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Abstract 

In this paper, the boundedness for some Toeplitz type operator related to some 

singular integral operator with variable Calderón-Zygmund kernels on pL  
spaces with variable exponent is obtained by using a sharp estimate of the 
operator. 

1. Introduction 

As the development of the singular integral operators (see [6, 19]), 
their commutators have been well studied (see [2, 17, 18]). In [1], some 
singular integral operators with variable Calderón-Zygmund kernels are 
introduced, and the boundedness for the operators and their 
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commutators are obtained (see [11, 12, 13, 15, 20]). In [8, 10, 14], some 
Toeplitz type operators related to the singular integral operators and 
strongly singular integral operators are introduced, and the boundedness 

for the operators are obtained. In the last years, a theory of pL  spaces 
with variable exponent has been developed because of its connections 
with some questions in fluid dynamics, calculus of variations, differential 
equations, and elasticity (see [3, 4, 5, 16] and their references). Karlovich 
and Lerner study the boundedness of the commutators of singular 

integral operators on pL  spaces with variable exponent (see [7]). 
Motivated by these papers, the main purpose of this paper is to introduce 
some Toeplitz type operator related to some singular integral operator 
with variable Calderón-Zygmund kernels and prove the boundedness for 

the operator on pL  spaces with variable exponent by using a sharp 
estimate of the operator. 

2. Preliminaries and Results 

First, let us introduce some notations. Throughout this paper, Q will 

denote a cube of nR  with sides parallel to the axes. For any locally 
integrable function f and ,0>δ  the sharp function of f is defined by 

( ) ( ) ,1sup
1 δ

δ
δ 







 −= ∫ dyfyfQxf Q
QxQ

#  

where, and in what follows, ( ) .1 dxxfQf
QQ ∫−=  It is well-known that 

(see [6, 19]) 

( ) ( ) .1infsup
1 δ

δ
∈δ 







 −≈ ∫ dycyfQxf
QCcxQ

#  

We write ##
δ= ff  if .1=δ  We say that f belongs to ( )nRBMO  if #f  

belongs to ( )nRL∞  and define .∞= LBMO ff #  Let M be the Hardy-

Littlewood maximal operator defined by 
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( ) ( ) ( ) .sup 1 dyyfQxfM
QxQ ∫−=


 

For ,Nk ∈  we denote by kM  the operator M iterated k times, i.e., 

( ) ( ) ( ) ( )xfMxfM =1  and 

( ) ( ) ( ( )) ( ) .2when1 ≥= − kxfMMxfM kk  

Let Φ  be a Young function and Φ~  be the complementary associated 
to ,Φ  we denote that the average-Φ  by, for a function f, 

( ) ,11:0inf, 





 ≤








λ
Φ>λ= ∫Φ dyyf

Qf
QQ  

and the maximal function associated to Φ  by 

( ) ( ) .sup ,QxQ
fxfM ΦΦ =


 

The Young functions to be using in this paper are ( ) ( )rttt ogl1 +=Φ  and 

( ) ( ),exp~ 1 rtt =Φ  the corresponding average and maximal functions 

denoted by ( ) ( ) ,, ogl,ogl rr LLQLL M⋅  and ., 11 exp,exp rr LQL M⋅  

Following [17, 18], we know the generalized Hölder’s inequality: 

( ) ( ) ,1
,~, QQQ

gfdyygyfQ ΦΦ≤∫  

and the following inequality, for ljrr j ,,1,1, =≥  with 111 rr =  

,1 lr++  and any ( ),, nn RBMObRx ∈∈  

( ) ( ) ( ) ( ) ( ) ( ),1
oglogl,ogl 11 fCMfCMfMf l

LLLLQLL lrr +≤≤≤  

,,exp BMOQLQ fCff r ≤−  

.22 1 BMOQQ fCkff k ≤−+  
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The non-increasing rearrangement of a measurable function f on nR  
is defined by 

( ) { { ( ) } } ( ).0::0inf ∞<<≤λ>∈>λ=∗ ttxfRxtf n  

For ( )1,0∈λ  and a measurable function f on ,nR  the local sharp 

maximal function of f is defined by 

( ) ( ) (( ) ) ( ).infsup QcfxfM QCcxQ
λχ−= ∗

∈λ


#  

Let [ )∞→ ,1: nRp  be a measurable function. Denote by ( )( )np RL ⋅  the 

sets of all Lebesgue measurable functions f on nR  such that 
( ) ∞<λ pfm ,  for some ( ) ,0>λ=λ f  where 

( ) ( ) ( ) ., dxxfpfm xp
Rn∫=  

The sets become a Banach spaces with respect to the following norm: 

( ) ( ){ }.1,:0inf ≤λ>λ=⋅ pfmf pL  

Denote by ( )nRM  the sets of all measurable functions [ )∞→ ,1: nRp  

such that the Hardy-Littlewood maximal operator M is bounded on 
( )( )np RL ⋅  and the following holds: 

( ) ( ) .sup,inf1 ∞<==< +
∈∈

− pxpessxpessp
nn RxRx

 (1) 

In recent years, the boundedness of classical operators on spaces 
( )( )np RL ⋅  have attracted a great attention (see [3, 4, 5, 16] and their 

references). 

In this paper, we will study some singular integral operator as 
following (see [1]): 
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Definition 1. Let ( ) ( ) { } KRRxxxK nn .0\: →Ω=  is said to be 

a Calderón-Zygmund kernels, if 

(a) ( { });0\nRC∞∈Ω  

(b) Ω  is homogeneous of degree zero; 

(c) ( ) ( ) 0=σΩ α
∑∫ xdxx  for all multi-indices { }( )nN 0∪∈α  with 

,N=α  where { }1: =∈=∑ xRx n  is the unit sphere of .nR  

Definition 2. Let ( ) ( ) ( { }) .0\:,, RRRyyxyxK nnn →×Ω=      

K is said to be a variable Calderón-Zygmund kernels, if 

(d) ( )⋅,xK  is a Calderón-Zygmund kernels for a.e. ;nRx ∈  

(e) ( )
( )

.,max 2 ∞<=Ω
∂

γ∂

∑×
γ≤γ

∞
Lyx

y nRL
n  

Moreover, let b be a locally integrable function on nR  and T be the 
singular integral operator with variable Calderón-Zygmund kernels as 

( ) ( ) ( ) ( ) ,, dyyfyxxKxfT nR
−= ∫  

where ( ) ( )
nyx

yxxyxxK
−

−Ω
=−

,,  and that ( ) nyyx,Ω  is a variable 

Calderón-Zygmund kernels. 

Let b be a locally integrable function on nR  and T be the singular 
integral operator with variable Calderón-Zygmund kernels. The Toeplitz 
type operator associated to T are defined by 

,2,1,

1

k
b

k
m

k
b TMTT ∑

=

=  
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where 1,kT  are the singular integral operator T with variable Calderón-

Zygmund kernels or I± (the identity operator), 2,kT  are the linear 
operators for mk ,,1 …=  and ( ) .bffMb =  

Note that the commutator [ ] ( ) ( ) ( )bfTfbTfTb −=,  is a particular 

operator of the Toeplitz type operator .bT  The Toeplitz type operators are 

the non-trivial generalizations of the commutator. It is well known that 
commutators are of great interest in harmonic analysis and have been 
widely studied by many authors (see [18]). In [1, 15], the boundedness of 
the singular integral operator with variable Calderón-Zygmund kernels 
and their commutator are obtained. Our works are motivated by these 
papers. The main purpose of this paper has twofold, first, we establish a 
sharp estimate for the operator ,bT  and second, we prove the 

boundedness for the operator on pL  spaces with variable exponent by 
using the sharp estimate. 

We shall prove the following theorems: 

Theorem 1. Let T be the singular integral operators with variable 

Calderón-Zygmund kernel as Definition 10,2 <δ<  and ( ).nRBMOb ∈  

If ( ) 01 =gT  for any ( ) ( ),1 ∞<<∈ uRLg nu  then there exists a constant 

0>C  such that for any ( )nRLf ∞∈ 0  and ,~ nRx ∈  

( ( )) ( ) ( ( )) ( ).~~ 2,2

1
xfTMbCxfT k

m

k
BMOb ∑

=
δ ≤#  

Theorem 2. Let T be the singular integral operators with variable 

Calderón-Zygmund kernels as Definition ( ) ( )nRMp ∈⋅,2  and 

( ).nRBMOb ∈  If ( ) 01 =gT  for any ( ) ( )∞<<∈ uRLg nu 1  and 2,kT  

are the bounded operators on ( )( )np RL ⋅  for ,,,1 mk …=  then bT  is 

bounded on ( )( ),np RL ⋅  that is, 

( ) ( ) ( ) .⋅⋅ ≤ pp LBMOLb fbCfT  
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Corollary. Let [ ] ( ) ( ) ( )bfTfbTfTb −=,  be the commutator 

generated by the singular integral operator T with variable Calderón-
Zygmund kernels and b. Then Theorems 1 and 2 hold for [ ]., Tb  

3. Proof of Theorems 

To prove the theorems, we need the following lemmas: 

Lemma 1 ([6, p.485]). Let .0 ∞<<< qp  We define that, for any 

function 0≥f  and ,111 qpr −=  

{ ( ) } ( ) ,sup,:sup ,
1

0
rpq LELE

E
qp

qn
WL ffNxfRxf χχ=λ>∈λ=

>λ
 

where the sup is taken for all measurable sets E with .0 ∞<< E  Then 

( ) ( )( ) .1
, qq WL

p
qpWL fpqqfNf −≤≤  

Lemma 2 ([18]). Let 1≥jr  for ,,,1 lj =  we denote that 

111 rr =  .1 lr++  Then 

( ) ( ) ( ) ( ) .1
,log,exp,exp1 11 QLLQLQLl

Q
rlrr gffdxxgxfxfQ …≤∫  

Lemma 3 ([1]). Let T be the singular integral operators with variable 
Calderón-Zygmund kernels as Definition 2. Then T is bounded from 

( )nRL1  to ( ).1 nRWL  

Lemma 4 ([16]). Let [ )∞→ ,1: nRp  be a measurable function 

satisfying (1). Then ( )nRL∞0  is dense in ( )( ).np RL ⋅  

Lemma 5 ([7, 9]). Let ,10,0 <λ<>δ  and ( ).loc
nRLf δ∈  Then 

( ) ( ) ( ) ( ).1 1 xfxfM ##
δ

δ
λ λ≤  
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Lemma 6 ([16]). Let ( )nRLf 1
loc∈  and g be a measurable function 

satisfying 

{ ( ) } .0: >α∞<α>∈ allforxgRx n  

Then 

( ) ( ) ( ) ( ) ( ) ( ) .dxxgMxfMCdxxgxf
nnn R

n
R

#
λ∫∫ ≤  

Lemma 7 ([9]). Let [ )∞→ ,1: nRp  be a measurable function 

satisfying (1). If ( )( )np RLf ⋅∈  and ( )( )np RLg ⋅′∈  with ( ) ( )xpxp =′  

( )( ).1−xp  Then fg is integrable on nR  and 

( ) ( ) ( ) ( ) .⋅′⋅≤∫ ppn LLR
gfCdxxgxf  

Lemma 8 ([9]). Let [ )∞→ ,1: nRp  be a measurable function 
satisfying (1). Set 

( ) ( ) ( ) ( )( ) ( )( ) .,:sup






 ∈∈=′ ⋅′⋅∫⋅ npnp

R
L RLgRLfdxxgxff n

p  

Then ( ) ( ) ( ) .⋅⋅⋅ ≤′≤ ppp LLL fCff  

Proof of Theorem 1. It suffices to prove for ( )nRLf ∞∈ 0  and some 
constant ,0C  the following inequality holds: 

( ) ( ) ( ( )) ( ).~1 2,2

1

1

0 xfTMbCdxCxfTQ
k

m

k
BMOb

Q ∑∫
=

δ
δ ≤







 −  

Without loss of generality, we may assume 1,kT  are ( ).,,1 mkT …=  Fix 
a cube ( )dxQQ ,0=  and .~ Qx ∈  We write, by ( ) ,01 =gT  

( ) ( ) ( ) ( )xfTxfT Qbbb 2−=  

 ( ) ( ) ( ) ( ) ( ) ( ) ( )xfTxfT cbbbb QQQQ 2222 χ−χ− +=  

 ( ) ( ).21 xfxf +=  
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Then 

( ) ( ) ( )
δ

δ 






 −∫
1

02
1 dxxfxfTQ b

Q
 

( ) ( ) ( ) .11 1

022

1

1 IIIdxxfxfQCdxxfQC
QQ

+=






 −+






≤
δ

δ
δ

δ ∫∫  

For I, by Lemmas 1, 2, and 3, we obtain 

( ) ( ) ( )
δ

δ
χ− 







 ∫
1

2,1,
22

1 dxxfTMTQ
k

bb
k

Q QQ  

( ) ( )
11

2,1,
1 22

−δ

χ−− δχ
≤

Q

fTMT
Q LQ

k
bb

k
QQ  

( ) ( ) 122
2,1,1

WL
k

bb
k fTMTQC QQ χ−

−≤  

( ) ( ) 122
2,1

L
k

bb fTMQC QQ χ−
−≤  

( ) ( ) ( ) dxxfTbxbQC k
Q

Q
2,

2
2

1 −≤ ∫−  

( ) ( ) QLL
k

QLQ fTbbC 2,log
2,

2,exp2−≤  

( ( )) ( ),~2,2 xfTMbC k
BMO≤  

thus, 

( ) ( ) ( )
δ

δ
χ−

=








≤ ∫∑
1

2,1,

1
2 dxxfTMTQ

CI k
bb

k
Q

m

k
QQ  

( ( )) ( ).~2,2

1
xfTMbC k

m

k
BMO∑

=

≤  
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For II, by [1], we know that 

( )( ) ( ) ( ) ( ) ,
11

dyyf
yx

yxYxaxfT mn
uv

R
uv

g

vu
n

u

+
=

∞

= −

−
= ∫∑∑  

where ( ) ,,, 1222 −−− ≤−≤≤ ∞
n

uv
n

Luv
n

u CuyxYCuaCug  and 

( ) ( ) ,1
00

2

0

0 +−−≤
−

−
−

−

− nn
n

uv
n

uv yxxxCu
yx

yxY
yx

yxY  

for .02 0 >−>− xxyx  Then, we get, for ,Qx ∈  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0
2,1,1,

2222 xfTMTxfMT k
cbb

k
cbb

k
QQQQ χ−χ− −  

( )
( ) ( ) ( ) ( ) ( )dyyfTyxxKyxxKbyb k

Q
Q c

2,
002

2
,, −−−−≤ ∫  

( ) ( ) ( ) ( ) ( )dyyfTyxxKyxxKbyb k
Q

dxydj
jj

2,
002

221
,,1

0
−−−−= ∫∑ +<−≤

∞

=

 

( ) ( )xabybC uv

g

vu
Q

dxydj

u

jj ∑∑∫∑
=

∞

=<−≤

∞

=

−≤
+

11
2

221
1

0
 

( ) ( ) ( ) ( ) dyyfT
yx

yxY
yx

yxY k
n

uv
n

uv 2,

0

0
−

−
−

−

−
×  

( ) ( ) ( ) dyyfT
yx
xxbybC k

nQ
dxydj

jj
2,

1
0

0
2

221
1

0
+<−≤

∞

= −

−
−≤ ∫∑ +

 

( )
( ) ( ) ( ) dyyfTbyb

d
dC k

Q
Qnj

j
j

2,
2

211
1

12
−≤ ∫∑ +++

∞

=

 

( ) ( ) ( ) dyyfTbyb
Q

C k
Q

Qj
j

j
j

2,
2

21
1

12
12 −≤ ∫∑ ++

−
∞

=
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( ) ( ) QLL
k

QLQ
j

j
jj fTbbC 11 2,log

2,
2,exp2

1
2 ++−≤ −

∞

=
∑  

( ( )) ( )xfTMbjC k
BMO

j

j

~2 2,2

1

−
∞

=
∑≤  

( ( )) ( ),~2,2 xfTMbC k
BMO≤  

thus, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) dxxfTMTxfTMTQ
CII k

cbb
kk

cbb
k

m

kQ QQQQ 0
2,1,2,1,

1
2222 χ−χ−

=

−≤ ∑∫  

( ( )) ( ).~2,2

1
xfTMbC k

m

k
BMO∑

=

≤  

This completes the proof of Theorem 1. 

Proof of Theorem 2. By Lemmas 4-7, we get, for ( )nRLf ∞∈ 0  and 
( )( ),np RLg ⋅′∈  

( ) ( ) ( ) ( ( )) ( ) ( ) ( )dxxgMxfTMCdxxgxfT b
R

b
R nnn

#
λ∫∫ ≤  

( ( )) ( ) ( ) ( )dxxgMxfTC b
Rn

#
δ∫≤  

( ( )) ( ) ( ) ( )dxxgMxfTMbC k
R

m

k
BMO n

2,2

1
∫∑

=

≤  

( ( )) ( ) ( ) ( )⋅′⋅∑
=

≤ pp LL
k

m

k
BMO gMfTMbC 2,2

1
 

( ) ( ) ( ) ( )⋅′⋅∑
=

≤ pp LL
k

m

k
BMO gMfTbC 2,

1
 

( ) ( ) ,⋅′⋅≤ pp LLBMO gfbC  
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thus, by Lemma 8, 

( ) ( ) ( ) .⋅⋅ ≤ pp LBMOLb fbfT  

This completes the proof of Theorem 2. 
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