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Abstract 

Let [ ]nxxKS ,,1 …=  and M be a finitely generated graded-nZ  S-module. We 

say that M is a Stanley Cohen-Macaulay module if ( )Msdim  ( ) ,sdepth M=  

where ( ) { ( ) ( )}.Ass:dimminsdim MPPSM ∈=  Let ∆  be a simplicial 

complex on the vertex set { }nxx ,,1 …  with .2dim −<∆ n  Let F be an 

arbitrary face of ∨∆  and 0x  be a new vertex. A cone from 0x  over F, denoted 

by ,0 Fcox  is the simplex on the vertex set { }.0xF ∪  Set Fcox0∪∨∆=Γ  and 

.∨Γ=∆′  It is shown that if [ ]∆′K  is a Stanley Cohen-Macaulay module then 

Stanley’s conjecture holds for [ ].∆K  Moreover, we show that for a monomial 

ideal I of S if Sxt ∈  is a regular element on IS  for some ,1 nt ≤≤  then I is 

a Stanley Cohen-Macaulay ideal if and only if ( )txI ,  is a Stanley Cohen-

Macaulay ideal. 
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Introduction 

Let [ ]nxxKS ,,1 …=  be a polynomial ring in n variables over a field 

K and M be a finitely generated graded-nZ  S-module. Let Mm ∈  be a 

homogeneous element in M and { }.,,1 nxxZ …⊆  We denote by [ ]ZmK  

the K-subspace of M generated by all elements mf, where f is a monomial 

in [ ].ZK  The graded-nZ  K-subspace [ ] MZmK ⊂  is called a Stanley 

space of dimension ,Z  if [ ]ZmK  is a free [ ]ZK -module. A Stanley 

decomposition of M is a presentation of the K-vector space M as a finite 
direct sum of Stanley spaces 

[ ].:
1 ii

r

i
ZKmM

=
= ¿D  

Set ( ) [ ]{ }.,,1:minsdepth riZi …==D  The number 

( ) { ( ) DD :sdepthmaxsdepth =M  is a Stanley decomposition of M } 

is called Stanley depth of M. 

Stanley [5] conjectured that depth(M) ≤ sdepth(M) for all finitely 

generated graded-nZ  S-modules M. 

Let M be a finitely generated graded-nZ  S-module. 

A chain of graded-nZ  submodules MMMM r =⊂⊂⊂= …100:F  

is called a prime filtration of M if ( ),1 iiii aPSMM −≅−  where 

n
ia Z∈  and each iP  is a monomial prime ideal. We call the set 

{ }rPP ,,1 …  the support of F  and denote it ( ).supp F  

 

 



STANLEY COHEN-MACAULAY MODULES 39

Herzog et al. proved in [2, Proposition 1.3] that if F  is a prime 
filtration of M, then 

{ ( ) ( ) ( ) { ( ) :dimminsdepth,depth:dimmin PSMMPPS ≤≤∈ F  

( )}.Ass MP ∈  

In [1, Proposition 1.2.13], it was shown that ( ) {( ) :mindepth PSM ≤  

( )}.Ass MP ∈  

In this paper, we study some results about Stanley Cohen-Macaulay 

S-modules. For this, we say that a finitely generated graded-nZ               

S-module M is Stanley Cohen-Macaulay module if sdim(M) = sdepth(M). 
We denote ( ) { ( ) ( )}.Ass:dimminsdim MPPSM ∈=  

This paper is organized as follows. In Section 1, we recall some 
notation and definitions which will be needed later. In Section 2, we 
study some results about Stanley Cohen-Macaulay ideals and Stanley 
dimensions. For this, we say that a monomial ideal I is Stanley Cohen-
Macaulay ideal if IS  is a Stanley Cohen-Macaulay S-module. As a 

main result of this section we prove that for a monomial ideal I of S if 
Sxt ∈  is a regular element on IS  for some .1 nt ≤≤  Then I is a 

Stanley Cohen-Macaulay ideal if and only if ( )txI ,  is a Stanley Cohen-

Macaulay ideal, see Theorem 2.4. Also, in the general case, we show that 
if M is a Stanley Cohen-Macaulay module, then M is not Cohen-
Macaulay module, see Example 2.1. In Section 3, we let ∆  be a simplicial 
complex on the vertex set { }nxx ,,1 …  with .2dim −<∆ n  It is shown 

that if [ ]∆′K  is a Stanley Cohen-Macaulay module, then Stanley’s 

conjecture holds for [ ],∆K  where Fcox0, ∪∨∨ ∆=ΓΓ=∆′  and Fcox0  is 

the simplex on the vertex set { },0xF ∪  see Theorem 3.2. 
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1. Preliminaries 

In this section we fix some notation and recall some definitions. 

A simplicial complex ∆  on the vertex set { }nxxV ,,1 …=  is a 

collection of subsets of V, with the property that: 

(a) { } ,∆∈ix  for all i; 

(b) if ,∆∈F  then all subsets of F are also in ∆  (including the empty set). 

An element of ∆  is called a face of ∆  and complement of a face F is 

FV \  and it is denoted by .cF  Also, the complement of the simplicial 

complex rFF ,,1 …=∆  is .,,1
c
r

cc FF …=∆  The dimension of a face 

F of ,dim, F∆  is ,1−F  where F  is the number of elements of F and 

.1dim −=∅  The faces of dimensions 0 and 1 are called vertices and 
edges, respectively. A non-face of ∆  is a subset F of V with ,∆∈/F  we 

denote by ( ),∆N  the set of all minimal non-faces of .∆  The maximal 

faces of ∆  under inclusion are called facets of .∆  The dimension of the 
simplicial complex ,dim, ∆∆  is the maximum of dimensions of its facets. 

If all facets of ∆  have the same dimension, then ∆  is called pure. For 
{ },,,1 nxxF …⊂  we set: 

.i
Fx

F x
i
∏
∈

=x  

We define the facet ideal of ,∆  denoted by ( ),∆I  to be the ideal of S 

generated by { ( )}.: ∆∈ FFFx  The non-face ideal or the Stanley-Reisner 

ideal of ,∆  denoted by ,∆I  is the ideal of S generated by square-free 

monomials { ( )}.: ∆∈ NFFx  Also we call [ ] ∆=∆ ISK :  the Stanley-

Reisner ring of .∆  We define ,∨∆  the Alexander dual of ,∆  by 

{ }.:\ ∆∈/=∆∨ FFV  
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It is known that for the complex ∆  one has ( ).cII ∆=∨∆
 For a square-

free monomial ideal ( ) [ ],,,,, 11 nq xxKSMMI …… =⊂=  the 

Alexander dual of I, denoted by ,∨I  is defined to be: 

,1 qMM PPI ∩∩=∨  

where iMP  is prime ideal generated by { }.: ijj Mxx  

Definition 1.1. Let M be a finitely generated graded-nZ  S-module. 

Then the Stanley dimension of M is given by 

( ) ( ) ( ){ }.Ass:dimminsdim MPPSM ∈=  

Definition 1.2. Let M be a finitely generated graded-nZ  S-module. 

M is Stanley Cohen-Macaulay module if ( ) ( ).sdepthsdim MM =  

We also say that Sx ∈  is an M-regular element if 0=zx  for Mz ∈  

implies ,0=z  in other words, if x is not a zero-divisor on M. 

Remark 1.3. Let M be a finitely generated graded-nZ  S-module, and 

PM  be localization of M with respect to prime ideal P. Then it is easy to 

see that ( ) .0sdim =PM  

Example 1.4. Let ({ })mjixxI ji ≤<≤= 1:  be a monomial ideal 

of S. Villarreal [7] showed that this ideal is the edge ideal of a complete 
graph. On the other hand, complete graphs are Cohen-Macaulay so I       
is a Cohen-Macaulay ideal. Therefore IS  is a Cohen-Macaulay. 

( ) { ( ) }1Ass , , , , ,i nS I x x x= … …  where ( )1, , , ,i nx x x… …  means that 

omit variable .ix  

Without loss of generality consider ( ).,, 11 −= nxxP …  
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Now localize ( )IS  with respect to prime ideal P so ( ) ( PP SIS =  

).PPS  By part (i) of Lemma 2.2 one has ( ) ( ) 1dimsdim == ISIS  

and ( ) ( ) ( ) .0dimsdimsdim === PPPPP PSSPSSIS  

Definition 1.5. A monomial ideal I is called Stanley Cohen-
Macaulay ideal if IS  is a Stanley Cohen-Macaulay S-module. 

2. Stanley Cohen-Macaulay Ideals and 
Stanley Dimensions 

Let SI ⊂  be a monomial ideal of [ ]nxxKS ,,1 …=  and Sxt ∈  for 

some nt ≤≤1  be regular on .IS  In this section, we show that I is a 

Stanley Cohen-Macaulay ideal if and only if ( )txI ,  is a Stanley Cohen-

Macaulay ideal. The following example shows that in general if M is a 
Stanley Cohen-Macaulay module, then M is not Cohen-Macaulay module. 

Example 2.1. Let [ ]21, xxKS =  and ( ),, 21
2
1 xxxSM =  then M is 

Stanley Cohen-Macaulay S-module. Because ( ) ( ) .0sdepthsdim == MM  

On the other hand, ( ) ( ) .1dim,0depth == MM  

Lemma 2.2. Let M be a finitely generated gradedn -Z  S-module, and 

M Cohen-Macaulay module. Then 

(i) ( ) ( ),dimsdim MM =  

(ii) If Stanley’s conjecture holds for the module M, then M is a Stanley 
Cohen-Macaulay module. 

Proof. (i) Since ( ) ( )PSM dimdepth =  for all ( )MP Ass∈  then 

( ) ( ).sdimdepth MM =  

On the other hand, ( ) ( )MM dimdepth =  therefore ( ) ( ).dimsdim MM =   

(ii) We know that ( ) ( ) ( )MMM sdimsdepthdepth ≤≤  and M is 

Cohen-Macaulay. So ( ) ( ).sdepthsdim MM =    
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Proposition 2.3. Let ( )ruuI ,,1 …=  be a monomial ideal, and 

Sxt ∈  for some nt ≤≤1  be regular on .IS  Then 

(i) it ux  for all ;,,1 ri …=  

(ii) i
l
i QI ∩ 1==  is the minimal primary decomposition of I if and only 

if ( ) ( )ti
l
it xQxI ,, 1∩ =

=  is the minimal primary decomposition of ( )., txI  

Proof. (i) Suppose on the contrary that there exists [ ]rd ∈  such that 

dt ux |  and dtd fxu =  for some .Sfd ∈  

This implies that Ifd ∈/  and ( ) IIfx dt =+  which is a contradiction. 

(ii) Let i
l
i QI ∩ 1==  is the minimal primary decomposition of I. We 

claim that ( )ti
l
i xQ ,1∩ =

 is the minimal primary decomposition of ( )., txI  

We first prove that ( ) ( ).,, 1 ti
l
it xQxI ∩ =

=  Let ( )txIu ,∈  then we have 

to consider two cases: If ,uxt  then one has Iu ∈  and iQu ∈  for all 

.,,1 li …=  This implies that ( )ti xQu ,∈  for all li ,,1 …=  and 

( ).,1 ti
l
i xQu ∩ =

∈  If ,| uxt  then ( )ti xQu ,∈  for all li ,,1 …=  so 

( ).,1 ti
l
i xQu ∩ =

∈  Assume ( ).,1 ti
l
i xQw ∩ =

∈  Then we have ( )ti xQw ,∈  

for all .,,1 li …=  If ,|wxt  then ( )., txIw ∈  Otherwise, we have 

iQw ∈  for all li ,,1 …=  thus Iw ∈  and ( )., txIw ∈  Now we show 

that ( )ti xQ ,  is a primary ideal for all .,,1 li …=  Let ( ),, ti xQfg ∈  

where Sgf ∈,  and ( )ti xQg ,∈/  and .iQg ∈/  If ,iQfg ∈  then there 

exists N∈n  such that i
n Qf ∈  so ( )., ti

n xQf ∈  
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If ( )txfg ∈  and ( ),txg ∈/  then there exists N∈m  such that  

( )t
m xf ∈  and ( )., ti

m xQf ∈  It suffices to show that decomposition is 

minimal. Suppose on the contrary that there exists [ ]ld ∈  such that 

( ) ( )tdti
l

dii xQxQ ,,,1 ⊂
≠=∩  so ,,1 di

l
dii QQ ⊂

≠=∩  which is a 

contradiction. Let ( ) ( )ti
l
it xQxI ,, 1∩ =

=  is the minimal primary 

decomposition of ( ),, txI  then ( ) ( ) (( ) ( )).\,\, 1 tti
l
itt xxQxxI ∩ =

=  

Therefore i
l
i QI ∩ 1==  is the minimal primary decomposition of I.  

Theorem 2.4. Let SI ⊂  be a monomial ideal of [ ]nxxKS ,,1 …=  

and Sxt ∈  for some nt ≤≤1  be regular on .IS  Then  

( )( ) ( ) .1dims,dims −= ISxIS t  In particular, I is a Stanley Cohen-

Macaulay ideal if and only if ( )txI ,  is a Stanley Cohen-Macaulay ideal. 

Proof. By part (ii) of Lemma 2.2 and the definition of Stanley 
dimension we have ( )( ) ( ) .1sdim,sdim −= ISxIS t  Let I be a Stanley 

Cohen-Macaulay ideal, then ( ) ( ).sdepthsdim ISIS =  Also 

( )( ) ( ) .1sdim,sdim −= ISxIS t  On the other hand, Rauf [6, Theorem 

2.4.1] proved that 

( )( ) ( ) .1sdepth,sdepth −= ISxIS t  Therefore ( )( ) =txIS ,sdim  

( )( ).,sdepth txIS  Now let ( )txI ,  is a Stanley Cohen-Macaulay ideal, 

then 

( )( ) ( ) ( )( ) ( ) .1sdepth,sdepth1sdim,sdim −==−= ISxISISxIS tt  

So ( ) ( ).sdepthsdim ISIS =    
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3. Simplicial Complexes and Stanley 
Cohen-Macaulay Modules 

Let ∆  be a simplicial complex on the vertex set { }nxx ,,1 …  with 

.2dim −<∆ n  Let F be an arbitrary face of ∨∆  and 0x  be a new vertex. 

A cone from 0x  over F, denoted by ,0 Fcox  is the simplex on the vertex 

set { }.0xF ∪  Set Fcox0∪∨∆=Γ  and .∨Γ=∆′  In this section we want 

to show that if [ ]∆′K  is a Stanley Cohen-Macaulay module, then 

Stanley’s conjecture holds for [ ].∆K  For the proof we shall need 

Lemma 3.1. Let ∆  be a simplicial complex on the vertex set 

{ }nxx ,,1 …  with .2dim −<∆ n  Let F be an arbitrary face of ∨∆  and 0x  

be a new vertex. Set Fcox0∪∨∆=Γ  and .∨Γ=∆′  Let [ ]nxxKS ,,1 …=  

and [ ] SxS →ϕ 0:  be the K-algebra homomorphism with ii xx  for 

ni ,,1 …=  and ,10x  then ( ) .∆∆′ =ϕ II  

Proof. Set [ ] [ ]01 ,,, xSSxxKS n =′= …  and ( ) { },,,1 dmmIG …=∆  

where ( )∆IG  is the set of minimal monomial generators of .∆I  Then 

,1 SPPI dGG ⊂=∨∆
∩…∩  

where dGG ,,1 …  are all facets of ∨∆  and .iGxj xm
ji∏ ∈

=  We may 

assume 1GF ⊂  without loss of the generality. Then 

{ } ( ( )) ( ( )) .0010 SxSPxSPPI dGGxF ′⊂+′+′=Γ ∩…∩∩∪  

Hence 

{ } ,,,, 0100 SmxmxmII d ′== ∆′Γ∨
…  

where 
{ }

.
0

0 iPx xm
xFi∏ ∈

=
∪

 Since { } { } ,\,,\,, 111 FxxGxx nn …… ⊂  

then 0m  is divisible by .1m  Now we prove that ( ) .∆∆′ =ϕ II  Suppose 
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( ),∆′ϕ∈ Iu  then there exists ∆′∈ Iv  such that ( ).vu ϕ=  If ,0 vx  then 

( ) vvu =ϕ=  and .∆∈ Iu  If ,|0 vx  then we have to consider two cases. 

Case 1. If ,|0 vm  then ,0gmv =  where .Sg ′∈  So ( ) ( )gmv ϕ=ϕ 0  

and um |0  and .|1 um  Therefore .∆∈ Iu  

Case 2. If ,0 vm  then there exists [ ]di ∈  such that vmx i |0  and 

( ) .| uvmi =ϕ  Hence ( ) .∆∆′ ⊂ϕ II  We prove the opposite inclusion. We 

consider a monomial .∆∈ Iw  Then there exists [ ]di ∈  such that wmi |  

and ,fmw i=  where .Sf ∈  We set ,0 ∆′∈=′ Ifmxw i  then ( ) =′ϕ w  

( )∆′ϕ∈ Iw  and ( ).∆′∆ ϕ⊂ II   

Now we are ready to prove the main result of this paper. 

Theorem 3.2. Let ∆  be a simplicial complex on the vertex set 

{ }nxx ,,1 …  with .2dim −<∆ n  Let F be an arbitrary face of ∨∆  and 0x  

be a new vertex. Set Fcox0∪∨∆=Γ  and .∨Γ=∆′  If [ ]∆′K  is a Stanley 

Cohen-Macaulay module, then Stanley’s conjecture holds for [ ].∆K  

Proof. Since [ ]∆′K  is a Stanley Cohen-Macaulay module then  

[ ]( ) [ ]( ).sdepthdepth ∆′≤∆′ KK  By Lemma 3.1 and [4, Corollary 3.2], we 

have [ ]( ) [ ]( ) .1sdepthsdepth +∆≤∆′ KK  Kimura [3, Lemma 2.2] proved 

that projective dimensions of [ ]∆′K  and [ ]∆K  are equal. So it is easy to 

see that [ ]( ) [ ]( ) .1depthdepth +∆=∆′ KK  Therefore the assertion is 

proved.  
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