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Abstract

The relation between fundamental spacetime structures and dynamical
symmetries are treated from the geometrical and topological viewpoint. To this
end analyze, taking into account the concept of categories and quasi
Hamiltonian structures, a recent research [64] where one linear and one

quadratic in curvature models were constructed and where a dynamical
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breaking of the SO(4, 2) group symmetry arises. We explain there how and why
coherent states of the Klauder-Perelomov type are defined for both cases taking
into account the coset geometry and some hints on the possibility to extend they
to the categorical (functorial) status are given. The new spontaneous
compactification mechanism that was defined in the subspace invariant under
the stability subgroup. The physical implications of the symmetry rupture as
the introduction of a noncommutative structure in the context of non-linear

realizations and direct gauging are analyzed and briefly discussed.
1. Introduction

As we recently have been discussed [64], studies of higher-dimension
theories that involve (spontaneously) broken symmetries and non-
commutativity in the quantum case are motivated by searches for a
unified theory and consequently by a consistent theory of quantum
gravity. Dimensional reduction of such theories is not unique and
becomes extremely involved when gravity is included. We believe that
the guiding principles for the reduction are provided by the observed (or
desirable) physical field content and by the group theoretical structure
itself. It is possible, however, to include more fundamental structures
(categories) that allow a more natural way of describing all the properties
of spacetime that interest us. In the other hand, symplectic geometry
grew out of the theoretical study of classical and quantum mechanics. At
first, it was thought that it differs considerably from Riemannian
geometry, which developed from the study of curves and surfaces in three
dimensional Euclidean space, and went on to provide the language in
which General Relativity is studied. This fact was understandable given
that symplectic geometry started from the study of phase spaces for
mechanical systems but, with the subsequent seminal works of Cartan
that introduce the symplectic structure into the geometry of the
spacetime calculus, that thinking changed radically due the introduction
of the concept of categories and functors. In this paper, we review and
give some new results our recent research introducing some new ideas

and results both, from the physical and mathematical viewpoint.
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1.1. Noncommutative structures

From the technical point of view, we have to extend physical fields
into an extra (internal) space with preserving the general non-
commutative quantum structure. However from the point of view of only
group manifolds, the development of a mechanism that permit us to
display the set of physical fields in interaction with the corresponding
four dimensional world implies that some of the original symmetries of
the higher-dimension manifold have been broken. There exist many
theoretical attempts to realize the above ideas such as string and brane
theories but none of them can be treated as the final answer: formulation
of such theories contain serious problems that are still non solved. In
spite of the fact that in these theories the solution seems to include a
non-commutative structure [1, 2], the concrete implementation of these
symmetries in a substructure of any (super) manifold seems to be very
complicated from the technical and geometrical viewpoints. However, the
possible answer to this question as for the problems of the geometrical
quantization procedures which include a categorization mechanism. A
possibility is given in Section 6 where we explain the generalized
Rothstein theorem presented by us before and may include naturally the

desired categorization.
1.2. Gauge theories of gravity

However if well there exist another way to attack the unification
problem that is in the context of gauge theories of gravity [3-5], the
quantum picture is still not clear. The main problem is to conciliate the
gauge theories, the breaking of symmetry and the mechanism of
quantization in a fiber bundle structure. We will not go into details of
each proposed theory of gravitation here, only the possibility of
implementing a consistent geometric quantization scheme. As is well
known the first model of gauge gravitation theory was suggested by
Utiyama [6] in 1956 generalizing the original SU(2) gauge model of Yang

and Mills to an arbitrary symmetry Lie group he met the problem of
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treating general covariant transformations and a pseudo-Riemannian
metric which had no partner in the Yang-Mills gauge theory see also
[3, 4, 7-11] and references therein. Since the Poincaré group comes from
the Wigner-Inonu contraction of de Sitter groups SO(2, 3) and SO(1, 4)
and it 1s a subgroup of the conformal group, gauge theories on fibre
bundles with these structure groups were also considered [12-18].
Because these fibre bundles fail to be natural, the lift of the group Diff(X)
of diffeomorphisms of the fiber onto the base should be defined [19, 20].
However, these gauging approaches contain the problem with a non-
linear (translation) summand of an affine connection being a soldering
form, but neither a frame (vierbein) field nor a tetrad field. Thus the
latter doesn’t have the status of a gauge field [21-23]. At the same time, a
gauge theory in the case of spontaneous symmetry breaking also contains
classical Higgs fields, besides the gauge and matter ones [24-32].
Therefore, basing on the mathematical definition of a pseudo-
Riemannian metric, some authors formulated gravitation theory as a
gauge theory with a reduced Lorentz structure where a metric
gravitational field is treated as a Higgs field [33-37]. Consequently, all
the above attempts to implement a clean geometrical quantization
procedure fail justifying the possibility of more fundamental algebro-

geometric structures at the level of the base differentiable manifold.
1.3. Cartan forms, pullbacks and quantization

The most satisfactory answer to the formulation of gravity as a gauge
theory was developed in the pure geometrical context in the works of
Volkov et al. [38, 39]; in the context of supergravity by Arnowitt and Pran
Nath [40]; and finally by Mansouri [41] who was able to solve some of the
problems listed before by means of a principal fiber bundle imposing a
condition of orthogonality of the generators of the fiber and base
manifold. Such conditions that break the symmetry of the original group
are implemented by means of a particular choice of the metric tensor.

This approach was implemented in a supergroup structure obtaining a
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gauge theory of supergravity. Note that the underlying geometry must be
reductive (in the Cartan sense) or weakly reductive in the case of
supergravity. In these cases, a geometrical quantization procedure can be
incorporated because there is a correct supergroup structure with a

Cartan weakly reductive geometry.
1.4. Cosets and number of fields

As always, even the problem to determine which fields transform as
gauge fields and which not, as well as which fields are physical ones and
which are redundant, nonetheless remains. Also the relation between the
coset factorization (as in the case of the non-linear realization approach
[47-49]) and the specific breaking of the symmetry in the pure topological

theories of grand unification (GUT) is still unclear.
1.5. Higher structures in field theory

Gerbes appear in descriptions of the classical fields on manifolds and
their boundaries by Dan Freed. There have to be links via “twisted
K-theory” with Mickelsson’s work on QFT [63] (and references therein),
anomalies and gerbes. The latter involves (twisted) projective
representations (as opposed to linear representations) of the group of
classical symmetries, on a Hilbert space of quantum states. Such
“anomalies” can often be expressed in terms of Dixmier-Douady classes
(in the integer-valued third cohomology group) or in terms of gerbes, or
via twisted K-theory. I think that it would be nice to understand this
point better.

1.6. Coset coherent states and quasi-Hamiltonian structures
Let us remind the definition of coset coherent states
Hy ={g e GlU@Vy =Vo}cG. ey
Consequently, the orbit is isomorphic to the coset, e.g.,

O(Vy)=G | Hy. 2
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Analogously, if we remit to the operators, e.g.,

Vo) Vol = po. ®3)
then the orbit

O(Vy)=G/H, (4)
with

H={geGlUgVy=06Vp}

={g e GlU(g)potu!(g) = po} c G. (5)

The orbits are identified with coset spaces of G with respect to the

corresponding stability subgroups H, and H being the vectors V; in the

second case defined within a phase. From the quantum viewpoint
[Vo) € H (the Hilbert space) and py € F (the Fock space) are Vj

normalized fiducial vectors (an embedded unit sphere in H).

In the case of Hamiltonian and quasi-Hamiltonian structures, the

typical case can be exemplified as follows:

G(Z)maps : Z—) G

n
o'Q)ee
now
g Z - G,
and we have a connection such is invariant under
-1 -1
A—> g Ag+g 'dg
is the action with A Hamiltonian? We define ¢ : z — g, then:

Hi4) = [t Fa)+ [ (e 4),
x

2y
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where Fy = dA + AAA and looking at the Poisson bracket between 2

actions:

{Htl’ th} = H[tl,tz] + J. <tl7 dt2>
0%,
we see that the problems appear when the boundaries certainly exist:

6Z¢ 0 no momentum map. Consequently, the problem can be solved

from the point of view of the Atyah-Bott theorem redefining the
symplectic structure with the help of the moduli-space of the flat
connections (in a future work [46] this problem will be explicitly

exemplified).
2. Invariant SO(2, 4) Action and Breakdown Mechanism

The explicit construction given recently [64] of geometrical
Lagrangians based in a group manifold with conformal structure is
reviewed here in order to understand how it can be connected with the

general dynamics and quantization procedures.

2.1. Linear in R4B
S = IMAB A RAB (6)

in this case we note first, that the SO(2, 4)-valuated tensor n4p acts as
multiplier in S (without any role in dynamics, generally speaking).
Having this fact in mind, let us consider the following points:

(1) If we have two diffeomorphic (or gauge) nonequivalent SO(2, 4)-valuated
connections, namely, r48 and TA4B , their difference transforms as a

second rank six-tensor under the action of SO(2, 4)
x4 = GAcGBprP, @)
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(1) If we now calculate the curvature from T8 we obtain

RAB _ RAB | pyAB, 9)
where the SO(2, 4) covariant derivative is defined in the usual way
DrAB = dwB + T4 A kOB +TBp A kAP, (10)
(iii) Redefining the SO(2, 4) six vectors as V&' = p4 and V¥ = ¢®
(in order to put all in the standard notation), the 2-form x4 can be
constructed as
#AB S ylAePlau. (11)
Then we introduce all into the R4B (U scalar function) and get
RAB - RAB ;. pll4eBlau)
- RAB 4 (w[ADq)B] - (p[ADwB])/\ dU. (12)

The next step is to find the specific form of pyp such that L g = ugp
(invariant under tilde transformation) in order to make the splitting of
the transformed action S weakly reductive as follows.

(iv) Let us define

04 = Do? (13)
with the connection TA8 = 748 ; 4B , then
54 = DA + 508,
—
oA

54 _ o4 4 {WA(q)B)Z — oA (p)}/\dU, (14)

where ((pB)Z = ((pB(pB) and (v - ¢) = vgo® etc.
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In the same manner, we also define

R4 = Dy,

74 = nA +[wﬁ4(w~(p)—(pA(wB)2}/\dU. (15)
(v) To determine p 45 we propose to cast it in the form

HAB <P [awF(PE"ABCDEF (9C AP + 6% A6P + 1 A HD)+ b/iAB] (16)

with pg, a, b scalar functions in particular contractions of vectors and
bivectors SO(2, 4)-valuated with ¢ 4gcpgr to be determined. The behaviour

under the tilde transformation is

~ 1
HaB *MAB — 5 psav? 9P \pppde A dU, 17

where & = (WA)2((PB)Z - )

(vi) Finally, we have to look at the behaviour of the transformed

action

S = jﬁAB A RAB
=S+J‘%psa/€AB/\RAB/\dEJ+J‘uAB/\D/€AB. (18)

We see that till this point, the SO(2, 4)-valuated six-vectors pF and (pE

are in principle arbitrary. However, under the conditions discussed in the
first section the vectors go to the fiducial ones modulo a phase.

Consequently,
£ > A’B?, (19)
and the bivector comes to

#AB 5 plAeBlaU 5 A(AB)™P = aBpAB™ = AB<P, o, B: 5,6, (20)
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where we define the 2nd rank anti-symmetric tensor <® and
Ao —up
A = Det = af =1 (unitary transformation) 21)
et B

Below we consider two important cases with respect to the components

m and A.
22. A=m and B =\

(1) If the coefficients A = m and B = A play the role of constant

parameters we have
de — d(x2m2) =0, (22)
and
DrAB = d(am)*® AdU =0 (23)

making the original action S invariant, e.g.,

§|V0 = JﬁAB ARAP = IHAB ARAP =8 (24)

being §| Vo the restriction of S under the subspace generated by V; and
consequently breaking the symmetry from SO(2, 4) — SO(1, 3).

(2) The connections after the symmetry breaking (when the mentioned

conditions with A and m constants are fulfilled) become
[AB _rAB | AB s pos. » TV =TV, T -, T _16 (25
but

% = % _ (um)dU. (26)
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(3) Vectors 94 and ﬁA after the symmetry breaking and under the

same conditions become

04 = d(pA +T4¢ /\(pC + /sAB(pB = b.o.s.,
OA

0 =0 =0+Tism+0 = 0 =T'sm,

~

0°=0=0+0=0,

ﬁA = de + FAC /\wC + HABIDB = b.o.s.,
oA

f=n'=0-TL+0= 7' = -Te,

and evidently p;5 = p;g = 0.
(4) Consequently from the last points, curvatures become
RY = R{ij} +m 200 A0 + 72 A, 27)

Do
———

R® = m|do' + olj AO7 + (%]ni AT | = m‘l[Dei — 2t A FGE’} (28)

. . -1 .
R — —x‘{Dnl —(%) 0’ /\rﬂ, (29)

R56 = qr®® + (mr)'e; Av', (30)
where D is the SO(1, 3) covariant derivative.

(5) The tensor responsible for the symmetry breaking becomes
Hij = — 2psahme;y (9k Ant+ 08 a0l 40t /\Tll) (31)

H56 = — psbesghmdU. (32)
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(6) Consequently, with all ingredients at hand, the action will be

S = JMAB /\RAB = J.uij /\Rij + J‘M56 /\R56, (33)

Sy So

where

Sy = ‘2Ipsafijkz(9k Anl +0F Ao +nkAnl)A(ka§j} +%ei/\ej +%ni/\nj)
= ‘2IPsa€ijkz(9k A’ AamBI, + 0% A 0" A2mRI, + 0t Anl A me{if'})

A

ool v rai vaivab xal x X ai noi owk xnl A M ai x i
—2Ipsaeijkl(e AN /\Ee‘/\ef +0" A0 /\;e‘/\ef +M° AN /\EGI/\GJJ

- 2J.psa€ijkl(ek /\'I"ll /\TT]L /\T]J + ek /\el /\TT]L /\T]J + T]k /\T]l /\TT]L /\T]]),
and
Sy = — kmjpsb €56 A(dF56 +(mr) e, /\ni).

(7) At this point (the mathematical justification will come later), we
can naturally associate the tetrad field with the 0-form

oF ~ e(];ma, (34)
consequently a metric can be induced in M ,:
j K b kb
Nab = Sjkehes, &ji = nabe?ek, eqger =0y, etc, (35)
where 7 ;. is the Minkowski metric. That allows us to lift up and to lower

down indices, and ni with the following symmetry typical of a SU(2, 2)

Clifford structure:
"t~ fre?, (36)
eSfagu = fy = i, (37)

that consequently allows us to introduce into the model an

electromagnetic field (that will be proportional to fij)-
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(8) So we can re-write the action as

A

Sl = _2Ip8aeijkl(ek /\T]l + Ok A el + T]k /\T]l)/\(}\«mR{L]} + ;el A 9‘] + %nl /\n]j

= - szsa[km(fin{ij} + (gij + fikfkj )R{ij})+ (% + %)fkjfkj

+ (% Jg + % fﬂd‘lx. (38)

In the above expression, we have taken into account the following:

(1) terms ~MANANAOG and nAOABOAO vanish;

(1) terms ~ NMAMAOADO and nANAOAD lead to — fkjf,ﬂ-;

(iii) term ~ eijkle"”’ Ant A R{ij | leads — fin{ij | picking the anti-symmetric
part of the generalized Ricci tensor (containing torsion);

(iv) term ~ ey (Gk NG /\nl)R{ij} leads to — (gij + fikflq')R{ij}

picking the symmetric part of the generalized Ricci tensor (containing
Einstein-Hilbert plus quadratic torsion term);

(v) terms ~ NMANANAN and 6 AOAOAO lead to the volume elements

Jf and g, respectively, where we defined as usual g = Det(g;;,) and
f = Det(fy) = (fif™ ).
2.3. A=m(x) and B =A(x): spontaneous subspace

If the coefficients A = m(x) and B = A(x) are not constant but

functions of coordinates we have
de > d (x2m2) = 2d (\m), (39)
and

DB 5 d(m)c®® A dU. (40)
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Consequently from the following explicit computations

~

S = JﬁAB ARAB (41)

=S+ %psaHAB/\RAB/\dE_,-i—J‘MAB/\D/{AB
1
=S - §pSaRAB/\/iAB/\d§+.[uAB/\'D/€AB

-S- %psaRaBeaBkmdU A 2d(hm) + J.p(xﬁeaﬁd(km) AdU

-S4+ J‘% psaRaﬁeaﬁkm2d(km)/\dU ¥ J.Haﬁeaﬁd(km)/\ du,

~

S-S+ j[paﬁ + pyaRoghm]<®Pd(rm) A dU,

we obtain the required condition:

~

S=8 if
Hop = — psaRqphm, (42)

then we see that p,p takes the place of an induced metric and it is

proportional to the curvature

Rop = Angg (43)

with A = — (psadm) L. (44)

Note that we have now a four-dimensional space-time plus the above
“internal” space of a constant curvature. This point is very important as a
new compactification-like mechanism.

Remark 1. A geometrical structure defined on the coset K = G/H,
with H stability group, is defined weakly reductive if there is a vector

space K satisfying the following conditions: G = H + K and [H, K] c £

being G and H the Lie algebras of G and H, respectively.
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3. Supergravity as a Gauge Theory and Topological QFT

In the previous works [561, 52], we have shown, by means of a toy
model, that there exists a supersymmetric analogue of the above
symmetry breaking mechanism coming from the topological QFT. Here
we recall some of the above ideas in order to see clearly the analogy
between the group structures of the simplest supersymmetric case,
Osp(4), and of the classical conformal group SO(2, 4).

The starting point is the super SL(2C) superalgebra (strictly
speaking Osp(4))

[Mag, Mcpl=cc(4MB)p +<p(4Mp)c,
[Map, Qcl=cc(4@B), {Qa,Qp} =2Myp. (45)

Here the indices A, B, C... stay for a, B, v... (dc, B, y) spinor indices:
a, B(('x, B) =1,2 (i, 2) in the Van der Werden spinor notation. We define

the superconnection A due the following “gauging”:

APT, = (DOLBM(XB + maBMQﬁ + mdBMdB + 0%Qy — 0@y, (46)

where (oM) defines a ten-dimensional bosonic manifold and p =multi-
index, as wusual. Analogically the super-curvature is defined by

F =F?P T, with the following detailed structure:
F(M)AB = do® + 02c A0 + 0 AP, 47

F(Q)* = do? + 0% A eC. (48)

From (46), it is easy to see that there are a bosonic part and a
fermionic one associated with the even and odd generators of the
superalgebra. Our proposal for the “toy” action was (as before for SO(2,
4)) as follows:

S = [F? Aup, (49)

[3] Corresponding to the number of generators of SO(4, 1) or SO(3, 2) that define the group

manifold.
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where the tensor p, (that plays the role of a Osp (4) diagonal metric as

in the Mansouri proposal) is defined as
Hop = Co /\EB Hop = Ca /\CB Ho = VGy ete. (50)

with CO‘(ZB) anti-commuting spinors (suitable basis) and v the parameter

of the breaking of super SL(2C) (Osp (4)) to SL(2C) symmetry of p,.
Note that the introduction of the parameter v means that we do not take

care of the particular dynamics to break the symmetry.

In order to obtain dynamical equations of the theory, we proceed to
perform variation of the proposed action (49)

8S = jan/\up + FP Adp,

= [danp A8AP + P Aoy, (51)

where d,4 is the exterior derivative with respect to the super-SL(2C)
connection and 8F = d48A have been used. Then, as the result, the

dynamics is described by
dap =0, F =0. (52)

The first equation claims that p is covariantly constant with respect to
the super SL(2C) connection. This fact will be very important when the
super SL(2C) symmetry breaks down to SL(2C) because d 4 = dgpap +
dapgs = 0, a soldering form will appear. The second equation gives the

AB

condition for a super Cartan connection A = o + o4 to be flat, as it is

easy to see from the reductive components of above expressions
F(M)AB = R4B 1 o4 po® =0, (53)

F@)* = do® + 0c Ao’ = dy0? =0,

[4] In general this tensor has the same structure as the Cartan-Killing metric of the group

under consideration.
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where now d, is the exterior derivative with respect to the SL(2C)

connection and R4P = doP + 0dc A0®? is the SL2C) curvature.

Then
F=0cRPi0A 7P =0 and dyo? =0, (54)

the second condition says that the SL(2C) connection is super-torsion
free. The first doesn’t say that the SL(2C) connection is flat, but it claims

that it is homogeneous with a cosmological constant related to the

explicit structure of the Cartan forms (oA, as we will see when the super

SL(2C) action is reduced to the Volkov-Pashnev model [42].

4. Quadratic in RAB

The previous action, linear in the generalized curvature, has some
drawbacks that make necessary introduction of additional “subsidiary
conditions” due to the fact that the curvatures R® and R'® don’t play
any role in the linear/first order action. Such curvatures have a very

important information about the dynamics of 6 and n fields. In order to

simplify the equations of motion, we define

o6 = 4, (55)
m7le! = 9, (56)
10 _ =i
Amt =7, (567)
and as always
RV = R{ij |+ m20' A0 + 272 A, (58)

with the SO, 3) curvature R{ij } = do? + o A o™, Consequently from

the quadratic Lagrangian density

S =J'RAB ARAB, (59)
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we obtain the following equations of motion:

AB . .

SRABSQL'R — D(D8;)+ 2R; AB" 8 AT; AT +8; AAAA = 0,(60)

8\Rap A RAE - o

lAfgéi)—’D(Dﬂj)”RjMﬂk—9‘/\111-A9,-+n]-AAAA:o,
n

(61)
S|Rup ARYE) ~ ~ i
l%)ael/\ei =0 AR, (62)
ar
8(Rap A RAB e
l%) — —DRy; + DO, AO; + DRy, ATy + 0, ATy AA =0.  (63)
Swj
4.1. Maxwell equations and the electromagnetic field
As we claimed before we can identify
0 = eldx", (64)
n' = fidxt, (65)
with the symmetries
eilely = 83’ eileiv = 8w = 8ws (66)
and
f;ify,y = 6L}L’ eiuf}f = fuv = _fvua (67)
such that the geometrical (Bianchi) condition
Viph1 = Vol™ =0, (68)

or in the language of differential forms

D[E* AF;) =0 (69)
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holds, thus the curvatures R and R® are enforced to be null. And

conversely if R® and R® are zero then D(@i A ﬁl) = 0 or equivalently

V[p p.u] = fop" = 0.

Proof. From expressions (28), (29), namely; R® = [D@i - ﬁi AF65]
and R = [— Dﬁi +0' A F56] we make
R AR +0; AR® = D[ AF;)+ [ AT )AT; + 6 A (07 AT), (70)
R A%; +0; AR = D[ AR, ). (71)
In the last line we used the constraint given by Equation (62).
Consequently, if R® and R® are zero, then D(@i A ﬁl) =0 or
equivalently V[Pfuv] = V:;fp” = 0 and vice versa.

Corollary 2. Note that the vanishing of the R%% curvature (that

transforms as a Lorentz scalar) does not modify the equation of motion for

%% and simultaneously defines the electromagnetic field as

R%6 = ar®® + (mr)le; Ani =0, (72)
= dA-F =0. (73)
O

4.2. Equations of motion in components and symmetries

Let us define

R{U}W = 0,07 — d,0 + (A)Lk(x){c,] - (of{(of,k, (74)
Ti -0 i P i i k i k 75)
w = 0ye, — 0y, + o ey — O, ey, (

Sk, = 0ufy = 0, fL + o 1 fi — o, 1 fE. (76)
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Note that wa is a totally anti-symmetric torsion field due the symmetry

of flfdx” = ni. Consequently, the equations of motion in components

become
V”[MRijpu]Jr \/E(_ 2T X—ZSjiv)_ \/E(km)—lf[iuAi] o,
Vu[\/g (Rfjp}w ~ m2elingil k—2f[ipfj]u)]
. M(— =2 }L—ZSjiv)_ M(}Lm)—lf[ivAi] o,
VW) + gl (B ~ m 27 + ala¥) = o,

v, (Igls? )+ el (R{ij} —a2fii g aliail) =,

Vi A, = F, = (m) ' F,,,
V[pFw] = 0. 77)

5. Nonlinear Realizations Viewpoint

Note that in our case Equation (64), (65) identify 0! ~ ¢! and ni ~f i

making the table below completely clear. Note that % is identified with
the g of Ivanov and Niederle [14, 15].

This work [14, 15]
RY R{ij} +m20i A0/ + k_zni /\nj R{ij} + 4gei A fj
R m~ D6’ — Zn’ AT Det +2gel A g
6 i (mYl 65 ; i
R AT D -] OOAT Df* -2gf' Ng
R56 dro® . (mx)_lﬁi /\ni dg + 4ge; A fi
DS/ADS reduction Yes No
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Algebra and transformations in the case of the work of Ivanov and
Niederle are different due different definitions of the generators of the

SO(2, 4) algebra, however the meaning of g which is associated to the
connection I'®® remains obscure for us because of the second Cartan

structure equations R® and R®. Note that, although the group
theoretical viewpoint in the case of the simultaneous nonlinear
realization of the affine and conformal group [50] to obtain Einstein
gravity are more or less clear, the pure geometrical picture is still hard to
recognize due the factorization problem and the orthogonality between

coset elements and the corresponding elements of the stability subgroup.

6. Symplectic Structures, Poisson manifolds

and Noncommu-Tativity

6.1. Generalization of Rothstein’s theorems even supersymplectic

supermanifols

The existence of a (super) symplectic structure on a manifold is a very
significant constraint and many simple and natural constructions in
symplectic geometry lead to manifolds which cannot possess a symplectic
structure (or to spaces which cannot possess a manifold structure).
However, these spaces often inherit a bracket of functions from the
Poisson bracket on the original symplectic manifold. It is a (semi-)
classical limit of quantum theory and also is the theory dual to Lie
algebra theory and, more generally, to Lie algebroid theory. Poisson
structures are the first stage in quantization, in the specific sense that a
Poisson bracket is the first term in the power series of a deformation
quantization. Poisson groups are also important in studies of complete

integrability.

From the point of view of the Poisson structure associated to the
differential forms induced by the unitary transformation from the

G-valuated tangent space implies automatically, the existence of an even
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non-degenerate (super)metric. The remaining question of the previous
section was if the induced structure from the tangent space (via Ambrose-
Singer theorem) was intrinsically related to a supermanifold structure
(e.g., noncommutativity, hidden super-symmetry, etc.). Some of these
results were pointed out in the context of supergeometrical analysis by
Rothstein and by others authors [55, 56], corroborating this fact in some
sense. Consequently we have actually several models coming mainly from
string theoretical frame-works that are potentially ruled out. Let us
review and develop our earlier work [53] to work out this issue with more

detail: from the structure of the tangent space 7, (M) we have seen
UZ(P) = 8% + RE,dx" Adx"

= 8% + of(7))5, (78)

where the Poisson structure is evident (as the dual of the Lie algebra of

the group manifold) in our case leading to the identification
RELdx* Adx” = o (T})F. (79)

We have in the general case, a (matrix) automorphic structure. The
general translation to the spacetime from the above structure in the

tangent space takes the form

~ 1 1 . . .
o = §[mij + E(mk,(r’“airlbj - Fkbjrlai)+ gpaRE )dwadwb}dx’ A dx?

ya
+ mijAjbmdxmdxidwb

1 1
+ 9 |:gab t35 (gcd(rcibrdja - chardib)-i- (Dlle

: 1 Jdx' A d) }dwadwb

+ gop Aliady?dy®dx’. (80)
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Because covariant derivatives are defined in the usual (group theoretical)

way
Dy® = dy® — Tipdy®dat, (81)
Dx' = dx' — T'gjdx!dy®, (82)
we can rewrite ® in a compact form as

ya

o = %[(wiiji ADx/ + %gbde dy®dy®dx’ dxj)

1 . .
+ (gabDe“DOb + 5 o Ry da’ A dx’d@“debﬂ. (83)
At the tangent space, where that unitary transformation makes the link,
the first derivatives of the metric are zero, remaining only the

curvatures, we arrive to

-1 1 o 1 o
o = §|:(T]U + 5 Ebngadwadwb)dxl /\de + (€ab + §T]ljRébidxl /\dx]jdwadwb}
(84)
Here the Poisson structure can be checked
1 1 )
’I’]ij + 5 Ebngadwadwb = (6]; + § Ebdnkleadwadwb] T]ki, (85)
“ab + g nljR(llbidx‘ ANdx! = (61‘; + §nleCdR(libidxl A dx]) €ae- (86)

In expressions (80)-(86) the curvatures, the differential forms and the
other geometrical operators depend also on the field where they are

defined: R, C or H. In the quaternionic H-case the metric is quaternion
valuated with the propierty m{ij] = —0[j] and the covariant derivative

can be straightforwardly defined as expressions (81), (82) but with the
connection and coordinates also quaternion valuated. The fundamental

point in a such a case going towards a fully reliable gravitational theory
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is to fix the connection in order to have a true link with the physical
situation. The matrix representation of structures (85), (86) are
automorphic ones: e.g., they belong to the identity and to the symplectic
block generating the corresponding trascendent (parameter depending)
functions. Now, we will analize the above fundamental structure under
the light of the supersymplectic structure given by Rothstein (notation as
in [56])

~ 1 1 ™,
mzé(mﬁ+§gwRiﬁ%ﬁ}m%mf+ng@Umb (87)

where the usual set of Grassmann supercoordinates were introduced:

xl,...xj; 91...9d; the superspace metrics were defined as: 0 =

( 0 0 j - ( o 0 ) and
T+ | b — | > 1
oxt T oxd )T 0% ot

Voo (6%) = A'ipe” (89)
6xi

Due to the last expression, we can put ® in a compact form with the

introduction of a suitable covariant derivative: D0% = do% — Aiibebdxi.
With all the definitions at hands, the Poisson structure of @ in the case

of Rothstein’s is easily verified

1
Egbd(olde Gaeb Oy (89)

ila

1 .
ojj + igbngae“eb =8k +

=B
The important remark of Rothstein [17] is that the matrix representation
of the structure B has nilpotent entries, schematically

w2, 0

, (90)
0% oeb

51 [w—l(I_B+Bz _pB3 m)]ijvi AVj+g

where, as is obvious B” =0 for n >1 and n € N.
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Remarks. From the above analysis, we can compare the Rothstein

case with the general one arriving to the following points:

(1) In the Rothstein case only a part of the full induced metric from

the tangent space is preserved (“one way” extension [56, 57, 59, 60, 61]).

(i1) The geometrical structures (particularly, the fermionic ones) are
extended “by hand” motivated, in general, to give by differentiation of the

corresponding closed forms, the standard supersymmetric spaces (e.g.,
Kahler, CP", etc.) [56]. In fact it is easily seen from the structure of the

covariant derivatives: in the Rothstein case there are Grassmann
coordinates instead of the coordinate differential 1-forms contracted with

the connection.

(i11) In the Rothstein case, the matrix representation (89) coming
from the Poisson structure is nilpotent (characteristic of Grassmann
manifolds) in sharp contrast with the general representation (68)-(70)
coming from the tangent space of the UFT that is automorphic.

Remark 3. It was noted in [57] that the following facts arise: (i) A
Grassmann algebra, as used in supersymmetry, is equivalent, in some
sense, to the spin representation of a Clifford algebra. (i1) The questions
about the nature and origin of the vector space on which this orthogonal
group acts are completely open. (ii1) If it is a tangent space or the space of
a local internal symmetry, the vectors will be functions of spacetime, and
the Clifford algebra will be local. (iv) In other cases we will have a global
Clifford algebra. Consequently, the geometric structure of the UFT

presented here falls precisely in such a case.
6.2. Tangent space and even supermanifold structure

The very general QFT structure induced from the tangent space by
means of the Ambrose-Singer [54] theorem (78), (79) verifies straight
forwardly the Darboux-Kostant theorem: e.g., it has a supermanifold
structure (even in the noncommutative case). Darboux-Kostant’s theorem
[65] is the supersymmetric generalization of Darboux’s theorem and

statement that:
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Given a (2n | q)-dimensional supersymplectic supermanifold (M, Ay, ®),

it states that for any open neighbourhood U of some point m in M there

exists a set (qq, ..., ¢u, PL, ..., pn; &, ..., ?;q) of local coordinates on

VE(U) so that ® on U can be written in the following form:

n o
oy =& = ldpi/\dql ¥ Z;g(a“ ), (e =41). ©1)
1= a=

Proof. By simple inspection we can easily see that the expression (84)
has the structure (91). That means that we have locally a supersymplectic

vector superspace induced (globally) by a supersymplectic supermanifold.
O
6.3. The geometrical reduction and even symplectic super-metrics
Example 1: Volkov-Pashnev metric

The super-metric under consideration, proposed by Volkov and
Pashnev in [42], is the simplest example of symplectic (super) metrics
induced by the symmetry breaking from a pure topological first order
action. It can be obtained from the Osp(4) (super SL(2C)) action via the
following procedure.

(1) The Inénu-Wigner contraction [43] in order to pass from SL(2C) to
the super-Poincare algebra (corresponding to the original symmetry of

the model of refs. [42, 44]) then, the even part of the curvature is split
into a R>! part R and a SO, 1) part R* (RdB) associated with the

remaining six generators of the original five dimensional SL(2C) group.

This fact is easily realized by knowing that the underlying geometry is
reductive: SL(2C) ~ SO(4, 1) — SO, 1) + R*!. Than we rewrite the
superalgebra (45) as

[M, M]~M [M,II]~11 [ILII]~M

[M,S]~S [II,S]~S {S, S} ~M-+Tl, (92)
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with [] ~ MGB’ M ~ MGB(Mch)’ and re-scale m2[] = P and mS = Q.
In the limit m — 0, one recovers the super Poincare algebra. Note that
one does not re-scale M since one wants to keep [M, M]~ M Lorentz
algebra, that also is a symmetry that we want to preserve.

(11) The spontaneous breaking of the super SL(2C) down to the
SL(2C) symmetry of p, (e.g., v = 0in p,) of such a manner that the

even part of the super SL(2C) action F(M )AB remains.

After these evaluations, it has been explicitly realized that the even
part of the original super SL(2C) action (now a super-Poincare invariant)

can be related with the original metric as follows:

R(M) + R(P) + 0“0, — 0%oy, — oo, +ao%o, - a*wdwd|vp. (93)

Note that there is mapping R(M) + R(P) —» oo that is well defined

ulvp
and can be realized in different forms, and the map of interest here
0%0, - 0%0, - a0%0, - a*u)d(od|VP that associate the Cartan forms of
the original super SL(2C) action (49) with the Cartan forms of the
Volkov-Pashnev  supermodel: % = (a)1/20)0‘|VP, 0% = (a* )1/2cod|VP.
Then, the origin of the coefficients a and a* becomes clear from the

geometrical point of view.

From the first condition in (54) and the association (93) it is not

difficult to see that, as in the case of the spacetime cosmological constant

A:R= % e Ae (e = spacetime tetrad), there is a cosmological term from

the superspace related to the complex parameters a and a”“ : R =
- (a(x)a(oa - a*o)du)d) and it is easy to see from the minus sign in above

expression, why for supersymmetric (supergravity) models it is more
natural to use SO(3, 2) instead of SO(4, 1).
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Note that the role of the associated spinorial action in (49) is

constrained by the nature of v{, in p, as follows.

() If they are of the same nature of the ®®, this term is a total

derivative and has not influence onto the equations of motion, then the
action proposed by Volkov and Pashnev in [42] has the correct fermionic

form.

(i1) If they are not of the same SL(2C) invariance that the o, the

symmetry of the original model is modified. In this direction, a
relativistic supersymmetric model for particles was proposed in [45]
considering an N-extended Minkowski superspace and introducing
central charges to the superalgebra. Hence the underlying rigid
symmetry gets enlarged to N-extended super-Poincare algebra.
Considering for our case similar superextension that in [45] we can

introduce the following new action:

n
Il

T2 o L. e . L. .. ..
- mI ) dT\/&’)“ oM+ ab%0, —a*8%0y +i(6% A;67 — 69 4;674)
T

T2 _
I drL(x, 6, 8), (94)
T1

that is the super-extended version of the superparticle model proposed in
[42] with the addition of a first-order fermionic part. The matrix tensor

A:

;i introduce the symplectic structure of such manner that now

Coi ~ Aijeé is not covariantly constant under d,. Note that the “Dirac-

like” fermionic part is obviously under the square root because it is a part
of the full curvature, fact that was not advertised by the authors in [45]
(see also [29]) that doesn’t take into account the geometrical origin of the
action. An interesting point is to perform the same quantization as in the
first part of the research given in [44] in order to obtain and compare the
spectrum of physical states with the one obtained in [45]. This issue will
be presented elsewhere [46].
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The spontaneous symmetry breaking happens here because the
parameter doesn’t have any dynamics. But this doesn’t happen in the
nonlinear realization approach where the parameters have a particular

dynamics associated with the spacetime coordinates.
7. Discussion

Here we discuss some of the results obtained within the light of the
reference [53] and describe their possible generalizations from the point

of view of the boson-fermion symmetries as from the categories viewpoint

e (1) The Darboux-Kostant theorem is fulfilled in our case showing
that M fits the characteristic of a general even supermanifold in addition
to all those the considerations given in [13, 15, 17, 55-57]. However the

extension to odd supersymplectic supermanifold is still open question;

e (i) The general Rothstein theorem that we review here (also see
[63] for details) is complete to describe the spacetime manifold being it
with the more general symplectic even superstructure from the algebraic
and geometrical viewpoint. In next work the odd part of the history must

be explored;

e (ii1) The possibility, following an old Dirac’s conjecture, to find a
discrete quaternionic structure inside the Poincare group: this fact will be
give us the possibility of spacetime discretization without break Lorentz

symmetries;

e (iv) The introduction of groupoid theoretical methods of compactification

taking as group theoretical example in [62];

e (v) The relation with nonlinearly realized symmetries and geometric

quantization.

With respect to [64], we introduced two geometrical models: one
linear and another one quadratic in curvature. Both models are based on

the SO(2, 4) group consequently there exists a possibility to extend the
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contruction to the grupoid domain. Dynamical breaking of this symmetry
was considered only from the group manifold viewpoint. Because in [64]
in both cases we introduced coherent states of the Klauder-Perelomov
type, which as defined by the action of a group (generally a Lie group) are
invariant with respect to the stability subgroup of the corresponding
coset being related to the possible extension of the connection which
maintains the proposed action invariant the question is if some kind of
categorization of such mechanism certainly exists considering that

grupiod coherent states were recently constructed [65].

From the group theoretical viewpoint [64], the linear action, unlike
the cases of West or even McDowell and Mansouri [41], uses a symmetry
breaking tensor that is dynamic and unrelated to a particular metric.
Such a tensor depends on the introduced vectors, (i.e., the coherent
states) that intervene in the extension of the permissible symmetries of
the original connection. Only some components of the curvature, defined
by the second structure equation of Cartan, are involved in the action,
leaving the remaining ones as a system of independent or ignorable
equations in the final dynamics. The quadratic action, however, is
independent of any additional structure or geometric artifacts and all the
curvatures (e.g., all the geometrical equations for the fields) play a role in

the final action (Lagrangian of the theory).

With regard to the parameters that come into play A and m (they
play the role of a cosmological constant and a mass, respectively) we saw
that in the case of linear action if they are taken dependent on the
coordinates and under the conditions of the action invariance, a new
spontaneous compactification mechanism is defined in the subspace

invariant under the stability subgroup.

Following this line of research with respect to possible physical
applications, we are going to consider scenarios of the Grand Unified
Theory, derivation of the symmetries of the Standard Model together

with the gravitational ones. The general aim is to obtain in a precisely
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established way the underlying fundamental theory. This will be
important, in particular, to solve the problem of hierarchies and
fundamental constants, the masses of physical states, and their
interaction that in such a case a richer mathematical structures (e.g.,

functors, categories, etc.) can help certainly.
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Appendix I: Symmetry Breaking
Mechanism: The SO(4, 2) Case

A. General features

1) Leta, b,c=1,2,3,4,5and i, j, k =1, 2, 3, 4 (in the six-matrix
representation) then the Lie algebra of SO(2, 4) is

[, Tl =i i+ njdie = ad i = i (95)
i[5, Jjp ] = nigd 55 — nijd 50 (96)
i[5, J55] = ~Jjj, 97
i[J6a Toe] = Nacd6p — Nap6es (98)
i[J6a Jop] = ~Jap- (99)

(1) Identifying the first set of commutation relations (95) as the lie

algebra of the SO(1, 3) with generators J;;, = — J};.

(111) The commutation relations (95) plus (96) and (97) are identified
as the Lie algebra SO(2, 3) with the additional generators J5 and

’I’]ij = (1, —1, —1, —1)

(iv) The commutation relations (95)-(99) is the Lie algebra SO(2, 4)
written in terms of the Lorentz group SO(1, 3) with the additional
generators Jg;, Jgp, and Jp, = —Jp,, where ng, = (1, -1, -1, -1, 1). It
follows that the embedding is given by the chain SO(1, 3) < SO(2, 3) c
S0O(2, 4).

From the six dimensional matrix representation, we know from that

.. ~S0(2, 4) ~S0(2, 3)
parameterizing the coset C = —SO(Z, 3) and P = —SO(I, 3)" then any
element G of SO(2, 4) is written as

SO(2, 4) ~ 3024 SOR.3) g5 4 (100)

SO(2, 3) * 'SO(, 3)
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explicitly
G = e EHag(m)
= eiiza(x)Jae_isk(x)P’fH(A). (101)
Consequently, we have G(H): H - G is an embedding of an

element of SO, 3) into SO, 4) where J, = %J&Z and H(A): A — H is an

embedding of an element of SO(1, 3) into SO(2, 3) where P, = %JM as

follows:
SO (3, 1) 0
G = e—iza(x)Ja e—isk(x)Pk , (102)
0 Iy
H(A)
G(H)

then any element G of SO(2, 4) is written as the product of an SO(2, 4)

boost, an ADS boost, and a Lorentz rotation.
Goldstone Fields and Symmetries

(1) Our starting point is to introduce two 6-dimensional vectors V;

and V5 being invariant under SO(3, 1) in a canonical form. Explicitly
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0 0 0
0 0 0
0 0 0
+ = invariant under SO(3, 1). (103)
0 0 0
A 0 A
0 -B -B
—_ —
1%} Vo Vo

Now we take an element of Sp(2)  Mp(2) embedded in the 6-dimensional

matrix representation operating over V as follows:

O 0 0 0 0 00 0
o o o o o0 o|llo 0
o o o o o0 o|llo 0

MV - - V', (104)
o o o o o ollo 0
o 0 0 0 a bllA A’
o o o o0 ¢ d\-B) \-B

Sp(2)=Mp(2) Vo
where
A" = aA - bB,
- B'=cA-dB, (105)

consequently we obtain a Klauder-Perelomov generalized coherent state

with the fiducial vector V.
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(1) The specific task to be made by the vectors is to perform the
symmetry breakdown to SO(3, 1). Using the transformed vectors above
(Sp(2) ~ Mp(2) CS) the symmetry of G can be extended to an internal

symmetry as SU(1, 1) given by G below (note that |7»|2 - |u|2 =1):

SO (3, 1) 0
GV’ = e*iza () efigk (x) Py Vv, (106)
A
0 * p’*
TR
H(M)
G(H)
SO (3, 1) 0
. a -k
= e—lz (x)Ja e_l‘S (x)Pk VO = GVO’ (107)
0 a O
0B
H(A)
G(H)
0 0 0 0 0 0
0 0 0 0 0 0
o 0 0 0 0 0
Mo , (108)
0 0 0 0 0 0
0 0 0 0 Vo - up
0 0 0 0 - 1o B
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and if we also ask for Det M =1 then aff =1, e.g., the additional phase:
it will bring us the 10tt Goldstone field. The other nine are given by
z%x) and &(x)(a,b,¢=1,23 4, 5andi, j, k=123 4) coming

S0(2, 4) 802, 3)

soe 3 ™ 7= Sow )

from the parameterization of the cosetsC =

(e.g., geometrically AdS, x S3).



