dALwzfwg D∈′′=  and ( ) ,
1

1
itw

ew
tK

−
=  with .1<w  
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Since ( ) ( ) 21 , ,
w w dKH h h w K h H= − ∀ ∈  we have that 

wKH  is a rank 1 

operator on ,2
dH  into .2

dH  Now, since, for ,θ= ieww  

( ) ( ) ( ) ( ),1
1

11 int

0

−
∞

=

−θ
− ∑=−

−
=− eweew

we
tK n

n

iti
itw  

we have 

( ) ( ) ,,112211 N∈∀−=− +
∞

=

θ++θ++
∞

=
∑∑ k
kk

wwewew n

n

ninnin

n
 

consequently 
( )

,
1

11 2122 ∞<
−

≤−
w

K
dHw  and 22: ddK HHH

w
→  is 

a rank 1 linear operator. 

Thus, by Remark 3.4 - (1), and by the proof of Theorem 9.4.4 - [12], we 
have that 

( ) .
1 2, 22

w
wH

ddw HHBK
−

≈  

Consequently, reasoning as in [12]-pages 200-201, we have that: 

( ) ( ) .bydominatedis
1

22
1 Bes, ∞<+

ddd
fH HHSf  

Moreover, there is a constant ,0>C  independent of ,f  such that 

( ) ( ) ,
1

22
1 Bes, ddd

fCH HHSf ≤  

for ( ) .Bes1
+∈ df  

Conversely, let ( ),, 22
1 ddf HHSH ∈  with .0nna ↓  Since 2

dH           

has a Schauder basis [10], it follows that ( )2 2,d dfH H H∗
π∈ ⊗               

that is ,1 nnnnf gfH ⊗′λ= ∑∞
=

 with ( ) ,, 22
dndn HgHf ∈∈′ ∗  and 

( ) .22 ∞<′λ ∗∑ dd HnHnnn gf   
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By using Theorem 2.1 we can assume ( ) .2 2Hdfn ⊂∈′  Then we have, 
uniformly with respect to ( ) ( ),, 22 dnHn ffn

d
′≈′ ∗  and ( ) ,22 HnHn fCf

d
′≥′ ∗  

where 0>C  is a constant not depending on n. 

Consequently we have ( ) ≤′λ= ∑ 2222
1 , HnHnnnHHSf gfH  

( ) ( ) ,22
1

22 ,
1 ∞<=′λ ∗∑−

dddd HHSfHnHnnn HgfC  that is ( ),, 22
1 HHSH f ∈  

and, by using the proof of Theorem 9.4.4 -p. 201 -[12], it follows that 

( ) .∞<′′∫ wdAf
D

 

Thus ( ) .Bes1
+∈ df    

What about the characterization of Hankel operators from other 
ideals of operators, similar to Schatten classes ?1, ∞<< pSp  

We were only been able to give a characterization of Hankel 

operators mapping 2
dH  into ,2H  which are 2-nuclear operators. (See [8], 

[9].) 

We recall the definition of the analytic Besov space ,2Bes  [12] as 
follows: 

{ thatsuchfunctionanalytic,::Bes2 ff CD →=  

( ) ( ) }.:
21

2
Bes2

∞<






 ′= ∫ zdAzff
D

 

An operator YXYXT ,,: →  Banach spaces is called a 2-nuclear 
operator [9], and is writting ( ),,2 YXNT ∈  if 

( ) ( ) ,:thatsuch, 212

1
,2

1
∞<=⊗= ∑∑

∞

=
′

∞

=
i

i
Xii

i
aalyaT  

( ) ( ( ) ) .sup:and 212

11
,2 ∞<′= ∑

∞

=≤′ ′
i

iy
Y yyyw

F
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( )YXNT ,2∈  is a Banach space when equipped with the norm 

( ) { ( ) ( )}.inf; ,2,2,2
ywalT YXYXN ′=  

Now let us denote by ( ) .Bes:Bes 22
++ = dd M∩  Then we have: 

Theorem 3.6. Let ( ) .,, 0 D∈=∈ ∑∞
=

+ zzazff d
k

kkM  Then 

( ) ( ) ( ) .1Bes, 2

0
2

22
2 ∞<+⇔∈⇔∈ ∑

∞

=

+ kk
k

afHHNH ddf  

Moreover 

( ) ( ( )) .1 212

0
, 22

2
+≈ ∑

∞

=

kk
k

aH HHNf d
 

Proof. The second equivalence in the statement of the theorem is 
nothing else than a particular case of Corollary 1.3 - [5]. 

So, it remains only to prove 

( ) ( ) .Bes, 2
22

2
+∈⇔∈ ddf fHHNH  

Let ( ) .Bes2
+∈ df  By using Theorem 9.4.13 - [12], and Proposition 

2.11.27-[9], we get that ( )., 22
2 HHNH df ∈  

Conversely, let ( )., 22
2 HHNH df ∈  Then, ( ( ) ),,2cop 2

2
1 HNTH f ∈−  

where ( ) 21 2cop: dHT →−  is the isomorphism given by Corollary 1.7, 

( ) .0,1,1 ≥
+

== ∑
∞

=

− nuxxuT
n

n k
k

k
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Equivalently, it follows that the operator given by the product of 
matrices 
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4
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4
1

3
1

2
11

:
4

43

432

4321

a
aa

aaa
aaaa

H  

belongs to ( ( ) ).,2cop 2
2 HN  

Hence, by using relation (6.5) - [2] and Proposition 2.11.27 - [9], we 
get that 



























+

+++

++++++

=

4

43
3

43232
2

432132121
1

2

32

432

a

aaa

aaaaaa

aaaaaaaaaa

H  

( )., 222S∈  

Thus, it follows that 

( ) ( ) .
3
1

2
1 2

21
1

2
2

1
1

2
2

1
∞<++++++ ++

∞

=
+

∞

=

∞

=
∑∑∑ iii
i

ii
i

i
i

aaaaaa  

Since the sequence ( )iia  is monotone decreasing, we get 

,2

3

2

2

2

1

2

1
∞<+++= ∑∑∑∑

∞

=

∞

=

∞

=

∞

=
i

i
i

i
i

i
i

i
aaaia  

that is .Bes2
+∈f  
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