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Abstract 

In this paper, we consider a quasilinear parabolic systems with the singular 
absorption term 

( )
( ) ( )

[ ] ( )

( ) ( )












Ωϕ=

×Ω=>×Ω∂=

×Ω+=∆−
∂
∂

α

.in0,

,,0on0,,0on0

,,0in,,1
21

xxu

TQuTu

Tuuxf
u

ut
u

ii

ii

i
i

ip
i

ii

 

In particular, we prove the existence of discrete approximate solutions by means 
of the Rothe discretization in time method under some conditions on ,, ii fα  and 

.2,1, =ipi  
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1. Introduction 

In this paper, we study a quasilinear parabolic systems involving 
Laplacian-ip  operators of the type ( )S  
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( ( ) ( )) ( ( ) ( )) ,in,0,,0, 2121 Ωϕϕ= xxxuxu  (1.4) 

where ( ) Ω∞<<∇∇=∆ − ,1,div 2
ii

p
iip puuu i

i  is a bounded domain in 

NR  with smooth boundary ,Ω∂  and the functions ,2,1,, =α ifii  satisfy 

some conditions specified later. 

Systems ( )S  appears in the study of non-Newtonian flows, chemical 

heterogeneous catalyst kinetics, combustion. We refer to the survey 
Hernandez et al. [15], the book Ghergu and Radulescu [6] and the 
bibliography therein for more details about the corresponding models. 

Recently, Badra et al. [3] discussed the existence and long-behaviour 
of solutions of the quasilinear and singular parabolic equation 
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In this paper, motivated by the ideas in [3], we generalize and extend 
the results of [3] to systems ( ).S  
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This is the plan of paper. We recall our assumptions and state main 
results in Section 2. In Section 3, we show the existence of discrete 
scheme. And, after showing some estimates on there approximations, the 
passage to the limit and the existence results are given in Section 4.  

2. Assumptions and Main Results 

2.1. Notations and assumptions 

Let Ω  be a smooth and bounded domain in ( ).2≥NNR  Set for 

( ) ( ).,0:,,0:,0 tStQt tt ×Ω∂=×Ω=>  

The norm in a space X will be denoted as follows: 

( ) ;1,if +∞≤≤Ω=⋅ rLX r
r  

( ) ;1,if ,1
,1 +∞≤≤Ω=⋅ qWX q
q  

otherwise;X⋅  

and ..,  denotes the duality between ( )ΩpW ,1
0  and ( ).,1 Ω′− pW  For any 

,1≥p  we define it’s conjugate p′  by .111 =
′

+ pp  On this paper, iC  and 

C will denote various positive constants. 

In the sequel, the same symbol c will be used to indicate some 
positive constants, possibly different from each other, appearing in the 
various hypotheses and computations and depending only on data. When 
we need to fix the precise value of one constant, we shall use a notation 
like ...,,2,1, =iMi  instead. 

To control the singular term ,1
iuα

 we need to consider solutions in 

the cone ,iC  where iC  is the set of functions ( )Ω∈ ∞Lv  such that 21, cc∃  

with 
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with ( ) ( ).,dist Ω∂= xxd  

In the sequel, we shall present the following assumptions: 

(H1) ( ) ( ).2,1,1 =××Ω∈ ++ iCfi RR  

(H2) ( ) ( )vuxfvu i ,,, →  is increasing function. 

Lemma 2.1 (Theorem 1.3, cf. [2]). Let ( )Ω∈ ∞Lg  and 

.1
120
−

+<δ<
i

i r  Then for any ,0>λ  there exists a unique λw  in 

( ) i
piW C∩Ω,1

0  such that 

( ) ,1 Ω=+∆λ−
δ

ing
w

ww
iip  

.0=Ω∂w  

2.2. Existence theorem 

Let us introduce the function space 

Definition 1. 

( ) ( ( )) ( ) ( ) .,;,0: 2,1
0 






 ∈

∂
∂

Ω∈= ∞∞
T

i
T

p
iiTi QLt

uQLWTLuuQ i ∩V  

Then, we define 

Definition 2. A pair of functions ( ) ( ) ( )TT QQuuu 2121, VV ×∈=  is 

called a weak solution (resp., subsolution, supersolution) of ( )S  if 

(1) for any compact ,0infess,0infess, 21 >>∈ uuQK KKT  
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(2) for every test function ( ) ( ) ( ),, 2121 TT QQ VV ×∈φφ=φ  

dzuudzt
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(3) ( ) ( ) ( ) .ina.e.0,00, Ω≥≤ϕ= xxu ii  

We refer the readers to [7, 13, 16] for the existence of supersolution 
and subsolution for systems ( ).S  

Using a time discretization method, and existence of supersolution 
and subsolution, we prove the following result concerning ( ):S  

Theorem 3. Let ( )2,1,1
120,2 =
−

+<α<> ipp
i

ii  and ( ) i
p

i
iW C∩Ω∈ϕ ,1

0  

be given. 

Suppose that if  verify (H1) and (H2) and that ( )S  has a uu,  a 

supersolution, subsolution. Then, for each 0>T  given, systems ( )S  has 

at least one weak solution ( ) 2121, CC ×∈= uuu  uniformly for ( ).,0 Tt ∈  

Proof. The main tools in the proof of this theorem are discrete 
scheme (2.1) 
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,on0 Ω∂=n
iu  

,in0 Ωϕ= iiu   

where TN =τ  is a fixed positive real, and .1 Nn ≤≤  
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We can write (2.1) as 

( ) ,in1 Ω=+∆λ−
δ

g
w

ww
iip  

,0=Ω∂w  

where ,,, ii
n
iuw α=δ=λ= τ  and ( ) .,, 11

2
1

1
−−− += n

i
nn uuuxfg τ  

From Lemma 2.1, we define by iteration ( ) i
pn

i
iWu C∩Ω∈ ,1

0  and 

( ) .,1
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0
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p
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So consequently, ( ) ( )ττ ii uu ~,  set by: For all { },,,1 Nn …∈  
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are well defined and satisfied in addition 
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We first establish some energy estimates of ( ) ( ) .~, ττ ii uu  

We need several lemmas to complete the proof of Theorem 3.  

Lemma 2.2. For any ,∗∈ Nn  the relation ,1
i

n
ii uuu ≤≤ −  imply 

that .i
n
ii uuu ≤≤  

Proof. By the above assumptions, we have 
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We obtain with i
n
i uu ≤−1  and (H2) 
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Multiplying (2.1) by ( ) ,+− i
n
i uu  the monotonicity of ( )i

i www p
α−−∆−→  

implies 

.i
n
i uu ≥  

Similarly, we obtain .n
ii uu ≤   

Lemma 2.3. There exists a positive constant ( )21,, ϕϕTC  such that, 

for all Nn ,,1 …=  

( ( )),;,0 Ω∈ ∞∞ LTLun
i   (2.4) 

( ) ( ) ,~, iii uu C∈ττ  (2.5) 

( ) ( )ττ ii uu ~,  are bounded in ( ( )) ( ( )),;,0;,0 2,1
0 ΩΩ ∞ LTLWTL ii pp ∩   (2.6) 

( )
t

ui
∂

∂ τ
~

 is bounded in ( ),2
TQL   (2.7) 

and 

( ) ( )ττ ii uu ~,  are bounded in ( ( )).;,0 ,1
0 Ω∞ ipWTL   (2.8) 
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Proof. (a) By Lemma 2.3, for any ( )2,1, =∈ iuNn n
i  are bounded; 

whence (2.4). 

(b) Multiplying (2.1) by ,n
iuτ  summing from n = 1 to N and 

integrating over ,Ω  we obtain  
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By Young inequality, for 0>  small, there exists ( )TC  such that 
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Gathering the above estimates, we get (2.5) and (2.6). 
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(c) Multiplying the Equation (2.1) by 1−− n
i

n
i uu  and summing from 

1=n  to N, wet get 

( )dxuuuudx
uu n

i
n
i

n
i

pn
i

N

n

n
i

n
i

N

n

i 12

1

21

1

−−

Ω=

−

Ω=

−∇⋅∇∇+












 −
∫∑∫∑ τ

τ  

( )
( ) ( ) .,, 11

2
1

1
1

1

1
dxuuuuxfdx

u

uu n
i

n
i

nn
i

N

n
n
i

n
i

n
i

N

n i
−−−

Ω=
α

−

Ω=

−=











 −
− ∫∑∫∑  

(2.12) 

By Young inequality, we get 

( ) ( )dxuuuuxf n
i

n
i

nn
i

N

n

11
2

1
1

1
,, −−−

Ω=

−∫∑  

( ) .2

21

1
dx

uu
TC

n
i

n
i

N

n












 −
+≤

−

Ω=
∫∑ τ

τ
   (2.13) 

From the convexity of the expressions dxw ip∇∫Ω  and 
iα−

− 1
1  
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Ω∫  we get the following inequality: 
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which imply with (2.12), (2.14), and (2.15) that 
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The above expression together with 
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Ω
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yields (2.7) and (2.8).  

By Lemma 2.3, there exists 0>iM  independent of τ  such that 

( ) ( ) ( ( ) ) ( ) .max~ 22 1
1;,0 τττ iL

n
i

n
iNnLTLii Muuuu ≤−≤− Ω

−
≤≤Ω∞  (2.17) 

Therefore, taking ,0+→τ  and up to subsequence, wet get that there 

exists ( ( ) ( ))ΩΩ∈ ∞∞ LWTLvu ip
ii ∩,1

0;,0,  such that ( ),2
T

i QLt
u

∈
∂
∂  

iii vu C∈,  uniformly and as ,0+→τ  

( ) ( ( ) ( )),;,0in ,1
0 ΩΩ→ ∞∞∗ LWTLuu ip

ii ∩τ  

( ) ( ( ) ( )),;,0in~ ,1
0 ΩΩ→ ∞∞∗ LWTLvu ip

ii ∩τ  

( )
( ).in
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2

T
ii QLt

u
t

u
∂
∂

→
∂

∂ τ  

From (2.17), it follows that .ii vu =  From (2.17), from Lemma 2.3, 

compactness Sobolev imbedding, the interpolation inequality and Ascoli 
Arzela theorem, we get that 

( ) ( ) ( ( )) .1,;,0in~, >∀Ω→ ∞
i

q
iii qLTLuuu i

ττ   (2.18) 
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Now, multiplying (2.1) by ( ) ii uu −τ  and using (2.19), we get by 

straightforward calculations 
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( ( ) ( ) ( ) ( )) ( ),1.,., 21
0

τττ ττ odxdtuuxfi
T

+−−+ ∫∫ Ω
 (2.19) 

where ( ) 01 →τo  as .0+→τ  

From convexity of the term ( ) dxu ii
α−

Ω∫−
1  and since ( ) ii uu →τ  in 

( ( )),;,0 ,1
0 Ωii pp WTL  we get that 

( ) ( ) ( ) ( ) ( ) dtuuuudxTuTu iiipip
T

ii ii >−∆−∆<−− ∫∫Ω τττ ,~
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2  

 ( ) (( ) )dxdtuuu iii
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1
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( ( ) ( ) ( ) ( )) ( ),1.,., 21
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 (2.20) 

and from (2.19), we have 

( ( ) ( ) ( ) ( )) ( ).1.,., 21
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T

=−−∫∫ Ω
 

By Lebesgue theorem and Lemma 2.1, 
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Then 
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Therefore, ( )Tii Qu V∈  and satisfies ( ).S  

2.3. Uniqueness 

Let ( )2,1,1
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−

+<α<> ipp
i

ii  and ( ) i
p

i iW C∩Ω∈ϕ ,1
0  be 

given. Let (H1) to (H2) be satisfied. Then ( )S  has a unique solution 

( )21, uu  in .TQ  

Proof. Let ( )21, uuu =  and ( )21, vvv =  be solutions of ( )S  
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Since ( )..,,xfi  is locally Lipschitz uniformly in ,Ω  the difference 

iii vuw −=   satisfies 
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We finally deduce from Gronwall’s lemma, 
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Thus, we deduce that 11 vu =  and .22 vu =  
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