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Abstract 

In this paper, we prove the sharp inequalities for the multilinear commutators 
related to the Marcinkiewicz operators. By using the sharp inequalities, we 

obtain the boundedness of the commutators from ( )np RL  to ( ).nq RL  

1. Introduction 

As the development of singular integral operators, their commutators 
have been well studied. Let T be the Calderón-Zygmund singular integral 
operator, we know that the commutator [ ]( ) ( ) ( )fbTbfTfTb −=,  (where 

( )nRBMOb ∈ ) is bounded on ( )np RL  for ∞<< p1  (see [3]). In [8], the 

sharp estimates for some multilinear commutators of the Calderón-
Zygmund singular integral operators are obtained. The main purpose of 
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this paper is to prove some sharp inequalities for the multilinear 
commutators related to the Marcinkiewicz operators. By using the sharp 

inequalities, we obtain the boundedness of the commutators from ( )np RL  

to ( ).nq RL  

2. Notations and Results 

First, let us introduce some notations (see [1], [8], and [9]). In this 

paper, Q will denote a cube of nR  with sides parallel to the axes. For a 

cube Q and a locally integrable function b, let ( ) .1 dxxbQb
QQ ∫=  The 

sharp function of b is defined by, for ,nRx ∈  

( ) ( ) .1sup# dybybQxb Q
QxQ

−= ∫
 

It is well-known that (see [9]) 

( ) ( ) .1infsup# dycybQxb
QCcxQ

−≈ ∫∈
 

We say that b belongs to ( )nRBMO  if #b  belongs to ( )nRL∞  and define 

.#
∞= LBMO bb  It has been known that (see [8]) 

.2 BMOBMOQ bCbb kk ≤−  

For ( ) ( ),,,1 mjRBMOb n
j =∈  set 

.
1

BMOj

m

j
BMO bb ∏

=

=  

Given a positive integer m and ,1 mj ≤≤  we denote by m
jC  the family   

of all finite subsets ( ) ( ){ }jσσ=σ ,,1  of { }m,,1  of j different 
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elements. For ,m
jC∈σ  set { } .\,,1 σ=σ mc  For ( )mbbb ,,1=     

and ( ) ( ){ } ,,,1 m
jCj ∈σσ=σ  set ( ( ) ( ) ) ( ) ( )jj bbbbbb σσσσσσ == 11 ,,,  

and ( ) ( ) .1 BMOjBMOBMO bbb σσσ =  

Let M be the Hardy-Littlewood maximal operator, that is, 

( ) ( ) ( ) .1sup dyyfQxfM
QxQ ∫=


 

We write that ( ) ( ( )) pp
p fMfM

1
=  for .0 ∞<< p  Let ,0,0 ∞<<<δ< rn  

set 

( ) ( ) ( ) .1sup
1

1,

r
r

QnrxQ
r dyyf

Q
xfM 










= ∫δ−δ


 

If ,11,0 npqnpr δ−=δ<≤<  we know δ,rM  is type of ( ),, qp  

that is, 

( ) ., pqr fCfM ≤δ  

In this paper, we will study some multilinear commutators as 
following: 

We denote ( ) {( ) }tyxRtyx n <−∈=Γ +
+ :, 1  and the characteristic 

function of ( )xΓ  by ( ).xΓχ  

Definition. Let ( )mjbj ,,1=  be the fixed locally integrable 

functions on nRn <δ<0,  and .10 ≤γ<  Suppose that 1−nS  is the 

unit sphere of ( )2≥nRn  equipped with normalized Lebesgue measure 

( ).xdd ′σ=σ  Let Ω  be homogeneous of degree zero and satisfy the 

following two conditions: 



QIONG CHEN 24

(i) ( )xΩ  is continuous on 1−nS  and satisfies the γLip  condition on 

,1−nS  i.e., 

( ) ( ) ;,, 1−γ ∈′′′−′≤′Ω−′Ω nSyxyxMyx  

(ii) ( ) .01 =′′Ω∫ −
xdxnS

 

The Marcinkiewicz multilinear commutator is defined by 

( ) ( )
( )

( ) ( ) ,,
21

3
2

, 




=µ
+Γ

δ ∫∫ n
b
t

x
b
s

t
dydtyxfFxf  

where 

( ) ( ) ( ) ( ( ) ( )) ( ) .,
1

1 dzzfzbxb
zy

zyyxfF jj

m

j
ntzy

b
t












−

−

−Ω= ∏∫
=

δ−−≤−
 

Set 

( ) ( ) ( ) ( ) .1 dzzf
zy

zyyfF ntzy
t δ−−≤− −

−Ω= ∫  

We also define that 

( ) ( )
( )

( ) ( ) ,
21

3
2

, 






=µ
+Γ

δ ∫∫ nt
x

s
t
dydtyfFxf  

which is the Marcinkiewicz operator (see [5], [6], and [10]). 

Remark. Fixed ( ( )).222,1max δ−+>λ nn  Another Marcinkiewicz 
multilinear operators is defined by 

( ) ( ) ( ) ( ) ,,
21

3
2

, 1 


















−+
=µ

+

λ

δλ ∫∫ +
+

n
b
t

n

R
b

t
dydtyxfFyxt

txf n  

where 

( ) ( ) ( ) ( ( ) ( )) ( ) .,
1

1 dzzfzbxb
zy

zyyxfF jj

m

j
ntzy

b
t












−

−

−Ω= ∏∫
=

δ−−≤−
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Set 

( ) ( ) ( ) ( ) .1 dyyf
yx

yxxfF ntyx
t δ−−≤− −

−Ω= ∫  

We also define 

( ) ( ) ( ) ( ) ,
21

3
2

1 

















−+
=µ

+

λ

λ ∫∫ +
+

nt
n

R t
dydtyfFyxt

txf n  

which is another Marcinkiewicz operators. 

Let H be the Hilbert space ( ) .,:
21

32
1









∞<




== +∫∫ +

+

n
R

tdydttyhhhH n  

Then for each fixed ( ) ( )yxfFRx b
t

n ,,
~

∈  may be viewed as a mapping 

from ( )∞+,0  to H, and it is clear that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,, ,, yfFxfyxfFxf txs
b
tx

b
s ΓδΓδ χ=µχ=µ  

Note that when b
smbb
~
,1 , δµ==  and b~

λµ  are just the m order 

commutators. It is well known that commutators are of great interest in 
harmonic analysis and have been widely studied by many authors        
(see [1-8] and [10]). Our main purpose is to establish the sharp 
inequalities for the multilinear commutators. 

Now we state our main results as following: 

Theorem 1. Let n<δ<0  and ( )n
j RBMOb ∈  for .,,1 mj =  

Then for any ,1 ∞<< r  there exists a constant 0>C  such that for any 

( )nRCf ∞∈ 0  and any ,~ nRx ∈  

( ( )) ( ) ( ) ( ) ( ( )) ( ) .~~~
,

1
,

#
,

















µ+≤µ σ
δσ

∈σ=
δδ ∑∑ xfMbxfMbCxf cb

srBMO
C

m

j
rBMO

b
s

m
j
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Theorem 2. Let n<δ<0  and ( )n
j RBMOb ∈  for .,,1 mj =  

Then b
s δµ ,  is bounded from ( )np RL  to ( ),nq RL  where ,1 δ<< np  

.11 npq δ−=  

Remark. Theorems 1 and 2 also hold for ,
~b
λµ  we omit the details. 

3. Proofs of Theorems 

To prove the theorems, we need the following lemmas: 

Lemma 1 (See [5]). Let .11,1,0 npqnpn δ−=δ<<<δ<  

Then δµ ,s  is bounded from ( )np RL  to ( ),nq RL  that is, 

( ) ., pq LLs fCf ≤µ δ  

Lemma 2 (See [2]). Let .11,0,0 npqnprn δ−=δ<<<<δ<  

Then δ,rM  is bounded from ( )np RL  to ( ).nq RL  

Lemma 3. Let ( )n
j RBMObr ∈∞<< ,1  for .,,1 k=j  Then 

( ) ( ) ,1

11
BMOj

j
Qjj

jQ
bCdybybQ ∏∏∫

==

≤−
kk

 

and 

( ) ( ) .1

1

1

1
BMOj

j

r
r

Qjj
jQ

bCdybybQ ∏∏∫
==

≤












−

kk

 

Proof. Choose mjpj ,,11 =∞<<  such that ,111 1 =++ mpp  

we obtain, by the Hölder’s inequality, 

( ) ( ) ( ) ( )
j

j
p

p
Qjj

Qj
Qjj

jQ
dybybQdybybQ

1

11

11







 −≤− ∫∏∏∫
==

kk

 

,
1

BMOj
j

bC∏
=

≤
k
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and 

( ) ( ) ( ) ( )
rp

rp
Qjj

Qj

r
r

Qjj
jQ

j
j dybybQdybybQ

1

1

1

1

11







 −≤












− ∫∏∏∫

==

kk

 

.
1

BMOj
j

bC∏
=

≤
k

 

The lemma follows. 

Proof of Theorem 1. It suffices to prove for ( )nRCf ∞∈ 0  and some 

constant ,0C  the following inequality holds: 

( ) ( ) dxCxfQ
b
s

Q
0,

1 −µ δ∫  

( ) ( ) ( ( ) ( ) .~~
,

1
,

















µ+≤ δσ

∈σ=
δ ∑∑ xfMbxfMbC b

srBMO
C

m

j
rBMO

m
j

 

Fix a cube ( )dxQQ ,0=  and .~ Qx ∈  We first consider the case .1=m  

We write, for Qff 21 χ=  and ,2\2 QRnff χ=  

( ) ( ) ( ( ) ( ) ) ( ) ( ) (( ( ) ) ) ( )yfbbFyfFbxbyxfF QttQ
b
t 1211211,1 −−−=  

(( ( ) ) ) ( ),2211 yfbbF Qt −−  

then 

( ) ( ) ((( ) ) ) ( )02121,,
1 xfbbxf Qs

b
s −µ−µ δδ  

( ) ( ) ( ) ( ) ((( ) ) ) ( )yfbbFyxfF Qtx
b
tx 21210

1 , −χ−χ= ΓΓ  

( ) ( ) ( ) ( ) ((( ) ) ) ( )yfbbFyxfF Qtx
b
tx 21210

1 , −χ−χ≤ ΓΓ  
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( )( ( ) ( ) ) ( ) ( ) ( ) (( ( ) ) ) ( )yfbbFyfFbxb QtxtQx 1211211 −χ+−χ≤ ΓΓ  

( ) (( ( ) ) ) ( ) ( ) (( ( ) ) ) ( )yfbbFyfbbF QtxQtx 22112211 0 −χ−−χ+ ΓΓ  

( ) ( ) ( ).xCxBxA ++=  

For ( ),xA  by Hölder’s inequality with exponent ,111 =′+ rr  we get 

( ) ( ) ( ) ( ) ( ) dxxfbxbQdxxAQ sQQQ
δµ−= ∫∫ ,211

11  

( ) ( ) ( ) ( )
r

r
s

Q

r
r

QQ
dxxfQdxbxbQ

C 1

,

1

211
2

1
2 







 µ






 −≤ δ

′
′ ∫∫  

( ( )) ( ).~
,1 xfMbC srBMO δµ≤  

For ( ),xB  taking ,,11,1 ptrnpqnqpr =δ−=δ<<<<  by the 

boundness of δµ ,s  from ( )np RL  to ( )nq RL  and Hölder’s inequality with 

exponent ,111 =′+ tt  we have 

( ) [ (( ( ) ) ) ( )]dxxfbbQdxxBQ Qs
QQ

1211,
11 −µ= δ∫∫  

[ (( ( ) ) ) ( )]
q

q
QQs

R
dxxfbbQ n

1

2211,
1








 χ−µ≤ δ∫  

( ) ( ) ( ) ( )
p

p
Q

p
QRq dxxxfbxb

Q
C n

1

2211
1








 χ−≤ ∫  

( ) ( ) ( ) ( )
tp

tp
QQ

ptnpttpq dxbbQQC
′

′δ−+′+− 






 −≤ ∫
1

211
2

111
2
1  

( )
pt

pt
Qnpt dxxf

Q

1

212
1











× ∫δ−
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( ) ( ) ( ) ( )
tp

tp
QQ

rnrtpq dxbbQQC
′

′δ−+′+− 






 −= ∫
1

211
2

111
2
1  

( )
r

r
nr dxxf

Q

1

12
1











×

δ−
 

( ) ( ).~
,1 xfMbC rBMO δ≤  

For ( ),xC  by the Minkowski’s inequality, we obtain 

( ) ( ( ) ( ) ) (( ( ) ) ( ) )
21

3
2

221101 







−χ−χ≤

+ΓΓ∫∫ +
+

nQtxx
R t

dydtyfbbFxC n  

( )
( ) ( ) ( )zfbzbC QQ c 211

2
−≤ ∫  

( )( ) ( )( )
dz

tzy

dydtty

tzy

dydtty
nn

z
tyxnn

z
tyx

21

32223222
,,

0 +δ−−
Γ

≤−+δ−−
Γ

≤− −

χ
−

−

χ
× ∫∫∫∫  

( )
( ) ( ) ( )zfbzb QQ c 211

2
−≤ ∫  

dz
t
dydt

zyxzyx nnntzyxty

21

3222
0

222,

11











−+
−

−+
×

+δ−−δ−−≤−+≤∫∫  

( )
( ) ( ) ( )zfbzb QQ c 211

2
−≤ ∫  

,
21

3
212

0
,

dzdydtt
zyx
xx n

ntzyxty 










−+

−
× −−

δ−−≤−+≤∫∫  

note that tzxtzxzyxtzx 3,2 −−≥−−≥−+≤−  when ,ty ≤  

,tzyx ≤−+  then, for ,Qx ∈  
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( )
( )

( ) ( ) ( ) 21
0211

2
xxzfbzbCxC QQ c −−≤ ∫  

dz
zyx
dydtt

n

n

tzyxty

21

222, 










−+
×

δ−+

−

≤−+≤∫∫  

( )
( ) ( ) ( ) 21

0211
2

xxzfbzbC QQ c −−≤ ∫  

( )
dz

tzx
dydtt

n

n

tzyxty

21

222, 3 










−−
×

δ−+

−

≤−+≤∫∫  

( )
( ) ( ) ( ) 21

0211
2

xxzfbzbC QQ c −−≤ ∫  

( )
dz

tzx
dt

nzx

21

2222 3 










−−
×

δ−+

∞

−∫  

( )
( ) ( ) ( ) dz

zx
xxzfbzbC nQQ c δ−+−

−
−≤ ∫ 21

0

21
0

211
2

 

( ) ( ) ( ) ( ) dzzfbzbzxxxC Q
n

QQ 211
21

0
21

0
2\21

1 −−−≤ δ−+−
∞

=
∫∑ + kk

k
 

( ) ( ) ( ) dzzfbzbQC QQ
n

211
2

11

1
122 −≤ ∫∑ +

−δ+−
∞

=
k

kk

k
 

( ( ) ( ) )
r

r
QQn dzbzb

Q
C

′
′

δ−+
−

∞

=










−≤ ∫∑ +

1

211
211

2

1
12

12
kk

k

k
 

( )
r

r
Qn dzzf

Q

1

211 12
1











× ∫ +δ−+ kk
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( ) ( ) rnrnrQC −δ+′δ+−
∞

=
∑= 112

1
22 kk

k
 

( ( ) ( )
r

r
QQ

dzbzb
Q

′
′

+ 









−× ∫ +

1

211
21 12

1
kk

 

( )
r

r
Qnr dzzf

Q

1

211 12
1











× ∫ +δ−+ kk

 

( ) ( )xfMbC rBMO
~2 ,1

2

1
δ

−
∞

=
∑≤ kk

k
 

( ) ( ),~
,1 xfMbC rBMO δ≤  

thus 

( ) ( ) ( ).~1
,1 xfMbCdxxCQ rBMOQ
δ≤∫  

Now, we consider the case ,2≥m  we have known that, for 
( ),,,1 mbbb =   

( ) ( ) ( ) ( ( ) ( )) ( )dzzfzbxb
zy

zyyxfF jj

m

j
ntzy

b
t












−

−

−Ω= ∏∫
=

δ−−≤− 1
1,  

[(( ( ) ( ) ) ( ( ) ( ) )) (( ( ) ( ) )QmmQQtzy
bxbbzbbxb 2211211 −−−−= ∫ ≤−

 

( ( ) ( ) ))] ( ) ( )dzzf
zy

zybzb nQmm δ−−−

−Ω−− 12  

( ) ( ( ) ( ) ) ( ( )zbbxb
tzyQ

jm

C

m

j m
j

∫∑∑ ≤−
σ

−

∈σ=

−−= 2
0

1  

( ) ) ( ) ( )dzzf
zy

zyb nQ c
δ−−σ

−

−Ω− 12  
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( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )yfFbxbbxb tQmmQ 2211 −−=  

( ) (( ( ) ) ( ( ) ) ) ( )yfbbbbF QmmQt
m

22111 −−−+  

( ) ( ( ) ( ) ) ( ( ) ( )) ( ) ( )dzzf
zy

zyxbzbbxb ntzyQ
jm

C

m

j
c

m
j

12

1

0
1

−σ
≤−

σ
−

∈σ

−

= −

−Ω−−−+ ∫∑∑  

( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )yfFbxbbxb tQmmQ 2211 −−=  

( ) (( ( ) ) ( ( ) ) ) ( )yfbbbbF QmmQt
m

22111 −−−+  

( ( ) ( ) ) ( )( ),,2,

1

1
yxfFbxbc c

m
j

b
tQjm

C

m

j

σ
σ

∈σ

−

=

−+ ∑∑  

thus, 

( ) ( ) (( ( ) ) ( ( ) )) ) ( )022211,, xfbbbbxf QmmQs
b
s −−µ−µ δδ  

( ) ( ) ( ) ( ) ((( ) ) (( ) ) ) ( )yfbbbbFyxfF mQmQtx
b
tx 221210, −−χ−χ≤ ΓΓ  

( )( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )yfFbxbbxb tQmmQx 2211 −−χ≤ Γ  

( )( ( ) ( ) ) ( ) ( )yxfFbxb c

m
j

b
tQmx

C

m

j
,~

2

1

1

σ
σΓ

∈σ

−

=

−χ+ ∑∑  

( ) (( ( ) ) ( ( ) ) ) ( )yfbbbbF QmmQtx 12211 −−χ+ Γ  

( ) (( ( ) ) ( ( ) ) ) ( ) ( )022211 xQmmQtx yfbbbbF ΓΓ χ−−−χ+  

(( ( ) ) ( ( ) ) ) ( )yfbbbbF QmmQt 22211 −−×  

( ) ( ) ( ) ( ).4321 xSxSxSxS +++=  

For ( ),1 xS  by Hölder’s inequality with exponent 111 =+′ rr  and 

Lemma 2, we get 
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( )dxxSQ Q
1

1 ∫  

( ( ) ( ) ) ( ) ( ) dxxfbxbQC sQjj

m

jQ
δ

=

µ−≤ ∏∫ ,2
1

1  

( ( ) ( ) ) ( ) ( )
r

r
s

Q

r
r

Qjj

m

jQ
dxxfQdxbxbQC

1

,

1

2
12

1
2
1








 µ












−≤ δ

′
′

=
∫∏∫  

( ( )) ( ).~
, xfMbC srBMO δµ≤  

For ( ),2 xS  by Hölder’s inequality with exponent 111 =+′ rr  and 

Lemma 2, we get 

( )dxxSQ Q
2

1 ∫  

( ( ) ( ) ) ( ) ( ) dxxfbxbQ
c

m
j

b
sQ

C

m

jQ
σ
δσ

∈σ

−

=

µ−= ∑∑∫ ,2

1

1

1  

( ( ) ( ) ) ( ) ( ) dxxfbxbQ
c

m
j

b
sQQ

C

m

j

σ
δσ

∈σ

−

=

µ−≤ ∫∑∑ ,2

1

1

1  

( ( ) ( ) )
r

r
QQ

C

m

j
dxbxbQC

m
j

′
′

σ

∈σ

−

=








 −≤ ∫∑∑
1

22

1

1
2
1  

( ) ( )
r

rb
sQ

dxxfQ
c

1

,
1









µ× σ

δ∫  

( ( )) ( ).~
,

1

1
xfMbC c

m
j

b
srBMO

C

m

j

σ
δσ

∈σ

−

=

µ≤ ∑∑  



QIONG CHEN 34

For ( ),3 xS  we choose ,,11,1 ptrnpqnqpr =δ−=δ<<<<  

by the boundness of δµ ,s  from ( )np RL  to ( )nq RL  and Hölder’s 

inequality with ,111 =′+ tt  we get 

( )dxxSQ Q
3

1 ∫  

( ( ( ) ) ) ( ) dxxfbbQ Qjj

m

j
s

Q
12

1
,

1 −µ= ∏∫
=

δ  

( ( ( ) ) ) ( )
q

q
QQjj

m

j
s

R
dxxfbbQ n

1

22
1

,
1














χ−µ≤ ∏∫

=
δ  

( ( ) ( ) ) ( ) ) ( )
p

p
Q

p
Qjj

m

jRq dxxxfbxb
Q

C n

1

22
1

1
1














χ−≤ ∏∫

=

 

( ( ) ( ) ) ( )
pt

pt
Q

tp
tp

Qjj

m

jQq dxxfdxbxb
Q

C
1

2

1

2
121

1





















−≤ ∫∏∫

′
′

=

 

( ) ( ) ( ( ) )ptnpttpqQC δ−−′+−≤ 111  

( ( ) ( ) )
tp

tp
Qjj

m

jQ
dxbxbQ

′
′

=













−× ∏∫

1

2
122

1  

( )
pt

pt
Qnpt dxxf

Q

1

212
1











× ∫δ−

 

( ) ( ).~
, xfMbC rBMO δ≤  

For ( ),4 xS  similar to the proof of ( )xC  in case ,1=m  we obtain 

( ) ( ) ( ) ( ) ( ) dzzfbzbzxxxCxS Qjj

m

j

n
QQ 2

1

21
0

21
0

2\21
4 1 −−−≤ ∏∫∑

=

δ−+−
∞

=
+ kk

k
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( ) ( ) ( ) dzzfbzbQC Qjj

m

jQ
n

2
12

112

1
122 −≤ ∏∫∑

=

−δ+−
∞

=
+k

kk

k
 

( ( ) ( ) )

rr

Qjj

m

jQn dzbzb
Q

C

′′

=
δ−+

−
∞

= 














−≤ ∏∫∑ +

1

2
1211

2

1
12

12
kk

k

k
 

( )
r

r
Qn dzzf

Q

1

211 12
1











× ∫ +δ−+ kk

 

( ) ( ) rnrnrQC −δ+′δ+−
∞

=
∑= 112

1
22 kk

k
 

( ( ) ( ) )

rr

Qjj

m

jQ
dzbzb

Q

′′

=
+ 















−× ∏∫ +

1

2
121 12

1
kk

 

( )
r

r
Qnr dzzf

Q

1

211 12
1











× ∫ +δ−+ kk

 

( ) ( ),~
, xfMbC rBMO δ≤  

thus, 

( ) ( ) ( ).~1
,4 xfMbCdxxSQ rBMOQ
δ≤∫  

This completes the proof of Theorem 1. 

Proof of Theorem 2. We first consider the case .1=m  Choose 
pr <<1  in Theorem 1 and by Lemma 2, we have 

( ) ( ) ( ) ( ( )) qqq L
b
sL

b
sL

b
s fCfMf #

,,,
111
δδδ µ≤µ≤µ  

( ( )) ( ) qq LrLsr fMCfMC δδ +µ≤ ,,  
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( ) ( ) qq LrLs fMCfC δδ +µ≤ ,,  

pp LL fCfC +≤  

.pLfC≤  

When ,2≥m  we may get the conclusion of Theorem 2 by induction. This 
finishes the proof. 
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