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Abstract 

In this paper, we establish the weighted sharp maximal function inequalities for 
the multilinear operator associated to the singular integral operator satisfying a 
variant of Hörmander’s condition. As an application, we obtain the boundedness 
of the operator on weighted Lebesgue and Morrey spaces. 
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1. Introduction 

As the development of singular integral operators (see [10], [23], [24]), 
their commutators and multilinear operators have been well studied. In 
[5], [21], [22], the authors prove that the commutators generated by the 

singular integral operators and BMO functions are bounded on ( )np RL  

for .1 ∞<< p  Chanillo (see [2]) proves a similar result when singular 

integral operators are replaced by the fractional integral operators. In 
[14], [18], the boundedness for the commutators generated by the 
singular integral operators and Lipschitz functions on Triebel-Lizorkin 

and ( ) ( )∞<< pRL np 1  spaces are obtained. In [1], [13], the bounded-

ness for the commutators generated by the singular integral operators 

and the weighted BMO and Lipschitz functions on ( ) ( )∞<< pRL np 1  

spaces are obtained (also see [12]). In [11], some singular integral 
operators satisfying a variant of Hörmander’s condition are introduced, 
and the boundedness for the operators and their commutators are 
obtained (see [16], [25]). Motivated by these, in this paper, we will study 
the multilinear operator generated by the singular integral operator 
satisfying a variant of Hörmander’s condition and the weighted Lipschitz 
and BMO functions. 

First, let us introduce some notations. Throughout this paper, Q will 

denote a cube of nR  with sides parallel to the axes. For any locally 
integrable function f, the sharp maximal function of f is defined by 

( ) ( ) ( ) ,1sup# dyfyfQxfM Q
QxQ

−= ∫
 

where, and in what follows, ( ) .1 dxxfQf
QQ ∫−=  It is well-known that 

(see [10], [23]) 

( ) ( ) ( ) .1infsup# dycyfQxfM
QCcxQ

−≈ ∫∈
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Let 

( ) ( ) ( ) .1sup dyyfQxfM
QxQ ∫=


 

For ,0>η  let ( ) ( ) ( ) ( )xfMxfM ηη
η = 1##  and ( ) ( ) ( ) ( ).1 xfMxfM ηη

η =  

For ∞<≤<η< pn 1,0  and the non-negative weight function w, 

set 

( ) ( )
( )

( ) ( ) .1sup
1

1,,

p
p

QnpxQ
wp dyywyf

Qw
xfM 










= ∫η−η


 

We write ( ) ( )fMfM wpwp ,,, =η  if .0=η  

The pA  weight is defined by (see [10]), for ,1 ∞<< p  

( ) ( ) ( ) ( ) ,11sup:0
1

111
loc













∞<














∈<=
−

−−∫∫
p

p
QQQ

n
p dxxwQdxxwQRLwA  

and 

{ ( ) ( ) ( ) ( ) }...,:0 loc1 eaxCwxwMRLwA np ≤∈<=  

Given a non-negative weight function w. For ,1 ∞<≤ p  the weighted 

Lebesgue space ( )wRL np ,  is the space of functions f such that 

( ) ( ) ( ) .
1

∞<






= ∫
p

p
RwL dxxwxff np  

For 10 <β<  and the non-negative weight function w, the weighted 

Lipschitz space ( )wLipβ  is the space of functions b such that 

( ) ( ) ( ) ( ) ( ) ,11sup
1

1 ∞<






 −= −
β ∫β

p
pp

Q
QnQwLip dyxwbybQwQw

b  
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and the weighted BMO space BMO(w) is the space of functions b such 
that 

( ) ( ) ( ) ( ) .1sup
1

1 ∞<






 −= −∫
p

pp
Q

QQwBMO dyxwbybQwb  

Remark. (1) It has been known that (see [9]), for ( ) 1, AwwLipb ∈∈ β  

and ,Qx ∈  

( ) ( ) ( ) .22
n

wLipQQ QwxwbCbb β
β

≤− kkk  

(2) It has been known that (see [1], [9]), for ( ) 1, AwwBMOb ∈∈  and 

,Qx ∈  

( ) ( ).2 xwCbb wBMOQQ bkk ≤−  

(3) Let ( )wLipb β∈  or ( )wBMOb ∈  and .1Aw ∈  By [8], we know 

that spaces ( )wLipβ  or BMO(w) coincide and the norms ( )wLipb
β

 or 

( )wBMOb  are equivalent with respect to different values .1 ∞<≤ p  

Definition 1. Let ϕ  be a positive, increasing function on +R  and 

there exists a constant 0>D  such that 

( ) ( ) .0for2 ≥ϕ≤ϕ ttDt  

Let w be a non-negative weight function on nR  and f be a locally 

integrable function on .nR  Set, for ,1 ∞<≤ p  

( ) ( ) ( )
( ) ( ) ,1sup

1

,0,
,

p
p

dxQdRx
wL dyywyfdf

n
p 








ϕ

= ∫
>∈

ϕ  

where ( ) { }.:, dyxRydxQ n <−∈=  The generalized weighted Morrey 

space is defined by 

( ) { ( ) ( ) }.:, ,1
loc

, ∞<∈= ϕ
ϕ

wL
nnp pfRLfwRL  
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If ( ) ,0, >δ=ϕ δdd  then ( ) ( ),,, ,, wRLwRL npnp δϕ =  which            

is the classical Morrey spaces (see [19], [20]). If ( ) ,1=ϕ d  then  

( ) ( ),,,, wRLwRL npnp =ϕ  which is the weighted Lebesgue spaces (see 

[10]). 

As the Morrey space may be considered as an extension of the 
Lebesgue space, it is natural and important to study the boundedness of 
the operator on the Morrey spaces (see [6], [7], [15], [17]). 

Definition 2. Let { }lφφ=Φ ,,1 …  be a finite family of bounded 

functions in .nR  For any locally integrable function f, the Φ  sharp 
maximal function of f is defined by 

( ) ( )
{ }

( ) ( ) ,1infsup
1

,,
#

1
dyyxcyfQxfM Qii

l

iQccxQ l
−φ−= ∑∫

=
Φ …

 

where the infimum is taken over all m-tuples { }lcc ,,1 …  of complex 

numbers and Qx  is the center of Q. For ,0>η  let 

( ) ( )
{ }

( ) ( ) .1infsup
1

1
,,

#
,

1

η
η

=
ηΦ 













−φ−= ∑∫ dyyxcyfQxfM Qij

l

iQccxQ l…
 

Remark. We note that ## fM ≈Φ  if 1=l  and .11 =φ  

Definition 3. Given a positive and locally integrable function f in 

,nR  we say that f satisfies the reverse Hölder’s condition (write this as 

( )nRRHf ∞∈ ), if for any cube Q centered at the origin, we have 

( ) ( ) .1sup0 dyyfQCxf
QQx ∫≤<

∈
 

In this paper, we will study some singular integral operators as 
following (see [11]). 
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Definition 4. Let ( )nRLK 2∈  and satisfy 

,CK L ≤∞  

( ) ,nxCxK −≤  

there exist functions ( { })0,, 1
loc1 −∈ n

l RLBB …  and { } ( )n
l RL∞⊂φφ=Φ ,,1 …  

such that [ ( )] ( ),det 2 nl
ij RRHy ∞∈φ  and for a fixed 0>δ  and any 

,02 >> yx  

( ) ( ) ( ) .
1

δ+

δ

= −
≤φ−− ∑ nii

l

i yx
yCyxByxK  

For ,0
∞∈ Cf  we define the singular integral operator related to the 

kernel K by 

( ) ( ) ( ) ( ) .dyyfyxKxfT nR
−= ∫  

Moreover, let m be the positive integer and b be the function on .nR  Set 

( ) ( ) ( ) ( ) .!
1,;1

αα

≤α
+ −

α
−= ∑ yxybDxbyxbR

m
m  

The multilinear operator related to the operator T is defined by 

( ) ( ) ( ) ( ) ( ) .,;1 dyyfyxK
yx

yxbRxfT m
m

R
b

n −
−

= +∫  

Note that the classical Calderón-Zygmund singular integral operator 
satisfies Definition 4 (see [10], [23]). Also note that the commutator 
[ ] ( ) ( ) ( )bfTfbTfTb −=,  is a particular operator of the multilinear 

operator bT  if .0=m  The multilinear operator bT  are the non-trivial 
generalizations of the commutator. It is well-known that commutators 
and multilinear operators are of great interest in harmonic analysis and 
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have been widely studied by many authors (see [3], [4], [8]). The main 
purpose of this paper is to prove the sharp maximal inequalities for the 

multilinear operator .bT  As the application, we obtain the weighted    

norm-pL  inequality and Morrey space boundedness for the multilinear 

operator .bT  

2. Theorems and Lemmas 

We shall prove the following theorems: 

Theorem 1. Let T be the singular integral operator as Definition 4, 

,1,10,1 ∞<<<η<∈ rAw  and ( )wBMObD ∈α  for all α  with 

.m=α  Then there exists a constant 0>C  such that, for any 

( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ) ( ) ( ) ( ).~~~
,

#
, xfMxwbDCxfTM wrwBMO

m

b α

=α
ηΦ ∑≤  

Theorem 2. Let T be the singular integral operator as Definition 4, 

,10,1,10,1 <β<∞<<<η<∈ rAw  and ( )wLipbD β
α ∈  for all α  

with .m=α  Then there exists a constant 0>C  such that, for any 

( )nRCf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ) ( ) ( ) ( ).~~~
,,

#
, xfMxwbDCxfTM wrwLip

m

b
β

α

=α
ηΦ β∑≤  

Theorem 3. Let T be the singular integral operator as Definition 4, 

,1,1 ∞<<∈ pAw  and ( )wBMObD ∈α  for all α  with .m=α  Then 
bT  is bounded from ( )wRL np ,  to ( )., 1 pnp wRL −  

Theorem 4. Let T be the singular integral operator as Definition 4, 

,20,1,1
nDpAw <<∞<<∈  and ( )wBMObD ∈α  for all α  with 

.m=α  Then bT  is bounded from ( )wRL np ,,ϕ  to ( )., 1, pnp wRL −ϕ  



QIAOZHEN ZHAO and JUNFENG WANG 22

Theorem 5. Let T be the singular integral operator as Definition 4, 

,11,1,10,1 npqnpAw β−=β<<<β<∈  and ( )wLipbD β
α ∈  

for all α  with .m=α  Then bT  is bounded from ( )wRL np ,  to 

( )., 1 qnq wRL −  

Theorem 6. Let T be the singular integral operator as Definition 4, 

,11,1,20,10,1 npqnpDAw n β−=β<<<<<β<∈  and 

( )wLipbD β
α ∈  for all α  with .m=α  Then bT  is bounded from 

( )wRL np ,,ϕ  to ( )., 1, qnq wRL −ϕ  

To prove the theorems, we need the following lemmas: 

Lemma 1 (See [10, p.485]). Let ∞<<< qp0  and for any function 

.0≥f  We define that, for ,111 qpr −=  

{ ( ) } ( ) ,sup,:sup ,
1

0
rpq LQLQ

Q
qp

qn
WL ffNxfRxf χχ=λ>∈λ=

>λ
 

where the sup is taken for all measurable sets Q with .0 ∞<< Q  Then 

( ) ( ( )) .1
, qq WL

p
qpWL fpqqfNf −≤≤  

Lemma 2 (See [2]). Let T be the singular integral operator as 

Definition 4. Then T is bounded on ( )wRL np ,  for pAw ∈  with 

,1 ∞<< p  and weak ( )11, LL  bounded. 

Lemma 3 (See [11], [25]). Let ∞∈∞<η<∞<< Awp ,0,1  and 

{ } ( )n
l RL∞⊂φφ=Φ ,,1 …  such that [ ( )] ( ).det 2 nl

ij RRHy ∞∈φ  Then, 

for any smooth function f for which the left-hand side is finite, 

( ) ( ) ( ) ( ) ( ) ( ) .#
, dxxwxfMCdxxwxfM p

R
p

R nn ηΦη ∫∫ ≤  
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Lemma 4 (See [2], [9]). Let =η<<≤<η≤ qnpsn 1,1,0  

np η−1  and .1Aw ∈  Then 

( ) ( ) ( ).,, wLwLws pq fCfM ≤η  

Lemma 5 (See [9]). Let ,1,20,0 η<<≤<<<η≤ npsDn n  

npq η−= 11  and .1Aw ∈  Then 

( ) ( ) ( ).,,,, wLwLws pq fCfM ϕϕ ≤η  

Lemma 6 (See [4]). Let b be a function on nR  and ( )nq RLAD ∈α  

for all α  with m=α  and any .nq >  Then 

( )
( ) ( )

( ) ,
,~

1,;
1

,~

q
q

yxQm

m
m dzzbD

yxQ
yxCyxbR 










−≤ α

=α
∫∑  

where Q~  is the cube centered at x and having side length .5 yxn −  

Lemma 7. Let ,20,,0,1 1
nDAwp <<∈∞<η<∞<<  and 

{ } ( )n
l RL∞⊂φφ=Φ ,,1 …  such that [ ( )] ( ).det 2 nl

ij RRHy ∞∈φ  Then, 

for any smooth function f for which the left-hand side is finite 

( ) ( ) ( ) ( ).,, #
, wLwL pp fMCfM ϕϕ ηΦη ≤  

Proof. For any cube ( )dxQQ ,0=  in ,nR  we know ( ) 1AwM Q ∈χ  

for any cube ( )dxQQ ,=  by [10]. By Lemma 3, we have, for 

( ),,, wRLf np ϕ∈  

( ) ( ) ( ) ( ) ( ) ( ) ( )dyyywyfMdyywyfM Q
p

R
p

Q n χ= ηη ∫∫  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dyywMyfMCdyywMyfM Q
p

R
Q

p
R nn χ≤χ≤ ηΦη ∫∫ #

,  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )













χ+χ= ηΦ

∞

=
ηΦ ∫∑∫ +

dyywMyfMdyywMyfMC Q
p

QQ
Q

p
Q

#
,

2\20

#
, 1 kk

k
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( ) ( ) ( ) ( ) ( ) ( )













+≤

+ηΦ

∞

=
ηΦ ∫∑∫ +

dy
Q

QwyfMdyywyfMC p
QQ

p
Q 1

#
,

2\20

#
,

21 k
k

kk
 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) 













+≤

+ηΦ

∞

=
ηΦ ∫∑∫ +

dyywMyfMdyywyfMC n
p

Q
p

Q 1
#

,
20

#
,

21 k
k

k
 

( ) ( ) ( ) ( ) ( ) ( )













+≤ ηΦ

∞

=
ηΦ ∫∑∫ +

dyywyfMdyywyfMC n
p

Q
p

Q k
k

k 2
#

,
20

#
, 1  

( )
( )

( )dfMC np
wLp

1

0

#
, 22,

+−
∞

=
ηΦ ϕ≤ ∑ϕ

kk

k
 

( )
( )

( ) ( )dDfMC np
wLp ϕ≤ −

∞

=
ηΦ ∑ϕ

k

k

2
0

#
, ,  

( )
( )

( ),,
#

, dfMC p
wLp ϕ≤ ϕηΦ  

thus,  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,11 1
#

,

1 p
p

Q

p
p

Q
dxxwxfMdCdxxwxfMd 








ϕ

≤







ϕ ηΦη ∫∫  

and 

( ) ( ) ( ) ( ).,, #
, wLwL pp fMCfM ϕϕ ηΦη ≤  

This finishes the proof. 

3. Proofs of Theorems 

Proof of Theorem 1. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 

( ) ( ) ( ) ( ) ( ) ( ),~~1
,

1

0 xfMxwbDCdxCxfTQ wrwBMO
m

b
Q

α

=α

ηη ∑∫ ≤






 −  
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where Q is any a cube centered at ( )xxcCx jj
l
j −φ= ∑ = 0100 ,  and 

( ) ( ) ( ) .,
20

0

0 dyyfyxB
yx

yxKc jmRj n −
−

= ∫  Fix a cube ( )dxQQ ,0=  and 

.~ Qx ∈  Let QnQ 5~
=  and ( ) ( ) ( ) ,!

1~ ~ αα

=α α
−= ∑ xbDxbxb Q

m
 then 

( ) =yxbRm ,;  ( )yxbRm ,;~  and ( )QbDbDbD ~~ ααα −=  for .m=α  We 

write, for Qff ~1 χ=  and ,~\2 QRnff χ=  

( ) ( ) ( ) ( ) ( )dyyfyxK
yx

yxbRxfT m
m

R
b

n 1
,;~

−
−

= ∫  

( ) ( ) ( ) ( )dyyfyxK
yx

ybDyx
mRm

n 1

~

!
1 −

−

−
α

−
αα

=α
∫∑  

( ) ( ) ( )dyyfyxK
yx

yxbR
m

m
Rn 2

1 ,;~
−

−
+ +∫  

( ) ( ) ( ) ( ),
~

!
1,;~

2
~

11 xfTf
x

bDxTf
x

xbRT b
m

m
m

m +













⋅−

⋅−
α

−










⋅−

⋅
=

αα

=α
∑  

then 

( ) ( )
ηη








 −∫
1

0
1 dxCxfTQ

b
Q

 

( ) ( )
ηη

αα

=α

ηη































⋅−

⋅−+

























⋅−

⋅
≤ ∑∫∫

1

1

1

1

~1,;~1 dxf
x

bDxTQCdxf
x

xbRTQC m
mQm

m
Q

 

( ) ( )
ηη









−+ ∫

1

02
~1 dxCxfTQC b

Q
 

.321 III ++=  
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For ,1I  noting that ,1Aw ∈  w satisfies the reverse of Hölder’s 

inequality: 

( ) ( ) ,1 0
0

1
dxxwQ

CdxxwQ Q

p
p

Q ∫∫ ≤






  

for all cube Q and some ∞<< 01 p  (see [10]). We take 0rpq =  

( )10 −+ pr  in Lemma 6 and have rq <<1  and ( ) ( ),10 qrrqp −−=  

then by the Lemma 6 and Hölder’s inequality, we gain 

( )
( ) ( )

( )
q

q
yxQm

m
m dzzbD

yxQ
yxCyxbR

1

,~
~

,~
1,;~











−≤ α

=α
∫∑  

( )
( ) ( ) ( ) ( ) ( )

q
rrqrrqq

yxQ
q

m

m dzzwzwzbDQyxC
1

11
,~

1 ~~







−≤ −−α−

=α
∫∑  

( )
( ) ( )

( )
( ) ( ) ( )

( ) rqqr
qrrq

yxQ

r
rr

yxQ
q

m

m dzzwdzzwzbDQyxC
−

−−−α−

=α
















−≤ ∫∫∑ 1
,~

1
1

,~
1 ~~  

( ) ( ) ( ) rqqrr
wBMO

q

m

m QQwbDQyxC −α−

=α
∑−≤

~~~ 11  

( ) ( )
( )

( ) rqqr
p

yxQ
dzzw

yxQ

−











× ∫ 0

,~,~
1  

( ) ( ) rqrq
wBMO

m

m QQwQbDyxC 1111 ~~~ −−α

=α
∑−≤  

( ) ( )
( )

( ) rr

yxQ
dzzw

yxQ

1

,~,~
1

−











× ∫  

( ) ( ) ( ) 11111111 ~~~~~ −−−−α

=α
∑−≤ rrrqrq

wBMO
m

m QQwQQwQbDyxC  

( )
( )
Q
QwbDyxC wBMO

m

m
~
~

α

=α
∑−≤  
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( ) ( ),~xwbDyxC wBMO
m

m α

=α
∑−≤  

thus, by the sboundednes-sL  of T (see Lemma 2) for rs <<1  and 

,1 srAAw ⊆∈  we obtain 

( ) dxf
x

xbRTQ
CI m

m
Q 











⋅−

⋅
≤ ∫ 11

,;~
 

( ) ( ) ( ) ( )
s

s
RwBMO

m
dxxfTQxwbDC n

1

1
1~ 







≤ ∫∑ α

=α

 

( ) ( ) ( )
s

s
R

s
wBMO

m
dxxfQxwbDC n

1

1
1~ 







≤ ∫∑ −α

=α

 

( ) ( ) ( ) ( ) ( )
s

rsrss
Q

s
wBMO

m
dxxwxwxfQxwbDC

1

~
1~ 







≤ −−α

=α
∫∑  

( ) ( ) ( ) ( )
r

r
Q

s
wBMO

m
dxxwxfQxwbDC

1

~
1~ 







≤ ∫∑ −α

=α

 

( ) ( )
( ) rssr

srs
Q

dxxw
−

−− 






× ∫ ~  

( ) ( ) ( )
( )

( ) ( )
r

r
Q

rs
wBMO

m
dxxwxf

Qw
QwQxwbDC

1

~
11

~
1~~









≤ ∫∑ −α

=α

 

( ) ( )
( )

( ) ( ) rs
r

Q

rssr
srs

Q
QwQdxxw

Q
dxxw

Q
11

1

~~
~~

~
1

~
1 −

−
−−





















× ∫∫  

( ) ( ) ( ) ( ).~~
, xfMxwbDC wrwBMO

m

α

=α
∑≤  
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For ,2I  by the weak ( )11, LL  boundedness of T (see Lemma 2) and 

Kolmogoro’s inequality (see Lemma 1), we obtain 

( ) ( )
η

ηα

=α








≤ ∫∑
1

12
~1 dxxfbDTQCI

Qm
 

( )
( )η−η

η

χ
χ

≤
α

η

−η

=α
∑ 1

1
1

11 ~

LQ
LQ

m

fbDT

Q
QC  

( ) 11
~1

WL
m

fbDTQC α

=α
∑≤  

( ) ( ) dxxfxbDQC nRm
1

~1 α

=α
∫∑≤  

( ) ( ) ( ) ( ) ( ) dxxwxfxwbDxbDQC rr
QQm

11~~
1 −αα

=α

−≤ ∫∑  

( ( ) ( ) ) ( )
r

rr
QQm

dxxwbDxbDQC
′

′−′αα

=α








 −≤ ∫∑
1

1~~
1  

( ) ( )
r

r
Q

dxxwxf
1

~ 






× ∫  

( ) ( ) ( )
( )

( ) ( )
r

r
Q

rr
wBMO

m
dxxwxf

Qw
QwQwbDQC

1

~
11

~
1~~1









≤ ∫∑ ′α

=α

 

( )
( ) ( ) ( )xfM
Q
QwbDC wrwBMO

m

~~
~

,
α

=α
∑≤  

( ) ( ) ( ) ( ).~~
, xfMxwbDC wrwBMO

m

α

=α
∑≤  
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For ,3I  we write 
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Similarly, we have 
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Thus, 
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These complete the proof of Theorem 1. 

Proof of Theorem 2. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 
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For 1J  and ,2J  by using the same argument as in the proof of Theorem 1, 
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thus 
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This completes the proof of Theorem 2. 

Proof of Theorem 3. Choose pr <<1  in Theorem 1 and notice 

,1
1 Aw p ∈−  then we have, by Lemmas 3 and 4, 
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This completes the proof of Theorem 3. 

Proof of Theorem 4. Choose pr <<1  in Theorem 1 and notice 
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This completes the proof of Theorem 4. 

Proof of Theorem 5. Choose pr <<1  in Theorem 2 and notice 
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This completes the proof of Theorem 5. 

Proof of Theorem 6. Choose pr <<1  in Theorem 2 and notice 
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This completes the proof of Theorem 6. 
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